Google 


This  is  a  digital  copy  of  a  book  that  was  preserved  for  generations  on  Hbrary  shelves  before  it  was  carefully  scanned  by  Google  as  part  of  a  project 

to  make  the  world's  books  discoverable  online. 

It  has  survived  long  enough  for  the  copyright  to  expire  and  the  book  to  enter  the  public  domain.  A  public  domain  book  is  one  that  was  never  subject 

to  copyright  or  whose  legal  copyright  term  has  expired.  Whether  a  book  is  in  the  public  domain  may  vary  country  to  country.  Public  domain  books 

are  our  gateways  to  the  past,  representing  a  wealth  of  history,  culture  and  knowledge  that's  often  difficult  to  discover. 

Marks,  notations  and  other  maiginalia  present  in  the  original  volume  will  appear  in  this  file  -  a  reminder  of  this  book's  long  journey  from  the 

publisher  to  a  library  and  finally  to  you. 

Usage  guidelines 

Google  is  proud  to  partner  with  libraries  to  digitize  public  domain  materials  and  make  them  widely  accessible.  Public  domain  books  belong  to  the 
public  and  we  are  merely  their  custodians.  Nevertheless,  this  work  is  expensive,  so  in  order  to  keep  providing  this  resource,  we  liave  taken  steps  to 
prevent  abuse  by  commercial  parties,  including  placing  technical  restrictions  on  automated  querying. 
We  also  ask  that  you: 

+  Make  non-commercial  use  of  the  files  We  designed  Google  Book  Search  for  use  by  individuals,  and  we  request  that  you  use  these  files  for 
personal,  non-commercial  purposes. 

+  Refrain  fivm  automated  querying  Do  not  send  automated  queries  of  any  sort  to  Google's  system:  If  you  are  conducting  research  on  machine 
translation,  optical  character  recognition  or  other  areas  where  access  to  a  large  amount  of  text  is  helpful,  please  contact  us.  We  encourage  the 
use  of  public  domain  materials  for  these  purposes  and  may  be  able  to  help. 

+  Maintain  attributionTht  GoogXt  "watermark"  you  see  on  each  file  is  essential  for  informing  people  about  this  project  and  helping  them  find 
additional  materials  through  Google  Book  Search.  Please  do  not  remove  it. 

+  Keep  it  legal  Whatever  your  use,  remember  that  you  are  responsible  for  ensuring  that  what  you  are  doing  is  legal.  Do  not  assume  that  just 
because  we  believe  a  book  is  in  the  public  domain  for  users  in  the  United  States,  that  the  work  is  also  in  the  public  domain  for  users  in  other 
countries.  Whether  a  book  is  still  in  copyright  varies  from  country  to  country,  and  we  can't  offer  guidance  on  whether  any  specific  use  of 
any  specific  book  is  allowed.  Please  do  not  assume  that  a  book's  appearance  in  Google  Book  Search  means  it  can  be  used  in  any  manner 
anywhere  in  the  world.  Copyright  infringement  liabili^  can  be  quite  severe. 

About  Google  Book  Search 

Google's  mission  is  to  organize  the  world's  information  and  to  make  it  universally  accessible  and  useful.   Google  Book  Search  helps  readers 
discover  the  world's  books  while  helping  authors  and  publishers  reach  new  audiences.  You  can  search  through  the  full  text  of  this  book  on  the  web 

at|http  :  //books  .  google  .  com/| 


I 


■iriii'  iiinfiittriiiiiiiltiriiiii  i 


THE 


THEOBY    OF    SOUND. 


^^sm 


THE 


THEOEY  OF  SOUND 


1- 


BY 


^\ 


rOHN   WILLIAM  STRUTT,  BARON  RAYLEIGH,  Sc.D.,  F.R.S. 

^  f  r. '' 

HONORARY   FELLOW   OP  TRINITY   COLLEGE,    CAMBRIDGE. 


IN    TWO    VOLUMES 

VOLUME    I.  '' 

SECOND   EDITION  REVISED   AND   ENLARGED 


MACMILLAN     AND 

AND  NEW  YORK 
1894  J 

[AU  Rigktii  retetved,] 


CO. 


Fint  Edition  printed  1877. 
Steond  Edition  revUtd  and  enlarged  1 


OMniMwi«:  raixTiD  n  o.  j.  otAt,  m. 
AT  nn  uxiTuuuTT  nuM. 


PREFACE. 

IN  the  work,  of  which  the  present  volume  is  an  instalment, 
my  endeavour  has  been  to  lay  before  the  reader  a  connected 
exposition  of  the  theory  of  sound,  which  should  include  the 
more  important  of  the  advances  made  in  modem  times  by  Mathe- 
maticiaos  and  Physicists.  The  importance  of  the  object  which 
I  have  had  in  view  will  not,  I  think,  be  disputed  by  those  com- 
petent to  judge.  At  the  present  time  many  of  the  most  valuable 
contributions  to  science  are  to  be  found  only  in  scattered 
periodicals  and  transactions  of  societies,  published  in  various 
parts  of  the  world  and  in  several  languages,  and  are  often 
practically  inaccessible  to  those  who  do  not  happen  to  live  in 
the  neighbourhood  of  large  public  libraries.  In  such  a  state  of 
things  the  mechanical  impediments  to  study  entail  an  amount 
of  unremunerative  labour  and  consequent  hindrance  to  the 
advancement  of  science  which  it  would  be  difficult  to  over- 
estimate. 

Since  the  well-known  Article  on  Sound  in  the  Encyclopcedia 
Metropolitana,  by  Sir  John  Herschel  (1845),  no  complete  work 
has  been  published  in  which  the  subject  is  treated  mathemati- 
cally. By  the  premature  death  of  Prof.  Donkin  the  scientific 
world  was  deprived  of  one  whose  mathematical  attainments  in 
combination  with  a  practical  knowledge  of  music  qualified  him 
in  a  special  manner  to  write  on  Sound.  The  first  part  of  his 
Acoustics  (1870),  though  little  more  than  a  fragment,  is  sufficient 
to  shew  that  my  labours  would  have  been  unnecessary  had  Prof. 
Donkin  lived  to  complete  his  work. 


In  the  choice  of  topica  to  be  dealt  with  in  a  work  on  Sc.und, 
I  have  for  the  moat  part  followed  the  example  of  my  predecessors. 
To  a  great  extent  the  theory  of  Sound,  as  commonly  uuderatood, 
covers  the  same  groiuid  as  the  theory  of  VibratioiLS  in  general ; 
but,  unless  some  limitation  were  admitted,  the  consideration  of 
such  subjects  as  the  Tide-s,  not  to  apeak  of  Optics,  would  have 
to  be  included.  As  a  general  rule  we  shall  confine  oui-selves  to 
those  classes  of  ribrations  for  which  our  ears  afford  a  readj' 
made  and  wonderfully  sensitive  inatrument  of  investigation. 
Without  ears  we  should  hardly  care  much  more  about  vibrations 
than  without  eyes  we  should  care  about  light. 

The  present  volume  includes  chapters  on  the  vibrations  of 
systems  in  general,  in  which,  I  hope,  will  be  recognised  some 
novelty  of  treatment  and  results,  followed  by  a  more  detailed 
consideration  of  special  systems,  such  as  stretched  strings,  bars, 
membranes,  and  plates.  The  second  volume,  of  which  a  con- 
siderable portion  ia  already  written,  will  commence  with  atrial 
vibratioiLs. 

My  best  thanks  are  due  to  Mr  H.  M.  Taylor  of  Trinity  College, 
Cambridge,  who  has  been  goo<l  enough  to  read  the  proofw.  By 
his  kind  assistance  several  errors  and  obscurities  have  been 
eliminated,  and  the  volume  generally  has  been  rendered  less  im- 
perfect than  it  would  othenvise  have  been. 

Any  corrections,  or  suggestions  for  improvements,  with  which 
my  readei-s  may  favour  me  will  be  highly  appreciated. 


Terlinq  Pi^cz,  Witium, 
ApHl,  1877. 
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IN  this  second  edition  all  corrections  of  importance  are  noted, 
and  new  matter  appeal's  either  as  fresh  sections,  e.g.  §  32  a, 
or  enclosed  in  square  brackets  [  ].  Two  new  chapters  X  4,  X  a 
are  interpolated,  devoted  to  Curved  Plates  or  Shells,  and  to 
Electrical  V^ratioTis.  Much  of  the  additional  matter  relates  to 
the  more  difficult  parts  of  the  subject  and  will  be  passed  over  | 
by  the  reader  on  a  first  perusal. 


PREFACE.  Vll 

In  the  mathematical  investigations  I  have  usually  employed 
such  methods  as  present  themselves  naturally  to  a  physicist. 
The  pure  mathematician  will  complain,  and  (it  must  be  confessed) 
sometimes  with  justice,  of  deficient  rigour.  But  to  this  question 
there  are  two  sides.  For,  however  important  it  may  be  to 
maintain  a  uniformly  high  standard  in  pure  mathematics,  the 
physicist  may  occasionally  do  well  to  rest  content  with  argu- 
ments which  are  fairly  satisfectory  and  conclusive  from  his  point 
of  view.  To  his  mind,  exercised  in  a  different  order  of  ideas, 
the  more  severe  procedure  of  the  pure  mathematician  may  appear 
not  more  but  less  demonstrative.  And  further,  in  many  cases 
of  diflSculty  to  insist  upon  the  highest  standard  would  mean 
the  exclusion  of  the  subject  altogether  in  view  of  the  space 
that  would  be  required. 

In  the  first  edition  much  stress  was  laid  upon  the  establish- 
ment of  general  theorems  by  means  of  Lagrange's  method,  and 
I  am  more  than  ever  impressed  with  the  advantages  of  this 
procedure.  It  not  unfrequently  happens  that  a  theorem  can  be 
thus  demonstrated  in  all  its  generality  with  less  mathematical 
apparatus  than  is  required  for  dealing  with  particular  cases  by 
special  methods. 

During  the  revision  of  the  proof-sheets  I  have  again  had  the 
very  great  advantage  of  the  cooperation  of  Mr  H.  M.  Taylor, 
until  he  was  unfortunately  compelled  to  desist.  To  him  and 
to  several  other  friends  my  thanks  are  due  for  valuable  sug- 
gestions. 


July,  1894. 
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problem.  lki(Uipit'«»xpetitUitiUliavMtiHaiioi>«.  [Ketll«-iliuiiu.  lioilfl 
toTTM  of  fuMcd  rihraliona)  fl 


CONTENTS.  xm 


CHAPTER  X. 

PAGE 

j§  214 — 235  a  vibrations  of  plates         .        .        .   352 

Potential  Energy  of  Bending.  Transformation  of  dV,  Superficial  differ- 
ential equation.  Boundary  conditions.  Conjugate  property  of  normal 
functions.  Transformation  to  polar  co-ordinates.  Form  of  general 
solution  continuous  through  pole.  Equations  determining  the  periods 
for  a  free  circular  plate.  Eirchhoff's  calculations.  Comparison  with 
ohsenration.  Eadii  of  nodal  circles.  Generalization  of  solution.  Ir- 
regularities give  rise  to  beats.  [Oscillation  of  nodes.]  Case  of  clamped, 
or  supported,  edge.  [Telephone  plate.]  Disturbance  of  Chladni*s 
figures.  [Movements  of  sand.]  History  of  problem.  Mathieu's  criti- 
cisms.  Bectangular  plate  with  supported  edge.  Rectangular  plate  with 
free  edge.  Boundary  conditions.  One  special  case  (/a=0)  is  amenable 
to  mathematical  treatment.  Investigation  of  nodal  figures.  Wheat- 
stone's  application  of  the  method  of  superposition.  Comparison  of 
Wheatstone's  figures  with  those  really  applicable  to  a  plate  in  the  case 
fi=0.  Gravest  mode  of  a  square  plate.  Calculation  of  period  on  hypo- 
thetical type.  Nodal  figures  inferred  from  considerations  of  symmetry. 
Hexagon.  Comparison  between  circle  and  square.  Law  connecting 
pitch  and  thickness.  In  the  case  of  a  clamped  edge  any  contraction  of 
the  boundary  raises  the  pitch.  No  gravest  form  for  a  free  plate  of 
given  area.  In  similar  plates  the  period  is  as  the  linear  dimension. 
Wheatstone's  experiments  on  wooden  plates.  Kcenig's  experiments. 
Vibrations  of  cylinder,  or  ring.  Motion  tangential  as  well  as  normal. 
Relation  between  tangential  and  normal  motions.  Expressions  for 
kinetic  and  potential  energies.  Equations  of  vibration.  Frequencies 
of  tones.  Comparison  with  Chladni.  [Fenkner's  observations.]  Tan- 
gential friction  excites  tangential  motion.  Experimental  verification. 
Beats  due  to  irregularities.    [Examples  of  glass  bells.     Church  bells.] 


CHAPTER  Xa. 
§235i — 235  A        curved  plates  or  shells     .  .   395 

[Extensional  Vibrations.  Frequency  independent  of  thickness.  luexten- 
sional  or  flexural  vibrations.  Frequency  proportional  to  thickness. 
General  conditions  of  inextension.  Surface  of  second  degree.  Applica- 
tion to  sphere.  Principal  extensions  of  cylindrical  surface.  Potential 
energy.  Frequencies  of  extensional  \'ibratious.  Plane  plate.  Other 
particular  cases  of  cylinder.  Potential  energy  of  bending'.  Sphere. 
Plane  plate.  Potential  energy  for  cylindrical  shell.  Statical  problems. 
Frequency  of  flexural  vibrations  of  cylindrical  shell.  Extensional 
vibrations  of  spherical  sheLL  Flexural  vibrations  of  spherical  shell. 
Nonnal  modes.  Potential  energy.  Kinetic  energy.  Frequencies  in  case 
of  hemisphere.    Saucer  of  120^.    References.] 


XIV  CONTENTS. 


CHAPTER  Xb. 

PAGE 

§  235  i — 235  y  electrical  vibrations    .       .  433 

[Calculation  of  periods.  Forced  vibratioDs.  Insertion  of  a  leyden  equivalent 
to  a  negative  inductance.  Initial  currents  in  a  secondary  circuit.  In- 
versely as  the  number  of  windings.  Reaction  of  secondary  circuit. 
Train  of  circuits.  Initial  currents  alternately  opposite  in  sign.  Per- 
sistences. Resistance  and  inductance  of  two  conductors  in  parallel. 
Extreme  values  of  frequency.  Contiguous  wires.  Several  conductors  in 
parallel.  Induction  balance.  Theory  for  simple  harmonic  currents.  Two 
conditions  necessary  for  balance.  Wheatstone's  bridge.  Generalized 
resistance.  Current  in  bridge.  Approximate  balance.  Hughes*  ar- 
rangement. Interrupters.  Inductometers.  Symmetrical  arrangement. 
Electromagnetic  screening.  Cylindrical  conducting  core.  Time-con- 
stant of  free  currents.  Induced  electrical  vibrations.  Reaction  upon 
primary  circuit.  Induced  currents  in  a  wire.  Maxwell's  formulas. 
Impedance.  Kelvin's  theory  of  cables.  Heaviside*s  generalization. 
Attenuation  and  distortion  of  signals.  Bell's  telephone.  Push  and 
pull  theory.  Experiment  upon  bi^lar  telephone.  Minimum  current 
audible.    Microphone.] 


ISTKODUCTIOS,  [S.  ' 

rcpfjit  from  the  flash.  Thia  repreeeobs  the  time  occupied  by 
Huuiid  in  trayelling  from  the  guD  to  the  observer,  the  retardation 
of  the  flash  due  to  the  fiaite  velocity  of  light  being  altogethi-r 
negligible.  The  first  accurate  experiments  were  made  by  »ora« 
members  of  the  French  Academy,  in  1738.  Camions  were  fired, 
and  the  retardatioD  of  the  reports  at  different  distances  obeervwi. 
The  principal  precaution  necessary  is  to  reverse  alternately  the 
direction  along  which  the  sound  travels,  in  order  to  eliminate  the 
influence  of  the  motion  of  the  air  in  mass.  Down  the  wind,  for 
instance,  sound  travels  relatively  to  the  earth  faster  than  its 
proper  rate,  for  the  velocity  of  the  wind  is  added  to  that  proper 
to  the  propagation  of  sound  in  still  air.  For  still  dry  air  at  a 
temperature  of  O'C,  the  French  observers  found  a  velocity  of  S;J7 
metres  per  second.  Observations  of  the  same  character  were 
made  by  Arago  and  others  in  1822;  by  the  Dutch  physicists  Moll, 
vau  Beek  and  Kuytenbrouwer  at  Amsterdam;  by  Bravais  aud 
Martina  between  the  top  of  the  Faulhorn  and  a  station  beiowfj 
and  by  others.  The  general  -  result  hn^  been  tu  give  a  somewbM 
lower  value  for  the  velocity  of  sound — about  332  metres  pM 
sGCond.  The  effect  of  alteration  of  temperature  and  pressure  ^| 
the  propngatiun  of  i^ound  will  be  best  considered  in  connection  w^H 
the  mechanical  theory.  ^M 

4.  It  is  a  direct  consequence  of  observation,  that  within  w^H 
limita,  the  velocity  of  sound  ts  independent,  or  at  least  very  oea^l 
independent,  of  its  intensity,  and  also  of  its  pitch.  Were  b^| 
otherwise,  a  iguick  piece  of  mutdc  would  be  heard  at  a  tit^l 
distance  hopelessly  confused  and  discordant.  But  when  the  d^| 
turbaticej)  are  very  violent  and  abrupt,  so  that  the  alteratiooa^^| 
deneity  concemMl  arc  coui{)timble  with  the  whole  density  of  1^1 
air,  the  simplicity  of  thi«  law  may  be  departed  from.  ^M 

B.  An  elaborate  teiies  of  experiments  on  the  propagntiutt ^| 
sound  in  long  tubes  (water-pipes)  has  been  maile  by  Re^nau^| 
He  adopted  an  automatic  arrotigement  similar  in  principle  U>  ti^| 
used  for  measuring  the  speed  of  projectilen.  At  the  momimt  wl|^| 
a  pistol  is  tired  at  one  und  of  the  tube  a  urire  conveying  an  eleo^H 
cnrreiil  it  niptnre<l  by  the  shuck.  This  rnnses  the  withdrawal  a^| 
tracing  [wint  which  wa.H  previously  marking  a  line  on  a  revolvil^| 
rlruRi.  At  the  further  uod  of  the  pipo  i&  a  stratehed  membranii  ^M 
amu^^  that  whvii  on  th«  arri\-al  of  the  sound  tt  yields  to  tnH 
>  Utmtlnt  rfr  FAcaMmU  it  Fmet,  (.  uzrn. 
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I  impulse,  the  circuit,  which  wa«  ruptured  duriDg  the  passage  of  the 

I  Mounf],  i*  recompleted.     At  the  same  moment  the  tracing  point 

I  Ml))  bock  on  the  drum.     The  blank  space  left  unmaiked  con'e- 

f  KpoQtLt  til  the  time  occupied  by  the  sound  in  making  the  journey, 

itmI.  whvii  the  motion  of  thu  drum  is  known,  gives  the  means  of 

'  it-rmining  it.     The  length  of  the  journey  between  the  first  wire 

■il  (he  membrane  is  found  by  direct  measurement.     In  these 

•iKTimt-nts  the  velocity  of  sound  appeared  to  be  not  quite  inde- 

'  :>')«>jit  of  the  diameter  of  the  pipe,  which  varied  from  0*'^^ 

1"100.     The   discrepancy   is  perhaps  due  to  friction,  whose 

iiiiicoce  would  be  greater  in  smaller  pipes, 

6.  AJthough.  in  practice,  air  is  usually  the  veliiole  of  sound, 
•her  gases,  liquids  and  solids  aie  equally  capable  of  conveying 

it.  In  miMt  cases,  however,  the  means  of  making  a  direct  ineasure- 
meot  i>f  the  velocity  of  sounil  are  wanting,  and  we  are  not  yet  in 
a  pmdtioa  to  consider  the  intUrect  methods.  But  in  the  case  of 
■Mer  the  same  difficulty  does  not  occur.  In  the  year  182f), 
Cdlladon  and  Sturm  investigated  the  propagation  of  sound  in  the 
*>f  Geneva.  The  striking  of  a  bell  at  one  station  was 
laltaneous  with  a  Hash  of  gunpowder.  The  observer  at  a 
I  statiun  measured  the  interval  between  the  flash  and  the 
sniral  of  the  sound,  applying  his  ear  to  a  tube  carried  beneath 
I"  snrfsctr.  At  a  temperature  of  8°C.,  the  velocity  of  sound  in 
iier  was  thus  found  to  be  143.5  metres  per  second, 

7.  The  conveyance  of  sound  by  solids  may  be  illustrated  by  a 
-■-tty  experiment  due  to  Wheatstone.    One  end  of  a  metallic  wire 

irniKfCtW  with  the  sound-board  of  a  pianoforte,  and  the  other 
.iMugh  the  partitions  or  floors  into  another  part  of  the 
ivhert.'  naturally  nothing  would  be  audible.  If  a  veai- 
inl  (such  as  a  viohn)  be  now  placed  in  contact  with  the 
line  played  on  the  piano  is  easily  heard,  and  the  sound 
-'[nannte  from  the  resonance-board.  [Jlechauical  tele- 
jitin  this  principle  have  been  introduced  into  practical 
-.  iuc  Uie  conveyance  of  speech.] 

8.  In  (in  open  space  the  intensity  of  sound  falls  oil'  with  great 
idit]'  u  the  distance  from  the  source  increases.  The  same 
Hini  uf  motion  hiw  to  do  duty  over  surfaces  ever  increasing  as 

\  M|iituvit  of  the  distance.  Anything  that  confines  the  sound 
Q  lend  Ui  diminish  the  falling  off  of  intensity.  Thus  over  the 
I  eor&oe  of  still  watt^r,  a  sound  cariies  further  than  over  I 
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grouDd;  the  comer  betwetin  a  smooth  pavement  mid  a  vertical 
wall  is  Btili  better;  but  the  moal  effective  of  all  is  a  tube-like 
enclosure,  which  prevents  spreading  altogether.  The  use  of 
speaking  tubes  to  facilitate  communication  between  the  different 
parts  of  a  building  is  well  known.  If  it  were  not  for  certain  effects 
(frictional  and  other)  due  to  the  aides  of  the  tube,  sound  might 
be  thus  convejed  with  little  loss  to  very  great  distances. 

9.  Before  proceeding  further  ire  must  consider  a  distinction, 
which  is  of  great  importance,  though  not  free  from  difficulty. 
Sounds  may  be  classed  as  musical  abd  unmusical ;  the  former 
for  convenience  may  be  called  notes  and  the  latter  noises.  The 
extreme  cases  will  raise  no  dispute;  every  one  recognises  the 
difference  between  the  note  of  a  pianoforte  and  the  creaking  of  a 
shoe.  But  it  is  not  so  easy  to  draw  the  line  of  separation.  In  the 
tirsb  place  few  notes  are  &ee  from  all  unmusical  accompaniment. 
Witb  organ  pipes  especially,  the  hissing  of  the  wind  as  it  escapes 
at  the  mouth  may  he  heai-d  beside  the  proper  note  of  tho  pipe. 
And,  Hecondly.  many  noises  so  far  partake  of  a  musical  character 
as  to  have  a  definite  pitch.  This  is  more  easily  recognised  in  a 
s<«iuence,  ginug.  tor  example,  the  common  chord,  than  by  continued 
attention  to  an  individual  instance.  The  experiment  maj'  be  madf 
by  drawing  corks  from  bottles,  previously  tuned  by  pouring  water 
into  theui,  or  by  throwing  down  on  a  table  sticks  of  wood  of  suitable 
dimensions.  But,  although  noises  are  sometimes  not  entirety 
unmusical,  and  notes  are  usually  not  quite  free  from  noise,  there  in 
tio  difficulty  in  recognising  which  of  the  two  is  the  simpler  pheno- 
meuou.  There  is  a  certain  smoothness  and  continuity  about  Iht- 
musical  note.  Moreover  by  sounding  together  a  variety  of  notes — 
for  example,  by  striking  simultaneously  a  number  of  consecutive 
keys  oD  a  pianoforte — we  obt-ain  an  approximation  to  a  noise ; 
while  no  combination  of  nois^'s  could  ever  blend  into  a  musical 
note. 

10.  We  are  thus  led  to  give  our  attention,  in  the  first  iustanci', 
maitdy  to  mu.iical  sounds.  These  arrange  themselves  natnraily 
in  a  certain  order  according  to  pitch — a  quality  which  all  can 
appreciate  to  some  extent.  Trained  ears  can  recognise  an  enorui<'U>? 
number  of  gradations — moro  than  a  thousand,  probably,  w-ittin 
the  compass  of  the  human  voice.  These  gradations  of  pitch  ai. 
uot,  like  the  degrees  of  a  thennometi-ic  scale,  without  special  J 
mntual  ri'latious.    Taking  any  given  note  w  a  starting  point,  | 
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musiciaos  can  single  out  certain  othen,  which  bear  a  defmil& 
relation  to  the  first,  and  are  known  as  its  octave,  fifth,  be  l%e 
corresponding  differences  of  pitch  are  called  intervals^  and  are 
spoken  of  as  always  the  same  for  the  same  relationship.  Thus, 
wherever  they  may  occur  in  the  scale,  a  note  and  its  octave  are 
separated  by  the  interval  of  the  octave.  It  will  be  our  object  later 
to  explain,  so  far  as  it  can  be  done,  the  origin  and  nature  of  the 
consonant  intervals,  but  we  must  now  turn  to  consider  the  physical 
aspect  of  the  question. 

Since  sounds  are  produced  by  vibrations,  it  is  natural  to 
suppose  that  the  simpler  sounds,  viz.  musical  notes,  correspond  to 
periodic  vibrations,  that  is  to  say,  vibrations  which  after  a  certain 
interval  of  time,  called  the  period,  repeat  themselves  with  perfect 
regularity.  And  this,  with  a  limitation  presently  to  be  noticed, 
is  true. 

11.  Many  contrivances  may  be  proposed  to  illustrate  the 
generation  of  a  musical  note.  One  of  the  simplest  is  a  revolving 
wheel  whose  milled  edge  is  pressed  against  a  card.  Each 
projection  as  it  strikes  the  card  gives  a  slight  tap,  whose  regular 
recurrence,  as  the  wheel  turns,  produces  a  note  of  definite  pitch, 
rvfing  in  the  scaler  as  the  velocity  of  rotation  increases.  But  the 
most  appropriate  instrument  for  the  fundamental  experiments  on 
notes  is  undoubtedly  the  Siren,  invented  by  Cagiiiard  de  la  Tour. 
It  consists  essentially  of  a  stiff  disc,  capable  of  revolving  about  its 
centre,  and  pierced  with  one  or  more  sets  of  holes,  arranged  at 
equal  intervals  round  the  circumference  of  circles  concentric  with 
the  disc.  A  windpipe  in  connection  with  bellows  is  presented 
perpendicularly  to  the  disc,  its  open  end  being  opposite  to  one  of 
the  circles,  which  contains  a  set  of  holes.  When  the  bellows  are 
worked,  the  stream  of  air  escapes  freely,  if  a  hole  is  opposite  to  the 
end  of  the  pipe;  but  othenvise  it  is  obstructed.  As  the  disc  turns, 
a  succession  of  puffs  of  air  escape  thi-ough  it,  until,  when  the 
velocity  is  sufficient,  they  blend  into  a  note,  whose  pitch  rises 
continually  with  the  rapidity  of  the  puffs.  We  shall  have  occasion 
later  to  describe  more  elaborate  forms  of  the  Siren,  but  for  our 
immediate  purpose  the  present  simple  arrangement  will  suffice. 

12.  One  of  the  most  important  facts  in  the  whole  science  is 
exemplified  by  the  Siren — namely,  that  the  pitch  of  a  note  depends 
npon  the  period  of  its  vibration.     The  size  and  shape  of  the  VioVe%, 
the  foBoe  of  the  wind,  aod  other  elements  of  the  problem  la^cj  \ie 
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varied ;  but  if  the  number  of  puffs  iu  a  given  time,  such  as  ime 
secoud,  remaina  unchanged,  so  also  does  the  pitch.  We  may  even 
dispense  with  wind  altogether,  and  pi-oduce  a  note  by  allowing 
the  corner  of  a  card  to  tap  against  the  edges  of  the  holes,  as  they 
revolve ;  the  pitch  will  still  be  the  same.  Observation  of  other 
Bources  of  sound,  such  as  vibrating  solids,  leads  to  the  sanie  con- 
clusion, though  the  difGcullies  are  often  such  as  to  renc 
necessary  rather  refined  experimental  methods. 

But  in  saying  that  pitch  depends  upon  period,  th< 
lurks  an  ambiguity,  which  deser\ea  attentive  consideratit 
as  it  will  lead  us  to  a  point  of  great  importance.  If 
variable  quantity  be  periodic  in  any  time  t,  it  is  also  peril 
iu  the  times  2t,  3t.  &c.  Conversely,  a  recurrence  within  a  givi 
period  T,  does  not  exclude  a  more  rapid  recurrence  with 
periods  which  are  the  aliquot  parts  of  t.  It  would  app€ 
accordingly  that  a  vibration  really  recurring  iu  the  linie  }[t  (I 
example)  may  be  regarded  as  having  the  period  t,  and  therefe 
by  the  law  just  laid  downi  as  producing  a  note  of  the  pitch  detin 
by  T.  The  force  of  this  coa=iideration  cannot  be  entirely  evaded 
defining  as  the  period  the  leaM  time  lequired  to  bring  about 
repetition.  In  the  first  place,  the  necessity  of  such  a  restrict! 
is  in  itself  almost  sufficient  to  shew  that  we  have  not  got  to  t 
root  of  the  matter;  for  although  n  right  to  the  period  t  may 
denied  to  a  vibration  repeating  itself  rigorously  within  a  time  j 
yet  it  must  be  allowed  to  a  ribration  that  may  differ  indefinite 
little  therefrom.  In  the  Siren  experiment,  snpp»sc  that  in  o 
'if  the  circles  of  holes  containing  an  even  number,  every  alterna 
hole  is  displaced  along  the  arc  of  the  circle  by  the  same  aiuoui 
The  displacement  may  be  nta<fe  so  smalt  that  no  chaugc-  can 
detected  in  the  resulting  note;  but  the  periixlic  time  on  whi 
the  pitch  depends  has  been  doubled.  And  secondly  it  is  erid4 
from  the  nature  of  (>eriodicity,  that  the  superposition  oti  &  vibi 
tion  of  period  t,  of  others  having  periods  Jt,  Jt...&c..  does  r 
disturb  the  period  t,  while  yet  it  cannot  be  supposed  that  t 
addition  of  the  new  elements  has  left  the  ()uality  of  the  sound  U 
changed.  &Ioreover,  since  the  pitch  is  not  affected  by  thi 
presence,  how  do  we  know  that  elemeuto  of  the  shorter  pfrimi- 
were  not  there  from  the  beginning  7 

13.     These  consideratioDs  lead  us  lit  expect  r«mai'kahle  ivla- 
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natural  numbers.  Nothing  can  be  easier  than  to  investigate  the 
question  by  means  of  the  Siren.  Imagine  two  circles  of  holes,  the 
inner  containing  any  convenient  number,  and  the  outer  twice  as 
many.  Then  at  whatever  speed  the  disc  may  turn,  the  period  of 
the  vibration  engendered  by  blowing  the  first  set  will  necessarily 
be  the  double  of  that  belonging  to  the  second.  On  making  the 
experiment  the  two  notes  are  found  to  stand  to  each  other  in 
the  relation  of  octaves ;  and  we  conclude  that  in  passing  from  any 
note  to  its  octave,  the  frequency  of  vibration  is  doubled.  A  similar 
method  of  experimenting  shews,  that  to  the  ratio  of  periods  3  :  1 
corresponds  the  interval  known  to  musicians  as  the  twelfth,  made 
up  of  an  octave  and  a  fifth ;  to  the  ratio  of  4:1,  the  double 
octave ;  and  to  the  ratio  5:1,  the  interval  made  up  of  two  octaves 
and  a  major  third.  In  order  to  obtain  the  intervals  of  the  fifth 
and  third  themselves,  the  ratios  must  be  made  3  :  2  and  5  :  4 
reflectively. 

14.  From  these  experiments  it  appears  that  if  two  notes 
stand  to  one  another  in  a  fixed  relation,  then,  no  matter  at  what 
part  of  the  scale  they  may  be  situated,  their  periods  are  in  a 
certain  constant  ratio  characteristic  of  the  relation.  The  same 
may  be  said  of  their  frequencies^ ^  or  the  number  of  vibmtions 
which  they  execute  in  a  given  time.  The  ratio  2  :  1  is  thus 
cliaracteristic  of  the  octave  interval.  If  we  wish  to  combine 
two  intervals, — for  instance,  starting  from  a  given  note,  to  take 
a  step  of  an  octave  and  then  another  of  a  fifth  in  the  same 
direction,  the  coiTesponding  ratios  must  be  compounded : 

2     3_3 

1  ^2"r 

The  twelfth  part  of  an  octave  is  represented  by  the  ratio  v^2  :  1, 
for  this  is  the  step  which  repeated  twelve  times  leads  to  an 
octave  above  the  starting  point.  If  we  wish  to  have  a  measure 
of  intervals  in  the  proper  sense,  we  must  take  not  the  character- 
istic ratio  itself,  but  the  logarithm  of  that  ratio.  Then,  and  then 
only,  will  the  measure  of  a  compound  interval  be  the  sum  of  the 
measures  of  the  components. 

'  A  single  word  to  denote  the  number  of  vibrations  executed  in  the  unit  of  time 
k  indispensable :  I  know  no  better  than  *  frequency,  *  which  was  used  in  this  sense 
Igr  ToQng.  The  same  word  is  employed  by  Prof.  Everett  in  his  excellent  edition 
I's  jyatvya/  Philowphy, 
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16.  From  the  intervals  of  the  octave,  fifth,  and  third  cou 
aidered  above,  uthei-s  kiiowu  tu  aiiiHicinns  may  be  derived.  Thi 
difference  of  aa  octave  ajid  a  fifth  is  called  a  fonrtk,  and  has  the 

ratio  2-i-^  =  ^-     This  process   of  subtracting   an    interval   frou 

the  octave  is  called  inverting  it.  By  invertiug  the  major  thir 
we  obhiiD  the  minor  sixth.  Again,  by  subtraction  of  a  inaje 
third  from  a  fifth  we  obtain  the  minor  third;  and  from  this  I 
inversion  the  major  sixth.  The  following  table  exhibits  wide  I 
aide  the  names  of  the  intervals  and  the  corresponding  ratios  < 
frequencies : 

Octave  2  : 

Fifth 

Fourth  

Major  Third 5: 

Minor  Sixth  

Minor  Third 

Major  Sixth  

These  are  all  the  consonant  intervals  comprised  mthiu  t) 
limitH  of  the  octave.  It  will  be  remarked  that  the  correspoudii 
ratios  are  all  expressed  by  means  of  smtdl  whole  numbers,  t 
that  this  is  more  particularly  the  case  fur  the  more  consona 
intervals. 

The  notes  whose  &e<iueacies  are  multiples  of  that  of  h  givf 
one,  are  called  its  hannvntcs,  and  the  whole  series  coustitnt 
a  havmoii-ic  scale.  As  is  well  known  to  violinists,  they  may  I 
be  obt^neil  from  the  same  string  by  touching  it  lightly  with  ti 
finger  at  certain  points,  while  the  bi>w  in  drawn. 

The  establishment  of  the  connection  between  ninsical  intervi 
and  definite  ratios  of  fkM|uency' — a  fundamental  point  in  Acnuati 
~-ia  dne  to  Mei-seniie  (ICSti).  It  was  indeed  known  to 
Greeks  in  what  ration  the  lengths  of  strings  muat  be  changi 
in  order  to  obtain  Che  octave  and  fifth;  but  Merwnne  deoad 
Btrsted  the  law  connecting  thi?  length  of  n  string  with  the  peril 
of  its  vibration,  and  made  the  first  dcienniuation  of  the  actu 
r»t«!  of  vibration  of  a  known  musical  note. 

16.     l.tii  any  note  taken  a»  a  key-note,  or  tonic,  a  diaioi 
scale  may  be  fouodeiL  whoae  derivaliun  w«  now  proceed  u>  e 
"  '  .     If  the  key-iKite,  whatever  may  be  its  absolnl*t  plboli, 
J  Du,  thii  fifth  above  or  docainant  b  isol,  and  the  fifth  beb 
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or  SQbdominant  is  Fa.     The  common  chord  on  any  note  is  pro- 
duced by  combining  it  with  its  major  third,  and  fifth,  giving  the 

5    3 
ratios  of  frequency  1  :  t  •  o  ^^  4:5:6.     Now  if  we   take   the 

common  chord  on  the  tonic,  on  the  dominant,  and  on  the  sub- 
dominant,  and  transpose  them  when  necessary  into  the  octave 
lying  immediately  above  the  tonic,  we  obtain  notes  whose  fre- 
quencies arranged  in  order  of  magnitude  are : 

Do      Re        Mi       Fa       Sol       La         Si         Do 
9  5  4  3  5  15 

8'         4'         3'         2'         3*  8  ' 

Here  the  common   chord  on  Do  is  Do — Mi — Sol,  with  the 

5    3 

ratios  1  :  -r  ^  s ;  the  chord  on  Sol  is  Sol — Si — Re,  with  the  ratios 
4    2 

s:-^:2xs  =  1:t:s;  ai^d  the  chord  on  Fa  is  Fa — La — Do, 
to  8  4    2 

still  with  the  same  ratios.     The  scale  is  completed  by  repeating 

these  notes  above  and  below  at  intervals  of  octaves. 

If  we  take  as  our  Do,  or  key-note,  the  lower  c  of  a  tenor  voice, 

the  diatonic  scale  will  be 

c        d        e        f        g        a        b        c'. 

Usage  diflFers  slightly  as  to  the  mode  of  distinguishing  the 
different  octaves ;  in  what  follows  I  adopt  the  notation  of  Helm- 
holtz.  The  octave  below  the  one  just  referred  to  is  written  with 
capital  letters — C,  D,  &c. ;  the  next  below  that  with  a  suffix — 
C^,  D^,  &c. ;  and  the  one  beyond  that  with  a  double  suffix — C^^,  &c. 
On  the  other  side  accents  denote  elevation  by  an  octave — c',  c\ 
&c.  The  notes  of  the  four  strings  of  a  violin  are  written  in  this 
notation,  g— d' — a' — e".  The  middle  c  of  the  pianoforte  is  c'. 
[In  French  notation  c'  is  denoted  by  ut,.] 

17.  With  respect  to  an  absolute  standard  of  pitch  there  has 
been  no  uniform  practice.  At  the  Stuttgard  conference  in  1834, 
c'=264  complete  vibrations  per  second  was  recommended.  This 
corresponds  to  a' =  440.  The  French  pitch  makes  a' =  435.  In 
Handel's  time  the  pitch  was  much  lower.  If  c'  were  taken  at  25() 
or  2^,  all  the  c's  would  have  frequencies  represented  by  powers 
of  2.  This  pitch  is  usually  adopted  by  physicists  and  acoustical 
instrument  makers,  and  has  the  advantage  of  simplicity. 

The  determination  ah  initio  of  the  frequency  of  a  given  note  is 
operation  requiring  some  care.    The  simplest  method  in  prin- 
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ciple  is  by  means  of  the  Siren,  which  is  driven  at  such  a  rate  as  1 
give  a  note  in  unison  with  the  given  one.  The  number  of  tua 
effected  by  the  disc  in  one  second  is  given  by  a  counting  apparatfl 
which  can  be  thrown  in  and  out  of  gear  at  the  beginning  and  e 
of  R  measured  interval  of  time.  This  multiplied  by  the  numberv 
effective  holes  gives  the  required  frequency.  The  consideratioDl 
ulher  methods  admitting  of  greater  accuracy  must  be  deferred. 

18.     So  long  as  we  keep  to  the  diatonic  scale  of  c.  the  notfl 
above  written  are  all  that  are  required  in  a  musical  compositio 
But  it  is  frequently  desired  to  change  the  key-note.     Under  thaj 
circumstances  a  singer  with  a  good  natural  ear,  accustomed  f 
perform  without  accompaniment,  takes  an  entirely  fresh  departuf 
constructing  a  new  diatonic  scale  on  the  new  key-note.     In  ( 
way.  after  a  few  changes  of  key,  the  originnl  scale  will  be  qui 
departed  from,  and  an  immense  variety  of  notes  be  used.    On  T 
instrument  with  fixed   notes   like  the  piano  and  organ  suobi 
multiplication  is  impracticable,  and  some  compromise  is  uecee 
in  order  to  allow  the  same  note  to  perform  different  functioii 
This  is  not  the  place  to  discuss  the  question  at  any  length ;  1 
will  therefore  take  as  an  illustration  the  simplest,  as  well  8 
commonest  case — modulation  into  the  key  of  the  dominant. 

By  deHnition,  the  diatonic  scale  of  c  consists  of  the  comin 
chords  founded  on  c,  g  and  f.     In  like  manner  the  scale  of  g  o 
flista  of  the  chords  founded  on  g,  d  and  c.     The  chords  of  c 
are  then  commoa  to  the  two  scales;  but  the  thii-d  and  fifth  of  j 
introduce  new  notes.     The  third  of  d  written  fS  lias  a  frequeno] 
9      -      ■- 


8     4 


3     27 


But  the  fifth  of  d,  with  a  frequency  s  ><  5  =  f^  ■  *''^'^ 
5 


but  lit^ 

from  a,  whose  frequency  is  s-    In  ordinary  keyod  iiistniments  I 

interval  between  the  two,  represented  by  -  ,  and  called  a  comi^ 
is  neglected,  and  the  two  notes  by  a  suitable  compromise  1 
temperatHent  are  identified. 

19.     Various  systems  of  temperament  hare   been  »»wi; 
HJmplust  and  that  now  most  gcui^rally  nscd.  or  at  least  aJmeii  I 
b  the  eijual  temperament.    On  referring  to  the  table  of  fretiuetM 
for  (he  dinUinic  scale,  it  will  be  seen  thnt  the  iulcrvaU  from  Va  4 
ttv.  from  Ro  to  Mi.  from  P«  to  Sol,  from  Sol  in  La,  und  from  I 
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9       10 
to  Si,  are  nearly  the  same,  being  represented  by  -  or  -q-  ;  while  the 

1  fi 
intervals  from  Mi  to  Fa  and  from  Si  to  Do,  represented  by  zr-=  ,  are 

about  half  as  much.  The  equal  temperament  treats  these  ap- 
proximate relations  as  exact,  dividing  the  octave  into  twelve  equal 
parts  called  mean  semitones.  From  these  twelve  notes  the  diatonic 
scale  belonging  to  any  key  may  be  selected  according  to  the 
following  rule.  Taking  the  key-note  as  the  first,  fill  up  the  series 
with  the  third,  fifth,  sixth,  eighth,  tenth,  twelfth  and  thirteenth 
notes,  counting  upwards.  In  this  way  all  difficulties  of  modulation 
are  avoided,  as  the  twelve  notes  serve  as  well  for  one  key  as  for 
another.  But  this  advantage  is  obtained  at  a  sacrifice  of  true 
intonation.     The  equal  temperament  third,  being  the  third  part  of 

an  octave,  is  represented  by  the  ratio  v^2  :  1,  or  approximately 
1'2599,  while  the  true  third  is  1'25.  The  tempered  third  is  thus 
higher  than  the  true  by  the  interval  126  :  125.  The  ratio  of  the 
tempered  fifth  may  be  obtained  from  the  consideration  that  seven 
semitones  make  a  fifth,  while  twelve  go  to  an  octave.     The  ratio  is 

therefore  2"^-  :  1,  which  =  1-4983.  The  tempered  fifth  is  thus  too 
low  in  the  ratio  1'4983  :  1*5,  or  approximately  881  :  882.  This 
error  is  insignificant;  and  even  the  error  of  the  third  is  not  ot* 
mach  consequence  in  quick  music  on  instruments  like  the  piano- 
forte. But  when  the  notes  are  heldy  as  in  the  harmonium  and 
oigan,  the  consonance  of  chords  is  materially  impaired. 

20.  The  following  Table,  giving  the  twelve  notes  of  the  chro- 
matic scale  according  to  the  system  of  equal  temperament,  will  be 
convenient  for  reference*.     The  standai-d  employed  is  a' =  440;  in 


C 


i< 


D 

E 
F 
F- 
O 

Gi 

A 

AS 
B 


16  ST) 
17-32 
18-35 
19-44 
20-f50 
21-82 
2312 
24-50 
25-95 
27-50 
2913 
30-86 


32-70 
34-65 
36-71 
38-89 


C 

65-41 
69-30 
73-42 
77-79 


»'/' 


41-20 

82-41  , 

43-65 

87-31 

46-25 

92-50 

49-00 

98-00 

51-91 

103-8 

55-00 

1100 

58-27 

116-5 

61-73 

123-5 

1.30-8 
138-6 
146-8 
155-6 
164-8 
174-6 
185-0 
196-0 
207-6 
220-0 
2331 
246-9 


261-7 
277-2 
293-7 
311-2 
329-7 
349-2 
370-0 
3920 
415-3 
440-0 
466-2 
493-9 


523-3 
544-4 
587-4 
622-3 
659-3 
698-5 
7400 
784-0 
830-6 
880-0 
932-3 
987-7 


1046-6 
1 108-8 
1174-8 
1244-6 
1318-6 
1397  0 
1480-0 
1568-0 
1661-2 
1760-0 
1864-6 
1975-5 


2093-2 
2217-7 
2349-6 
2489-3 
2637-3 
2794  0 
29601 
3136  0 
3322-5 
35200 
3729-2 
3951-0 


,  Die  Miuik  und  die  mu$ikaUtchen  Iwttnimente,    Giessen,  1855. 
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order  to  adapt  the  Table  to  any  other  absohtle  pitch,  it  is  only 
necessary  to  multiply  throughout  by  the  proper  constant. 

The  ratios  of  the  intervals  of  the  equal  temperament  scale  are 
given  below  (Zamminer) : — 


Note.         Freqneac;. 
c  =1-00000 

c$  2^5  =  1-05946 

d  2i^-M3346 

ilj  31^  =  1-18921 

e  2"  =  1-25992 

f  2^"^  =  1  ■33484 


Note.         Frequenoj. 

fS  2"=1-41421 

g  2"=  1-49831 

gj(  2"=  1-58740 

a  3^^=  1-68179 

ay  2"=!l-781»0 

b  2^-1-88775 


=  2-000 


21.     Returning  now  foi 
quc'sliou,  we  wilt  assume, 


.  mmnent  to  the  physical  aspect  of  t 
hat  we  shall  afterwards  prove  to 
true  within  wide  limits, — that,  when  two  or  more  sources  of  soui 
agitate  the  air  simultaneouslyi  the  resulting  disturbance  at  i 
point  in  the  exterual  air,  or  in  the  ear-passage,  is  the  simple  s 
(in  the  extended  geometrical  sense)  of  what  would  be  cjiused 
each  source  acting  separately.     Let  us  consider  the  disturbai 
due  to  a  simultaneous  sounding  of  a  note  and  any  or  all  of 
harmonics.     By  definition,  the  complex  whole  forms  a  note  havii 
the  same  peiiod  (and  therefore  pitch)  as  its  gravest  element     \ 
have  at  present  no  ci-iterion  by  which  the  two  can  be  distinguislw 
or  the  presence  of  the  higher  hannotiics  recognised.     And  yet  — 
the  case,  at  any  rate,  where  the  component  sounds  have  an  inc 
pendent  origin— it  is  usually  not  difficult  to  detect  ihem  by  t 
ear,  so  as  to  effect  an  analysis  of  the  mixture.     This  is  as  mueli 
to  say  that  a  strictly  periodic  vibration  may  give  rise  to  a  sew 
tion  which  is  not  simple,  but  susceptible  of  further  anatytua. 
point  of  fact,  it  Has  long  been  known  to  musicians  that  uoc 
certain  circumstances  the  harmonics  of  a  note  may  bo  heard  ain 
with  it,  even  when  the  note  is  due  to  a  siugle  source,  such  ai 
vibrating  string:  but  the  signiticancc  uf  the  fact  was  not  undi 
stood.     Siucf  atU^nlion  has  been  dmwn  to  the-  subject,  it  hu 
pruvvd  (mainly  by  the  laboura  of  Ohm  and  Hclmhultx)  that  nlnh 
musical  notes  m-e  highly  ooiiipound,  consisting  in  fiict  of  tl 
of  A  hamiiinic  tcale,  trata  which  in  partiaular  ca.sea  uuc  0( 
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r  memlxT^  inay  be  misaiug.     The  reason  of  the  uucertaiiity 
i  tIjBiciilty  of  the  analysis  will  be  toiicheil  upon  prvsently. 

fiS.     That  kind  of  note  which  the  ear  cannot  further  resolve  is 

collifd  by  Helmholtz  in  German  a  "  ton.'    Tyndall  and  other  recent 

^nriter?  on  Acoustics  have  adopted  '  tone'  as  an  English  equivalent, 

^K^  practice  which  will  be  followed  in  the  present  work.     The 

^RblBg  Is  .Si)  important,  that  a  convenient  word  is  almost  a  matter 

of  necessity.     A'otes  then  are  in  general  made  np  of  tones,  the 

pilch  of  the  note  being  that  of  the  gravest  tone  which  it  contains. 

23^  In  strictness  the  quality  of  pitch  raust  be  attached  in  the 
rit  instance  to  simple  tones  only ;  otherwise  the  diiBculty  of  di*- 
[itinuily  before  referred  to  presents  itself  The  slightest  change 
'I  f.he  nature  of  a  nute  may  lower  its  pitch  by  a  whole  octave,  as 
i>  t'xemplilied  in  the  case  of  the  Siren.  We  should  now  rather 
-iv  th«t  the  effect  of  the  slight  displacement  of  the  alternate 
that  experiment  was  to  introduce  a  new  feeble  tone  an 
ne  lower  than  any  previously  present.  This  is  sufficient  to 
the  period  of  the  whole,  but  the  great  mass  of  the  sound 
!■  mains  wry  nearly  as  before. 

In  moat  musical  notes,  however,  the  fundamental  or  gravest 

'  f^  is  present  in  sufficient  intensity  to  impress  its  character  on 

ifff  whole.    The  effect  of  the  harmonic  overtones  is  then  to  m'xlify 

ihe  ifuality  or   character^  of  the   note,  independently  of   pitch. 

TTiat  such  a  distinction  exists  is  well  known     The  notes  of  a  violin, 

■i;iiing  fork,  or  of  the  human  voice  with  its  different  vowel  sounds, 

...  may  all  have  the  same  pitch  and  yet  differ  independently  of 

'3<lii«as :  and  though  a  part  of  this  difference  is  due  to  accom- 

1  myiug  noises,  which  are  extraneous  to  their  nature  as  notes,  still 

<Te  IB  a  part  which  is  not  thus  to  be  accounted  for.     Musical 

■  ■i  umy  thas  be  classified  as  variable  in  three  ways:  First,  jn'fcA. 

■  ive  alreadj-  sufficiently  considered.     Secondly,  character, 

J  "U  the  proportions  in  which  the  harmonic  overtones  are 

i;  ivith  the  fiindamental :  and  thirdly,  loudness.    This  has 

:  '  b>'  uiken  last,  because  the  ear  is  not  capable  of  comparing 

ith  xny  precision)  the  loudness  of  two  notes  which  differ  much 

pitch  or  character.     We  shall  indeed  in  a  future  chapter  give  a 

lI  measure  of  the  intensity  of  sound,  including  In  one 

«ll  gradations  of  pitch ;  but  this  is  nothing  to  the  point. 

'timlire,'    The  word  'charaiWr' 
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f   We  are  here  concerned  with  the  intensity  of  the  sensation  i 

[    sound,  not  with  a  measure  of  its  physical  cause.     The  difference 

I    loudness  is,  however,  at  once  recognised  aa  one  of  more  or  leaa ;  i 

that  we  have  hardly  any  choice  hut  to  regard  it  as  dependm 

■cteteris  paribus  on  the  magnitude  of  the  vibrations  concerned. 

21.     We  have  seen  that  a  musical  note,  as  such,  is  due  to 

vibration  which  is  necessarily  periodic;  but  the  converse,  it  ' 

\  -evident,  eanuot  be  true  without  limitation.     A  periodic  repetitid 

I    of  a  noise  at  intt'i'vals  of  a  second — for  instance,  the  ticking  of 

L    clock — would  not  result  in  a  musical  note,  be  the  repetition  tsvt 

[   .80  perfect.     In  such  a  case  we  may  say  that  the  fundamental  tot 

f   ilies   outside  the  limits  of  hearing,  and   although  some   of  tl 

i  iharnionic  overtones  would  fall  within  them,  these  would  not  gii 

iTse  to  a  musical  note  or  even  to  a  chord,  but  to  a  noisy  maaa  ( 

sound  like  that  produced  by  striking  simultaneously  the  twel^ 

[   notes  of  the  chromatic  scale.     The  experiment  may  be  made  wit 

the  Siren  by  distributing  the  holes  quite  irregularly  round  th 

circumference  of  a  circle,  and  turning  the  disc  with  a  moderat 

1    velocity.      By   the   construction   of    the   instrument,   everythin 

I    recurs  after  each  complete  revolution. 

I  25,     The  principal  remaining  difficulty  in  the  theory  of  not< 

I  and  tones,  is  to  explain  why  notes  arv  sometimes  analysed  by  U 
I  ear  into  tones,  and  sometimes  not.  If  a  note  is  really  comple 
I  why  is  not  the  fact  immediately  and  certainly  perceived,  and  t\ 
I  <Himponents  dtsentaugled  ?  The  feebleness  of  the  harmonic  ov« 
k  tones  is  not  the  reason,  for,  as  we  shall  see  at  a  later  stage  of  ui 
I  inquiry,  they  are  often  of  surprising  loudness,  and  play  a  p'ominei 
I  part  in  music.  On  the  other  hand,  if  a  note  is  sometimes  perceive 
I  as  a  whole,  why  does  not  this  happen  alwa\'s  1  Thtse  c{nustioil 
I  have  been  carefully  considered  by  Hehnholtz',  with  a  tnturaU; 
I  satisfactory  result.  The  difficulty,  such  aa  it  is,  is  not  peculiar  B 
I  Acoustics,  but  may  be  paralleled  in  the  cognate  science  of  Phyidc 
I  logical  Optics. 

I  The  knowledge  of  i-xternal  things  whicli  we  derive  from  bt 

I  ittdicationi^  of  uur  houjmv,  is  for  the  mu«t  part  the  rusult  of  infereiM! 
I  When  an  ubject  is  before  no,  crrtain  nvrvt-s  in  our  ivtinoi  ai 
I  cxcitwi,  and  certain  m-nsations  are  produced,  which  we  at 
Ijiccustomtd  to  a.'isociati--  with  tho  object,  aitd  wv  f<inhwith  infior  il 
Honuaci!.     In  the  case  of  au  unknown  «b|ef-i.  thi-  i.r<HV<-i  Lh  mur 
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the  ame.  We  interpret  the  sensations  to  which  we  are  subject  so 
16  to  form  a  pretty  good  idea  of  their  exciting  cause.  From  the 
aljgbtly  different  perspective  views  received  by  the  two  eyes  we 
infer,  often  by  a  highly  elaborate  process,  the  actual  relief  and. 
distance  of  the  object,  to  which  we  might  otherwise  have  had  no 
clue.  These  inferences  are  made  with  extreme  rapidity  and  quite 
unoansciously.  The  whole  life  of  each  one  of  us  is  a  continued 
lesson  in  interpreting  the  signs  presented  to  us,  and  in  drawing 
conclusions  as  to  the  actualities  outside.  Only  so  far  as  we  succeed 
in  doing  this,  are  our  sensations  of  any  use  to  us  in  the  ordinary 
affidrs  of  life.  This  being  so,  it  is  no  wonder  that  the  study  of  our 
sensations  themselves  falls  into  the  background,  and  that  subjective 
phenomena,  as  they  are  called,  become  exceedingly  difficult  of 
observation.  As  an  instance  of  this,  it  is  sufficient  to  mention  the 
'blind  spot'  on  the  retina,  which  might  a  priori  have  been 
expected  to  manifest  itself  as  a  conspicuous  phenomenon,  though 
as  a  &ct  probably  not  one  person  in  a  hundred  million  would  find 
it  out  for  themselves.  The  application  of  these  remarks  to  the 
question  in  hand  is  tolerably  obvious.  In  the  daily  use  of  our  ears 
our  object  is  to  disentangle  from  the  whole  mass  of  sound  that 
luay  reach  us,  the  parts  coming  from  sources  which  may  interest 
us  at  the  moment.  When  we  listen  to  the  conversation  of  a  friend, 
we  fix  our  attention  on  the  sound  proceeding  from  him  and 
endeavour  to  grasp  that  as  a  whole,  whiles  we  ignore,  as  far  as 
possible,  any  other  sounds,  regarding  them  as  an  interruption. 
There  are  usually  sufficient  indications  to  assist  us  in  making  this 
partial  analysis.  When  a  man  speaks,  the  whole  sound  of  his 
voice  rises  and  falls  together,  and  we  have  no  difficulty  in  recog- 
nising its  unity.  It  would  be  no  advantage,  but  on  the  contrary 
a  great  source  of  confusion,  if  we  were  to  carry  the  analysis  further, 
and  resolve  the  whole  mass  of  sound  present  into  its  component 
tones.  Although,  as  regards  sensation,  a  resolution  into  tones 
might  be  expected,  the  necessities  of  our  position  and  the  practice 
of  our  lives  lead  us  to  stop  the  analysis  at  the  point,  beyond 
which  it  would  cease  to  be  of  service  in  deciphering  our  sensa- 
tions, considered  as  signs  of  external  objects^ 

But  it  may  sometimes  liappen  that  however  much  we  may 
wish  to  form  a  judgment,  the  materials  for  doing  so  are  absolutely 

1  Most  probably  the  power  of  attending  to  the  important  and  ignoring  the 
mufliportant  part  of  onr  sensations  is  to  a  great  extent  inherited — to  how  great  an 
~"  -"  we  shall  perhaps  never  know. 
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wanting.  When  a  note  and  its  octave  are  sounding  close  togetb 
and  with  perfect  uniformity,  there  is  nothing  in  our  seusatioDS 
enable  us  to  distinguish,  whether  the  notes  have  a  double  or 
single  origin.  In  the  mixture  stop  of  the  organ,  the  pressing  dow 
iif  each  key  admits  the  wind  to  a  group  of  pipes,  giving  a  note  ai 
its  first  three  or  four  harmonics.  The  pipes  of  each  group  alwa 
sound  together,  and  the  result  is  usually  perceived  as  a  sing 
note,  although  it  does  not  proceed  from  a  single  suui'ce. 

26.     The  resolution  of  a  note  into  its  component  tones  is 
matter  of  very  diflferent  difi&culty  with  difierent  individuals, 
considerable  effort  of  attention  is  required,  particularly  at  firS 
and,  until  a  habit  has  been  formed,  some  external  aid  in  the  shs] 
of  a  suggestion  of  what  is  to  be  listened  f.>r,  is  very  desirable. 

The  difficulty  is  altogether  very  similar  to  that  of  learning 
draw.  From  the  machinerj-  of  vision  it  might  have  been  ex] 
that  nothing  would  be  easier  than  to  make,  on  a  plane  surbce, 
representation  of  surrounding  solid  objects;  but  experience  sbei 
that  much  practice  is  generally  required. 

We  shall  return  to  the  question  of  the  analysis  of  notes  at 
later  stage,  after  we  have  treated  of  the  vibrations  of  strings,  wii 
the  aid  of  which  it  is  best  elucidated:  but  «,  very  instructii 
experiment,  due  originally  to  Ohm  and  impn>ved  by  Helmholl 
may  be  ^ven  here.  Helmholtz'  took  two  bottles  of  the  shni 
n-presented  in  the  figure,  one  about  twice  as  large  as  the  ath< 
These  were  blown  by  streams  of  air  directed 
across  the  mouth  and  issuing  fioin  gutta-percha 
tubes,  whose  ends  had  been  softened  and  pressed 
flat,  90  lis  to  reduce  the  bore  to  the  form  of  a 
narrow  slit,  the  tubes  being  in  connection  with 
the  same  bellows.  By  pouring  in  watvr  when 
the  note  is  too  low  and  by  partially  obstructing 
the  mouth  when  the  note  is  too  high,  the  bottles 
may  be  made  to  give  notes  with  the  exact 
interval  of  an  octave,  such  a«  b  aud  b'.  The 
larger  bottle,  blown  alone,  gives  a  somewhat  muffled  sound  Binij 
in  character  to  the  vowel  U;  but,  when  both  botllew  are  bloi 
the  character  of  the  rL'^inltiug  ?u>und  is  sharper,  n-'H-mbling  rati 
,  the  >uwel  O.  For  a  short  tinu^  aller  thu  notes  had  been  hei 
y  Helmholtz  was  able  to  distiugui;ih  thtrin  in  thi 

'   TnitimpjimluBffra,  p.  lOW. 
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-Ti[  jt  the  memory  of  their  separate  impressions  faded,  the  higher 

"f  -r-Jiiied  by  degrees  to  amalgamate  with  the  lower,  which  at 

"ime  became  louder  and  acquired  a  sharper  character. 

liiig  of  the  two  notes  may  take  place  even  when  the  high 

..  ._L'  louder. 

37,  Soeing  now  that  notes  are  usually  compound,  and  that 
1J5  >  particular  sort  called  tones  are  incapable  of  further  analysis, 
•-  are  led  to  inquire  what  is  the  physical  characteristic  of  tones, 
■  uhich  they  owe  their  peculiarity?  What  sort  of  periodic;  vibra- 
■M  i*.  it,  which  produces  a  simple  tone?  According  to  what 
:  itbeitiatical  (unction  of  the  time  does  the  pressure  vaiy  in 
I-  pa»tagi;  of  the  ear?     No  question  in  Acoustics  can  be  more 

^{■VtWlU 

The  simplest  periodic  functions  with  which   mathematicians 

['-  acquainted  are  the  circular  functions,  expressed  by  a  sine  or 

-loe:  indeed  there  are  no  others  at  all  approaching  them  in 

"nplidty.     They  may  be  of  any  period,  and  admitting  of  nu 

ti-rvariarion  (except  magnitude),  seem  well  adapted  to  produce 

i;i--s.     Moreover  it  has  been  proved  by  Fourier,  that  the 

lal  single-valued  periodic  function  can  be  resolved  into 

;  -■ircular  functions,  having  periods  which  are  submultiples 

'  :li.i[  i)f  the  given  function.     Again,  it  is  a  consequence  of  the 

,  U'.'tal  thoorj'  of  vibration  that  the  particular  type,  now  suggested 

wrresponding  to  a  simple  tone,  is  the  only  one  capable  of 

r>^j:r*'ing   its   integrity  among   the   vicissitudes  which    it   may 

'.  iw?  to  undergo.     Any  other  kind  is  liable  to  a  sort  of  physical 

i.aJysi.1,  one  ]>art  being  differently  affected  from  another.     It'  the 

LilvBL-i  within  the  ear  proceeded  on  a  different  principle  from  that 

if-'ctud  af;cording  to  the  laws  of  dead  matter  outside  the  ear, 

!i'  consequence  would  be  that  a  sound  originally  simple  might 

wme  com]K)Ltnd  on  its  way  to  the  observer.     There  is  no  reason 

■■'  suppijftc  that  anything  of  this  sort  actually  happens.     When  it 

..'Mi'ii  tliat  according  to  all  the  ideas  we  can  form  on  the  subject, 

IS  withiu  the  ear  must  take  place  by  means  of  a  physical 

.    subject  to  the  same  laws  as  prevail  outside,  it  will  be 

■.  ii  strong  case  has  been  made  out  for  regarding  tones  as 

■■  to  vibrations  expressed  by  circular  functions.     We  are  not 

Trevor  loft  entirely  to  the  guidance  of  general  considerations  like 

In  the  chapter  on  the  ribration  of  strings,  we  shall  see 

A  in  nittoy  wne*  theory  informs  us  beforehand  of  the  nature  of 
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the  vibration  esecuted  by  a  etriag,  and  in  particular  whether  any 
specified  simple  vibration  is  a.  componcDt  or  not.  Here  we  have 
a  decisive  test.  It  is  found  by  experimeat  that,  whenever  according 
to  theory  any  simple  vibralioQ  is  present,  the  corresponding  tone  ■ 
can  be  heard,  but,  whenever  the  simple  vibration  is  absent,  then 
the  tone  cannot  be  heard.  We  are  therefore  justi6ed  in  assertiu^ 
that  simple  tones  and  vibrations  of  a  circular  type  are  indissolubly 
connected.     This  law  was  discovered  by  Ohm. 


CHAPTER  11. 
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28.  The  vibrations  expressed  by  a  circular  function  of  the 
time  and  variously  designated  as  simple,  pendulous,  or  harmonic, 
are  so  important  in  Acoustics  that  we  cannot  do  better  than  devote 
a  chapter  to  their  consideration,  before  entering  on  the  dynamical 
part  of  our  subject.  The  quantity,  whose  variation  constitutes 
the  *  vibration/  may  be  the  displacement  of  a  particle  measured 
in  a  given  direction,  the  pressure  at  a  fixed  point  in  a  fluid 
medium,  and  so  on.     In  any  case  denoting  it  by  u,  we  have 

w  =  acoe( €j (1), 

in  which  a  denotes  the  amplitude,  or  extreme  value  of.  u ;  t  is 
the  periodic  time,  or  period,  after  the  lapse  of  which  the  vahies 
of  u  recur;  and  e  determines  the  phase  of  the  vibration  at  the 
moment  firom  which  t  is  measured. 

Any  number  of  harmonic  vibrations  of  the  sams  period  affect- 
ing a  variable  quantity,  compound  into  another  of  the  same  type, 
whose  elements  are  determined  as  follows : 

u  =  2a  cos  I el 

^irt^  .    Iirt^ 

=  cos  —     za  cos  6  H-  sm    —  za  sin  e 

T  T 

=  rcos(  j;'^-6^)  (2), 

if  r«{(2ocoe€)«  +  (Sasine)-^ji (3), 

and  tan^sSasine-rSacose .(4V 
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For  example,  let  there  be  two  componeiits, 


tan^^ 


1  {«'+«''+  2aa'  cos(e 
a  sin  e  +  a'sin  e* 


Particular  cases  may  be  noted, 
ponents  agree, 

«  =  (a  +  a')cc 


If  the  phases  differ  by  half  a  period, 

M  =  {a-a)coa  I  —    -el 


..(5). 

(0). 

If  the  phases  of  the  two  com- 

27rt 


80  that  if  a'  =  o,  u  vanishcB.  Iq  this  case  the  vibrations  are  often 
said  to  inter/ere,  but  the  expression  is  rather  misleading.  Two 
sounds  may  very  properly  be  said  to  interfere,  when  they  together 
canse  silence;  but  the  mere  superposition  of  two  vibratiouB 
(whether  rest  is  the  consequence,  or  not)  cannot  properly  be  so 
called.  At  least  if  this  be  interference,  it  is  ditficult  to  say  what 
non-interference  can  be.  It  will  appear  in  the  course  of  this' 
work  that  when  vibrations  exceed  a  certain  intensity  they 
longer  compound  by  mere  addition ;  this  mutual  action  might 
more  properly  be  called  interfei-ence,  but  it  is  a  phenomi 
1  of  a  totall}'  different  nature  from  thai  with  which  we  are  now 
dealing. 

Again,  if  the  phases  differ  by  a  quarter  or  by  three-quarters  oj 
a  period,  cos(e  — 6')"0.  and 

Harmonic  vibrations  of  given  period  may  be  represented 
by  lines  drawn  from  a  pole,  the  lengths  of  the  lines  being  pro- 
portional to  the  amplitudes,  and  the  inclinations  to  the  phi 
of  the  vibrations.  The  resultant  of  any  number  of  haimonio 
vibrations  is  then  represented  by  the  geometrical  resuluint  ol 
tbfl    corresponding  lines.      For  example,  if  they  are  disposed 

I  symmetrically   round   the   pole,   the   resultant   of    the   liueii,   'n 

I  vibrations,  is  zero. 

2d.  If  we  measure  off  along  an  itxi.s  of  x  cli«tanoca  pro 
portional  to  the  time,  and  take  u  for  an  ordinate,  we  obtain  ihi 
harmonic  curve,  or  curve  of  aini^, 
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(2irx 
u^a  cos  ( — — 
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where  X,  called  the  wave-length,  is  written  in  place  of  t,  both 
qaantities  denoting  the  range  of  the  independent  variable  corre- 
sponding to  a  complete  recurrence  of  the  function.  The  harmonic 
carve  is  thus  the  locus  of  a  point  subject  at  once  to  a  uniform 
motion,  and  to  a  harmonic  vibration  in  a  perpendicular  direc- 
tion. In  the  next  chapter  we  shall  see  that  the  vibration  of  a 
tuning  fork  is  simple  harmonic;  so  that  if  an  excited  tuning 
fork  be  moved  with  uniform  velocity  parallel  to  the  line  of  its 
bandle,  a  tracing  point  attached  to  the  end  of  one  of  its  prongs 
describes  a  harmonic  curve,  which  may  be  obtained  in  a  permanent 
form  by  allowing  the  tracing  point  to  bear  gently  on  a  piece  of 
smoked  paper.  In  Fig.  2  the  continuous  lines  are  two  harmonic 
curves  of  the  same  wave-length  and  amplitude,  but  of  different 


lases;   the  dotted  curve  represents  half  their  resultant,  being 
ie  locus  of  points   midway  between  those   in  which   the   two 
res  are  met  by  any  ordinate. 

30.     If  two  harmonic  vibrations  of  different  periods  coexist, 

/27rt       \        ,        /27r*       A 
w  =  acos( e)  -ha  cos! — -, —  €  1. 

le  resultant  cannot  here  be  represented  as  a  simple  harmonic 
)tion  with  other  elements.  If  t  and  t  be  incommensurable,  the 
lue  of  u  never  recurs ;  but,  if  t  and  r  be  in  the  ratio  of  two 
lole  numbers,  u  recurs  after  the  lapse  of  a  time  equal  to  the 
t  common  multiple  of  t  and  t';  but  the  vibration  is  not 
le  harmonic.  For  example,  when  a  note  and  its  fifth  are 
oBng  together,  the  vibration  recurs  after  a  time  equal  to 
)  the  period  of  the  graver. 


One  case  of  the  composition  of  harmotiic  vibrations  of  difierent 
periods  is  worth  special  discussion,  namely,  when  the  difference 
of  the  periods  is  small.  If  we  fix  our  attention  on  the  course 
of  things  during  an  interval  of  time  including  merely  a  few 
periods,  we  see  that  the  two  vibrations  are  nearly  the  same  as 
if  their  periods  were  absolutely  equal,  in  which  case  they  would, 
aa  we  know,  be  equivalent  to  another  simple  harmonic  vibration 
of  the  same  period.  For  a  few  periods  then  the  resultant 
motion  is  approximately  simple  harmonic,  but  the  same  har- 
monic will  not  continue  to  represent  it  for  long.  The  vibration 
having  the  shorter  period  continually  gains  on  its  fellow,  therebjr 
altering  the  difference  of  phase  on  which  the  elements  of  the 
reaultant  depend.  For  simplicity  of  statement  let  us  suppose 
that  the  two  components  have  equal  amplitudes,  frequencies 
represented  by  m  and  w,  where  in  —  n  is  small,  aud  that  when 
first  observed  their  phases  agree.  At  this  moment  their  effects 
conspire,  and  the  resultant  has  an  amplitude  double  of  that  of 
the  components.  But  after  a  time  1  •i-2(m—  n)  the  vibration 
m  will  have  gained  half  a  period  relatively  to  the  other ;  and 
the  two,  being  now  in  complete  disagreement,  neutralize  each 
other.  After  a  further  interval  of  time  equal  to  that  above 
named,  .m  will  have  gained  altogether  a  whole  vibration,  and 
complete  accordance  is  once  more  re-established.  The  resultant 
motion  is  therefore  approximately  simple  harmonic,  with  an 
amplitude  not  constant,  but  varying  from  zero  to  twice  that  of 
the  components,  the  frequency  of  these  alterations  being  m—n. 
If  two  tuning  forks  with  frequencies  .500  and  501  be  equally 
excited,  there  is  every  second  a  rise  and  fall  of  sound  corre- 
sponding to  the  coincidence  or  opposition  of  their  vibrations. 
This  phenomenon  is  called  beats.  We  do  not  here  fully  discuss 
the  question  how  the  ear  behaves  in  the  presence  of  vibrations 
having  nearly  equal  frequencies,  but  it  is  obvious  that  if  the  motion 
in  the  neighbourhood  of  the  ear  almost  cease  for  a  considerable 
fraction  of  a  second,  the  sound  must  appear  to  fall.  For  reasons 
that  will  afterwards  appear,  beats  are  best  heard  when  the  in- 
terfering sounds  are  simple  tones.  Consecutive  notes  of  the 
stopped  diapason  of  the  organ  shew  the  phenomenon  very 
well,  at  least  in  the  lower  parts  of  the  scale.  A  permanent  inter- 
ference of  two  notes  may  be  obtained  by  mounting  two  stopped 
organ  pipes  of  similar  construction  and  identical  pit-ch  side  by 
rade  on  the  same  wind  chest.     The  vibrations  of  the  two  pipes 
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adjust  themselves  to  complete  opposition,  so  that  at  a  little 
distance  nothing  can  be  heard,  except  the  hissing  of  the  wind. 
If  by  a  rigid  wall  between  the  two  pipes  one  sound  could  be 
cut  off,  the  other  would  be  instantly  restored.  Or  the  balance, 
on  which  silence  depends,  may  be  upset  by  connecting  the  ear 
with  a  tube,  whose  other  end  lies  close  to  the  mouth  of  one  of  the 
pipes. 

By  means  of  beats  two  notes  may  be  tuned  to  unison  with 
great  exactness  The  object  is  to  make  the  beats  as  slow  as 
jKissible,  since  the  number  of  beats  in  a  second  is  equal  to  the 
difference  of  the  frequencies  of  the  notes.  Under  favourable 
circumstances  beats  so  slow  as  one  in  30  seconds  may  be  recog- 
nised, and  would  indicate  that  the  higher  note  gains  only  two 
vibrations  a  niinule  on  the  lower.  Or  it  might  be  desired  merely 
tn  ascertain  the  difference  of  the  frequencies  of  two  notes  nearly 
in  unison,  in  which  case  nothing  more  is  necessary  than  to  count 
ihe  number  of  beats.  It  will  be  remembered  that  the  difference 
of  frequencies  does  not  detennine  the  interval  between  the  two 
notes;  that  depends  on  the  ratio  of  frequencies.  Thus  the 
rapidity  of  the  beats  given  by  two  notes  nearly  in  unison  is 
doubled,  when  both  are  taken  an  exact  octave  higher. 
Analytically 

u=aC08  (iirmt  -  e)  +  a'  cos  (^-jnit  -  e). 
e  m  —  n  is  small. 
[  Now  cos(2'jrn(  -  e')  may  be  written 

cos{2'7rjft(—  2Tr(iH  — »)(  —  «'(. 
i  have 

u  =  rcos(27rwi(-^) (1), 

i-»  =  o=  +  a'»+2aa'cos{2-ir(w-n)(-l-€'-e) (2), 

-     a  sin  e  +  g'  sin  f27r  <m  -  n)  f  +  e]  . 

'^*'~aco3e  +  a'cos[2x(m-n)(+e't *■  '" 

'  The  resultant  vibration  may  thus  be  considered  as  harmonic 
Silh  elements  r  and  8.  which  are  not  constant  but  slowly  varying 
fimctions  of  the  time,  having  the  frequency  ni-n.  The  ampli- 
tude r  is  at  its  maximum  when 


■  cos  !2ir  (m  -  n)  (  +  e'  -  e|  =  -I-  1, 

^Hd  at  its  minimum  when 

B  COS  {Stt  (m  -  »0  *  +  e'  -  €}  =  -  1. 

^M  corresponding  values  being  a  +  u'  and  a  — a  respectively. 


•,ii^,^^aa^Kim^m 


31.     Another  case  of  great  importance  is  the  composition 
vibrations  corresponding  to  a  tone  and  it»  harmanics.    It  is  know 
thai  the  most  general  single-valued  finite  periodic  function 
be  expressed  by  a  series  of  simple  harmonics — 


f  2.,_i  a„  cos 


/iimt 


..(I). 


a  theorem  naiially  quoted  as  Fourier's.  Analytical  pi-oofs  will  be 
found  in  Todhunter's '/"(e^rai  Calculus  and  Thomson  and  Tait' 
Natural  Philogopky ;  and  a  line  of  argument  almost  if  not  quiba 
amounting  to  a  demonstration  will  be  given  later  in  this  work. 
A  few  remarks  are  all  that  will  be  required  here. 

Fourier's  theorem  is  not  obvious.  A  vague  notion  is  not  un- 
common that  the  infinitude  of  arbitrary  constants  in  the  series- 
of  necessity  endows  it  with  the  capacity  of  representing  an  arbi- 
trary periodic  function.  That  this  is  an  error  will  be  apparent, 
when  it  is  observed  that  the  same  argument  would  apply  equally, 
if  one  term  of  the  series  were  omitted;  in  which  case  the  ex- 
pansion would  not  in  genera!  be  possible. 

Another  point  worth  notice  is  that  simple  harmonics  are  not. 
the  only  functions,  in  a  series  of  which  it  is  possible  to  espaod 
one  arbitrarily  given.     Instead  of  the  simple  elementaiy  term 

we  might  lake 

/2Trnt         N       1         finrnt         \ 


formed  by  adding  a  aimilai-  one  in  the  same  phase  of  half  t\u 
amplitude  and  period.  It  is  evident  that  these  tenns  woul< 
serve  as  well  as  the  othei 

/2-7nit        \       (.      /2wnt         \  .  1  __.  /iimt 


\    T 


(I: 
s 


1  ( 


l^imt 


1 


f%vnt 


UC 


■8w*i( 


\      1        /16irai        \l 


— ad  infin,, 

I  that  each  term  in  Fourier's  series,  and  therefore  the  sum 
the  series,  can  be  expressed  by  means  of  the  double  element! 
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terms  now  suggested.  This  is  mentioneii  here,  because  studfeuts, 
uot  being  acquainted  with  other  expansions,  may  imagine  that 
simple  hannonic  functions  are  by  nature  the  only  ones  qualified 
to  be  the  elements  in  the  development  of  a  periodic  function. 
The  reason  of  the  preeminent  importance  of  Fourier's  series  in 
Acoustics  is  the  mechanical  one  referred  to  in  the  preceding 
chapter,  and  to  be  explained  more  fully  hereafter,  namely,  that, 
in  general,  simple  harmonic  vibrations  are  the  only  kind  that  are 
propagated  through  a  vibrating  system  without  suffering  decom- 
poeitioa. 

32.  As  in  other  cases  of  a  similar  character,  e.g.  Taylor's 
theorem,  if  the  possibility  of  the  expansion  be  known,  the  co- 
efficients may  be  determined  by  a  comparatively  simple  process. 
We  may  write  (1)  of  §31 

^1.—  ,          2tiwl     n>— 1  n    .    2nvt  ,-, 

K  =  ^,  +  2^,  AnCOH  +2,^1  5„8in  —    (1). 

Multiplying   by  C08(2wTrt/r)  or  sin  (Smrt/r),  and  integrating 

tr  a  complete  period  from  ( =>  0  to  ( =  t,  we  find 
Ac 


T  Jo 


_^  (2). 

'■ dt 

T  I 

F  An  immediate  integration  gives 


-4,  =  -  \\dt.. 

T  Jo 


-■(3), 


indicating  that  A^  is  the  viean  value  of  «  throughout  the  period. 

The  degree  of  convergency  in  the  expansion  of  «  depends  in 
general  on  the  continuity  of  the  function  and  its  derivatives. 
The  series  formed  by  successive  difTerentiations  of  (1)  converge 
less  and  less  rapidly,  but  still  remain  convergent,  and  arithmetical 
representatives  of  the  differential  coefficients  of  w,  so  long  as 
these  latter  are  everywhere  finite.  Thus  (Thomson  and  Tait, 
§  77),   if   all    the   derivatives   up   to   the   wi"  inclusive   be  free 

A|fimn   infinite   values,  the  series  for  u  is  more  convergent  than 

^be  with 

^B  2«'    3" 

^^Kcoefficients, 

^^^^  / 


32  a.     The  general  explanation  of  the  beats  beard  when  twor 
pure  tones  nearly  in  unison  are  sounded  simultaneously  baa  be 
discussed  in  §  30.     But  the  occurrence  of  beats  is  not  confined 
the  case  of  approximate  unison,  at  least  when  we  have  to  di 
with  compound  notes.     Suppose  for  example  that   the  intervi 
is   an   octave.     The   graver   note  then   usually  includes   a   ton© 
coincident  in  pitch  with  the  fundamental  t^ne  of  the  higher  notft 
If   the   interval  be   disturbed,   the   previously   coincident   tones 
separate  from  one  another,  and  give  rise  to  beats  of  the  same 
frequency  as  if  they  existed  alone.     There  is  usually  no  difficulty 
in  observing  these  beats;  but  if  one  or  both  of  the  compononli 
tones  concerned  be  very  faint,  the  aid  of  a  resonator  may  be 
invoked. 

In  general  we  may  consider  that  each  consonant  interval 
characterized  by  the  coincidence  of  certain  component  tones,  and 
if  the  interval  be  disturbed  the  previously  coincident  tonoi 
give  rise  to  beats.  Of  course  it  may  happen  in  any  particul 
case  that  the  tones  which  would  coincide  in  pitch  are  absent  fro 
one  or  other  of  the  notes.  The  disturbance  of  the  interv 
would  then,  according  to  the  above  theory,  not  be  attend* 
by  beats.  In  practice  faint  beats  are  usually  heard ;  but  tl 
discussion  of  this  phenomenon,  as  to  which  authorities  are  a 
entirely  agreed,  must  be  postponed. 


33.  Another  class  of  compounded  vibrations,  interesting 
the  facility  with  which  they  lend  themselves  to  optical  observo^ 
tion,  occur  when  two  harmonic  vibrations  affecting  the  same 
tide  are  executed  in  perpendicular  direcHona,  more  especially 
when  the  periods  are  not  only  commensurable,  but  iu  the  ratiQ 
of  two  smalt  whole  numbers.  The  motion  is  then  completely 
periodic,  with  a  period  not  many  times  greater  than  those  of 
components,  and  the  curve  described  is  re-entrant.  If  u  and< 
be  the  co-ordinates,  we  may  take 

M  =  acos(27m(  — e),     if  =  6co8  27rn'( (1), 

First  let  us  suppose  that  the  periods  are  equal,  so  that  n'  = 
the  elimination  of  (  gives  for  the  equation  of  the  curve  described, 


"p 


.■(2), 


representing  in  general  an  ellipse,  whose  position  and  dimensii 
depend  upon  the  amplitudes  of  the  original  vibrations  and  u\ 


IS   PEBPBNmcULAR  DIRECTIONS. 


■.  difference  of  their  phases.     If  the  phases  differ  by  a  quarter 
ri"!   k.-ns  (  =  0.  and  the  equation  becomes 


In  this  case  the  axes  of  the  ellipse  coincide  with  those  of 
co-ixdiDateB.  If  further  the  two  components  have  equal  ampli- 
tudes, the  locus  degenerates  into  the  circle 


■Ahich   is  described  with   uniform   velocity.     This  shews   how  a 
iriiform  circular  motion   may  be  analj-sed   into  two  rectilinear 
.rmonic  raotionci,  whose  directions  are  perpendicular. 
If  the  phaees  of  the  components  agree,  e  =?  0,  and  the  ellipse 
degenerates  into  the  coincident  straight  lines 

wifthe  difference  of  phase  amount  to  half  a  period,  into 


When  the  unison  of  the  two  vibrations  is  exact,  the  elliptic 
remains  perfectly  steady,  but  in  practice  it  will  almost 
rays  happen  that  there  is  a  slight  difference  between  the 
The  consequence  ia  that  though  a  fixed  ellipse  represents 
curve  described  with  sufficient  accuracy  for  a  few  periods, 
the  ellipse  itself  gradually  changes  in  correspondence  with  the 
alteration  in  the  magnitude  of  e.  It  becomes  thereYore  a  matter 
F  iQtercet  to  consider  the  system  of  ellipses  represented  by  (2), 

ing  a  and  6  constants,  but  e  variable. 
(Sioce  the  extreme  values  of  u  and  tp  are  ±a,  ±b  respectively, 
I  dlipm  is  in  all  cases  inscribed  in  the  rectangle  whose  sides 
are  2a,  26.     Starting  with  the  phases  in  agreement,  or  e  =  0,  we 


hare  the   elUpec    coincident 
t  incresaea  fi-om  0  to  \tr,  the  i 


with   the   diagonal    — 1,~^-     ^^ 

llipse  opens  out  until  its  equation 


^h' 


=  1. 


iTrom  this  point  it  closes  up  again,  ultimately  coinciding  with 


I  other  diagonal  -  +  i 


=  0,  corresponding  to  the  increase  of  €  from 
fftu^  from  X  to  2ir,  the  ellipse  i:q^i:or«% 


its  course  until  it  again  coincides  with  the  first  diagonal. 
Bequence  of  changes  is  exhibited  in  Fig.  3, 
F/G.3. 


::\ 

'■■-. 

The  ellipse,  having  already  four  given  tangents,  is  completely 
determined  by  its  point  of  contact  P  (Fig.  4)  with  the  line  v 


In  order  to  connect  this  with  €,  it  is  sufficient  to  observe  tba 
when  v  =  h,  cos  ^Tr-nt  =  1 ;  and  therefore  \t  =  a  cos  e.  Now  if  t 
elliptic  paths  be  the  result  of  the  superposition  of  two  harmonif 
vibrations  of  .nearly  coincident  pitch,  e  varies  uniformly  with  th 
time,  so  that  P  itself  executes  a  harmonic  vibration  along  A^ 
with  a  frequency  equal  to  the  difference  of  the  two  given  fre 
quencies. 

34.  Lissajous'  has  shewn  that  this  system  of  ellipses  may  I 
regarded  as  the  different  aspects  of  one  and  the  same  ellipe 
described  on  the  surface  of  a  transparent  cylinder.     In  Fig.  : 


r/G.  5 
Annalfi  dt  Chimie  (3)  li.  147,  1867. 


ic^ 


USBAJOUa    CYLINDER. 


\'BS  represents  the  cylinder,  of  which  AB'  is  a  plaue  section, 
"^■^n  from  an  infinite  distance  in  the  direction  of  the  common 
:igent  nt  vl  to  the  plane  sections,  the  cylinder  is  projected  into  a 
~ '  tADgle,  and  the  ellipse  into  its  diagonal.  Suppose  now  that  the 
<.;}'lii>der  luma  upon  its  axis,  carrying  the  plane  section  with  it. 
Its  own  projection  remains  a  constant  rectangle  in  which  the  pro- 


P^betion  of  t 


r/G.  6. 
the  ellipse  is  inscrihed.  Fig.  6  represents  the  posi- 
tion of  the  cylinder  after  a  rotation  through  a  right  angle.  It 
appears  therefore  that  by  turning  the  cylinder  round  we  obtain  in 
succession  all  the  ellipses  corresponding  to  the  paths  described  by 
a  point  subject  to  two  harmonic  vibrations  of  equal  period  and  fixed 
amplitudes.  Moreover  if  the  cylinder  be  turned  continuously 
with  uniform  velocity,  which  insures  a  harmonic  motion  for  P, 

K obtain  a  complete   representation  of  the   varying  orbit  de- 
led by  the  point  when  the  periods  of  the  two  components 
v  slightly,  each  complete  revolution  answering  to  a  gain  or 
loss  of  a  single  vibration'.     The  revolutions  of  the  cylinder  are 
thiu  lynchronous  with  the  beats  which  would  result  from   the 
^^njmpoeitioo  of  the  two  vibrations,  if  they  were  to  act  in  the  same 
B&ecUoD. 

^P^  38.  Vibrations  of  the  kind  here  considered  are  very  easily 
rvattzed  experimentally.  A  heavy  pendulum-bob,  hung  fram  a 
filed  point  by  a  long  wire  or  string,  describes  ellipses  under  the 
action  of  gravity,  which  may  in  particular  cases,  according  to  the 
circnmstanees  of  projection,  pass  into  straight  lines  or  circles. 
But  in  order  to  see  the  orbits  to  the  best  advantage,  it  i»  necessary 
that  they  should  be  described  so  quickly  that  tbe  impression 
*in  ihi;  nttiiia  mudt.^  by  the  moving  point  at  any  part  of  its  course 
hjw  not  linie  tn  fade  materially,  before  the  point  comes  round  again 
g^nOflW  it«  action.  This  condition  is  fulfilled  by  the  vibration  of 
UvKTvd  bead  (giving  by  reflection  a  luminous  point),  which  is 
^^lonvill  nlwRjB  b«  rneoitt  in  tbU  work  a  complete  ojcle  ot  cbUkK^b. 


HARMONIC  M0TIOS8. 

attached  to  a  straight  metallic  wire  (such  as  a  kmtting-needle)i 
firmly  clamped  in  a  vice  at  the  lower  end    When  the  system  is 
into  vibration,  the  luminous  point  describes  ellipses,  which  appear, 
as  fine  lines  of  light.     These  ellipses  would  gradually  contract 
dimensions  under  the  influence  of  friction  until  they  subsid 
into  a  stationary  bright   point,   without   undergoing  any  otiu 
change,  were  it  not  that  in  all  probability,  owing  to  some  w( 
of  Kj-mmetry,  the  wire  has  slightly  differing  periods  according 
the  plane  in  which  the  vibration  is  executed.     Under  these  ci 
cnmstances  the  orbit  is  seen  to  undergo  the  cycle  of  chanj 
already  explained. 

36.  So  far  we  have  supposed  the  periods  of  the  compone 
vibrations  to  be  equal,  or  nearly  e<{Ual ;  the  next  case  in  order 
simplicity  is  when  one  is  the  double  of  the  other.     We  have 

11  =  a  cos  (4*Mr(  —  e),     v  =  b  cos  2fnrt. 
The  locus  resulting  from  the  elimination  of  t  may  be  written 

l-'-K-^h'^-'W^-l <«. 

which  for  all  values  of  e  represents  a  curve  inscribed  in  the  ret 
angle  2a,  26.     If  e  =  0,  or  ir,  we  have 


'-r(' 
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representiitg  parabolas.     Fig.  7  shews  the  various  curves  for  the 
intervals  of  the  octave,  twelfth,  and  fifth. 

To  all  these  systems  Lissajoos'  method  of  representation  hy 
the  transparent  cylinder  is  applicable,  and  when  the  relative 
phase  is  altered,  whether  Irom  the  different  circumstances  of 
projection  in  different  cases,  or  continuously  owing  to  a  slight 
deviation  from  exactness  in  the  ratio  of  the  periods,  the  cylinder 
will  appear  to  turn,  so  as  to  present  to  the  eye  different  aspects  of 
the  same  line  traced  on  its  surface. 

37.  There  is  no  difficulty  in  arranging  a  vibrating  system  so 
that  the  motion  of  a  point  shall  consist  of  two  hannonic  vibrations 
in  perpendicular  phines,  with  their  periods  in  any  assigned  ratio. 
The  simplest  is  that  known  as  Blackburn's  pendulum.  A  wire 
ACB  ifl  fastened  at  A  and  5,  two  fixed  points  at  the  same  level. 
The  bob  P  is  attached  to  its  middle  point  by  another  wire  CF. 
For  vibrations  in  the  plane  of  the  diagram,  the  point  of  suspension 
is  practically  C,  provided  that  the  wires  are  sufficiently  stretcheil : 
but  for  a  motion  perpendicular  to  this  plane,  the  bob  turns  about 
D,  carr^TDg  the  wire  ACB  with  it.     The  periods  of  vibration  in 


the  principal  planes  are  in  the  ratio  of  the  square  roots  of  CP  aiirl 
DP.  Thus  if  DC=ZCP,  the  bob  describes  the  figures  of  the 
octave.  To  obtain  the  sequence  of  curves  corresponding  to 
af^HOiimate  unison,  ACB  must  be  so  nearly  tight,  that  CD  is 
rektsvely  small. 


38.  Another  contrivance  called  the  kaleidophone  was  origin- 
ally invented  by  Wheatstone,  A  straight  thin  bar  of  steel  carryin 
a  bead  at  its  upper  end  is  fastened  in  a  vice,  as  explained  in  a 
previous  paragraph.  If  the  section  of  the  bar  is  square,  or  circular, 
the  period  of  vibration  is  independent  of  the  plane  in  which  it  ii 
performed.  But  let  us  suppose  that  the  section  is  a  rectangle 
with  unequal  sides.  The  stiSheBS  of  the  bar — the  force  witl 
which  it  resists  bending — is  then  greater  iu  the  plane  of  gr< 
thickness,  and  the  vibrations  in  this  plane  have  the  shorter  period. 
By  a  suitable  adjustment  of  the  thicknesses,  the  two  periods  of 
vibration  may  be  brought  into  any  required  ratio,  and  the  cor* 
responding  curve  exhibited. 

The  defect  in  this  aiTangement  is  that  the  same  bar  will  give 
only  one  set  of  figures.  In  order  to  overcome  this  objection 
the  following  modification  has  beeu  devised.  A  slip  of  steel  i 
taken  whose  rectangular  section  is  verj-  elongated,  so  that  a 
regards  bending  in  one  plane  the  stiffness  is  so  great  as  to  amount 
practically  to  rigidity.  The  bar  is  divided  into  two  parts,  and  the 
broken  ends  reunited,  the  two  pieces  being  turned  on  one  another 
through  a  right  angle,  so  that  the  plane,  which  contains  the  smaU 
thickness  of  one,  contains  the  great  thickness  of  the  other.  When 
the  compound  rod  is  clamped  in  a  vice  at  a  point  below  the  junc- 
tion, the  period  of  the  vibration  in  one  direction,  depending  almost 
entirely  on  the  leugt|j  of  the  upper  piece,  is  nearly  constant ;  but 
that  in  the  second  direction  may  be  controlled  by  varying  the. 
point  at  which  the  lower  piece  is  clamped. 

39.  In  this  arrangement  the  luminous  point  itself  executes 
the  vibrations  which  are  to  be  observed ;  but  in  Lissajous'  form  of 
the  esperiment,  the  point  of  light  remains  really  fixed,  while  its 
wjiojre  is  thrown  into  appai'ent  motion  by  means  of  successive 
reflection  from  two  vibrating  mirrors.  A  small  hole  in  an  opaque 
screen  placed  close  to  the  flame  of  a  lamp  gives  a  point  of  light, 
which  is  observed  after  reflection  in  the  mirrors  by  means  of  s 
email  telescope.  The  mirrors,  usually  of  polished  steel,  are  attached 
to  the  prongs  of  stout  tuning  forks,  and  the  whole  is  so  disposed 
that  wiien  the  forks  are  thrown  into  vibration  the  luminous  poinb 
appears  to  describe  harmonic  motions  in  perpendicular  directions, 
owing  to  the  angular  motions  of  the  reflecting  suifaces.  Tho 
amplitudes  and  periods  of  these  harmonic  motions  depend  upoa 
those  of  the  corresponding  forks,  and  may  be  made  such  as  to  give 
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ilh  enhanced  brilliancy  any  of  the  figures  possible  with  the 
kiilfidophunc  By  a  siiniiar  arrangement  it  is  posaiblo  to  project 
ill-  figuf^  ""i  "  screen.  lu  eitber  case  they  gradually  contract  as 
h'*  vibrations  of  the  forks  die  away. 

40.  The  principles  of  this  chapter  have  received  an  important 
[)fiIication  in  the  investigation  of  rectilinear  periodic  motions. 
W'lien  a  point,  for  instance  a  particle  of  a  sounding  string,  is 
ihirating  with  such  a  period  as  to  give  a  note  within  the  limits  of 
inuring,  its  motion  is  much  too  nipid  to  be  followed  by  the  eye; 
■'  that,  if  it  be  required  to  know  the  character  of  the  vibration, 
-line  indirect  method  must  be  adopted.  The  simplest,  theo- 
I  Ticallr,  is  to  compound  the  vibration  under  examination  with  a 
iiiifiunD  motion  of  translation  in  a  perpendicular  direction,  as  when 
1  t'lning-fork  draws  a  harmonic  curve  on  smoked  paper.  Instead 
1  mo\-iD^  the  vibrating  body  itself,  we  may  make  use  of  a  revolv- 
[ij,' mirror,  which  provides  nswith  an  image  in  motion.  In  this 
nay  we  obtain  a  representation  of  the  function  characteristic  of 
the  vibration,  with  the  abscissa  proportional  to  time. 

Bot  it  often  happens  that  the  application  of  this  method  would 

''■~  difficult  or  inconvenient.     In  such  cases  we  may  substitute  for 

iit:  QQiform  motion  a  harmonic  vibration  of  suitable  period  in  the 

raroe  din-dion.     To  fix  our  ideas,  let  us  suppose  that  the  point. 

wboee  motion  wc  wish  to  investigate,  vibrates  vertically  with  a 

i  T,  and  let  ns  esamine  the  result  of  combining  with  this  a 

Eontft]  harraonic  motion,  whose  period  is  some  multiple  of  r, 

Taki-  a  rectangular  piece  of  paper,  and  with  axes  parallel 

I  itH  edges  draw  the  curve  representing  the  vertical  motion  (by 

ttitig  ')tt  abscissjE  proportional  to  the  time)  on  such  a  scale  that 

r  just  contains  n  repetitions  or  waves,  and  then  bend  the 

r  lonud  ao  as  to  form  a  cylinder,  with  a  re-entrant  curve  run- 

lubd  it^     A  point  describing  this  curve  in  such  a  manner 

Hi  it  revolves  uniformly  about  the   axis   of  the   cylinder  will 

r  from  a  distance  to  combine  the  given  vertical  motion  of 

1  T,  with  a  horizontal  harmonic  motion  of  period  nr.     Con- 

lely  therefore,  in  order  to  obtain  the  representative  curve  of 

i  vertical  vibnitions,  the  cylinder  containing  the  apparent  path 

i  be  imagined  Ui  be   divided   along  a  geuerating  line,  and 

ni\t)'pt!ii  lino  a  plane.     There  is  less  difficulty  in  conceiving  the 

r  md  the  wtuatton  of  the  curve  upon  it,  when  the  adjust- 


appeal's  to  turn,  and  the  conti-ary  motions  serve  to  distiuguieb 
those  parts  of  the  curve  which  lie  on  its  nearer  and  further  face, 

41.  The  auxiliary  harmonic  motion  is  generally  obtain 
optically,  by  means  of  an  instrument  called  a  vibration-microscope 
invented  by  Liesajous.  One  prong  of  a  large  tuning-fork  cairie* 
a  lens,  whose  axis  is  perpend iculai-  to  the  direction  of  vibration; 
and  which  may  be  used  either  by  itself,  or  aa  the  object-glass  o 
a  compound  microscope  formed  by  the  addition  of  an  eye-pieoa 
independently  supported.  In  either  case  a  stationary  point  i 
thrown  iuto  apparent  harmonic  motion  along  a  line  parallel  1 
that  of  the  fork's  vibration. 

The  vibration-mieroBcope  may  be  applied  to  test  the  rigoui 
and  univei'sality  of  the  law  connecting  pitch  and  period.  Thii 
it  will  be  found  that  any  point  of  a  vibrating  body  which  give 
a  pure  musical  note  will  appear  to  describe  a  re-entrant  curv( 
when  examined  with  a  vibration- microscope  whose  note  is  i 
strict  unison  with  its  own.  By  the  same  means  the  ratios  i 
frequencies  characteristic  of  the  consonant  intervals  may 
verified;  though  for  this  latter  purpose  a  more  thorough^ 
acoustical  method,  to  be  described  in  a  future  chapter,  may  1 
preferred. 

42.  Another  method  of  examining  the  motion  of  a  vibratin 
body  depends  upon  the  use  of  intermittent  illumination'.  Suppoa 
for  example,  that  by  means  of  suitable  apparatus  a  series  i 
electric  sparks  are  obtained  at  regular  intervals  x.  A  vibrating 
body,  whose  period  is  also  t,  examined  by  the  light  of  the  sparks 
must  appear  at  rest,  because  it  can  be  seen  only  in  one  position. 
If,  however,  the  period  of  the  vibration  differ  from  t  ever  i 
little,  the  illuminated  position  varies,  and  the  body  will  a 
to  vibrate  slowly  with  a  frequency  which  is  the  difference  of  bhafe 
of  the  spark  and  that  of  the  body.  The  type  of  vibration  can.! 
then  be  observed  with  facility. 

The  series  of  sparks  can  be  obtained  fi-om  an  induction-coil, 
whose  primary  circuit  is  periodically  broken  by  a  vibrating  fork^.' 
or  by  some  other  interrupter  of  sufficient  regularity.  But  a  better 
result  is  afforded  by  sunlight  rendered  intermittent  with  the  aid  0 
a  fork,  whose  prongs  caiTy  two  small  plates  of  metal,  parallel  t 
the  plane  of  vibration  and  close  together.     In  each  plate  is  a  sli 

rii,p.  364,  1836. 
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.'rnllvl  Ui  the  prongs  of  the  fork,  and  so  placed  as  to  afford  a 

''  [n.'«age  through  the  plates  when  the  fork  is  at  rest,  or  passing 

r  'Ugh  lUe  middle  point  of  its  vibrations.     On  the  opeaiiig  so 

'trii^l,  a  i>eara  of  sunlight  is  concentrated  by  means  of  a  biirning- 

:  .i.-«,  and  the  object  under  examination  is  placed  in  the  cone  of 

i.s  diverpng  on  the  further  side'.     When  the  fork  is  made  to 

irate  hy  au  electro-magnetic  arrangement,  the  illumination  is  cut 

if  except  when  the  fork  is  passing  through  its  position  of  equi- 

linm,  or  nearly  so.    The  flashes  of  light  obtained  by  this  method 

;■-   not  so  instantaneous   as  electric   sparks  (especially  wheu  a 

r  in  connected  with  the  secondary  wire  of  the  coil),  but  in  my 

-vperieuce  the  regularity  is  more  perfect.     Care  should  be  taken 

a  cut  off  extraneous  light  a^  far  as  possible,  and  the  effect  is  then 

J  striking. 

A  similar  result  may  be  arrived  at  by  looking  at  the  vibrating 
f  through  a  series  of  holes  arraiigi;d  in  a  circle  on  a  revolving 
Sevenil    series   of    holes    may    be    provided    on    the    same 
,  bat  the  obeervatton  is  not  satisfactory  without  some  pro- 

i  for  securing  uniform  rotation. 
Except  with  respect  to  the  sharpness  of  definition,  the  result  b 
B  when  the  period  of  the  light  is  any  multiple  of  that  of 
I  Tibisting  body.     This  point  must  be  attended  to  when  the 
rolviiig  wheel  is  used  to  determine  an  unknown  frequency. 
When  the  frequency  of  intermittence  is  an  exact  multiple  of 
that  of  the  vibration,  the  object  is  seen  without  apparent  motion, 
but  gentirally  in  more  than  one  position.     This  condition  of  things 
^■aoiuetiines  advantageous. 

^H  Simitar  effects  arise  when  the  frequencies  of  the  vibrations 
^^P  of  (he  dashes  are  in  the  ratio  of  two  small  whole  numbers. 
^Bfbr  example,  the  number  of  vibrations  in  a  given  time  be  half 
^Bgreat  again  as  the  number  of  flashes,  the  body  will  appear 
^HkJoitanr,  and  in  general  double. 

^H  43a.  We  have  seen  (§  iH)  that  the  resultant  of  two  isoperiodic 
^^bmtiuika  of  eijual  amplitude  is  wholly  dependent  upon  their  phase 
^^Btioo,  and  it  is  of  interest  to  inquire  what  we  are  to  expect 
^^k  the  oompoaitioD  of  a  large  number  (n)  of  equal  vibrations 
^^pmplilode  unity,  of  the  same  period,  and  of  phases  accidentally 
^^■fennined.  The  intensity  of  the  resultant,  represented  by  the 
^Htn  of  the  atDplitude  §  24.5.  will  of  course  depend  upon  the 

^^^^^■^^^MWfcfeWft  Jto.  im  lew. 
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precise  manDer  in  which  the  phases  are  distributed,  and  may  vai 
from  n'  to  zero.     But  is  there  a  definite  intensity  which  becomes 
more  and  more  probable  when  n  is  increased  without  limit  ? 

The  nature  of  the  question  here  raiaed  is  well  illustrated  by 
the  special  case  in  which  the  possible  phases  are  restricted  to  two 
opposite  phases.  We  may  then  conveniently  discard  the  idea  oi 
phase,  and  regard  the  amplitudes  as  at  random  positive  or  negative. 
If  all  the  signs  be  the  same,  the  intensity  is  n';  if,  on  the  othi 
hand,  there  be  as  many  positive  as  negative,  the  result  is  zerw 
Kut  although  the  intensity  may  range  from  0  to  n',  the  emalla! 
values  are  more  probable  than  the  greater. 

The  simplest  part  of  the  problem  relates  to  what  is  called  io 
the  theory  of  probabilities  the  "expectation"  of  intensity,  that 
is,  the  mean  intensity  to  be  expected  after  a  great  number  of 
trials,  in  each  of  which  the  phases  are  taken  at  random,  Tha 
chance  that  all  the  vibrations  are  positive  is  (J)",  and  thus  thi 
expectation  of  intensity  corresponding  to  this  contingency  ii 
(i)".!!'.  In  like  manner  the  expectation  corresponding  to  tha 
number  of  positive  vibrations  being  (n  —  1)  is 

and  80  on.    The  whole  expectation  of  intensity  is  thut 


-2)'+- 


1. 


■l)(n- 


+)■ 


=  e^  +  ne'" 


-— 1.273  ^'(«-6)-+-} m- 

Now  the  sum  of  the  (n  +  1)  terms  of  this  series  is  simply  n, 
may  be  proved  by  comparison  of  coefficients  of  i*  in  the  equivalent 
forms 

The  expectation  of  intensity  is  therefore  n,  and  this  whether  n  ba 
great  or  smalL 

The  same  conclusion  holds  good  when  the  phases  are  unre- 
stricted.    From  (3)  §  28,  if  tr,  =  «,=  ...  =  1, 

r"  =  (cos€i  +C03  e, +  ,..)'  + (sin  ei  + sin  ej+  ...f 

=  K  +  2Scos(e,-€.) (2). 

where  under  the  sign  of  summation  are  to  be  included  the  cosinea 
of  the   ^n(n-l)   differences   of  phase.     When   the   phases  are 
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aceidental,  the  sudi  ia  as  likely  to  be  positive  as  negative,  and 
■hnn  ihe  mean  value  of  »■=  is  n. 

The  reader  must  be  on  his  guard  here  against  a  fallacy  which 

1'^  misled  some  eminent  authors.    We  have  nut  proved  that  when 

IS  large  there  is  any  tendency  for  a  single  combination  to  give 

ii  mtensity  equal  to  n,  but  the  quite  different  propcsition  that  in 

.   large  number  of  trials,  in  each  of  which  the  phases  are  db- 

iibutcd  at  random,  the  viean  intensity  will  tend  more  and  more 

the  value  n.     It  is  true  that  even  in  a  single  combination  there 

li  no  reason  why  any  of  the  cosines  in  (2)  should  be  positive 

rather  than  negative.     From  this  we  may  infer  that  when  n  is 

itiirrviased  the  sum  of  the  terms  tends  to  vanish  in  comparison  with 

'he  number  of  terms;  but,  the  number  of  the  terms  being  of  the 

'  ler  n*,  we  can  infer  nothing  as  to  the  value  of  the  sum  of  the 

-riies  io  comparison  with  ji. 

So  tsv  there  is  no  difficulty;  but  a  complete  investigation  of 

subject  involves  an  estimate  of  the  i-eiative  probabilities  of 

illonts  lying  witliin  assigned  limits  of  magnitude.   For  example, 

'■<-■  ought  to  be  able  to  say  what  is  the   probability  that   the 

jtrnsity  due  to  a  large  number  (ii)  of  equal  components  is  less 

han  Jn.  This  problem  n)ay  conveniently  be  considered  here,  though 

iturally  beyond  the  reach  of  elementary  methods.     We  will 

ace  by  taking  it  under  the  restriction  that  the  phases  are 

'jlTfcwft  opponte  kinds  only. 

Adopting  the  statistical  method  of  statement,  let  us  suppose 
that  there  are  an  immense  number  N  of  independent  combinations, 
'-acb  coosisting  of  n  unit  vibrations,  positive  or  negative,  and  com- 
■'■riBtJ  accidentally.  When  JV  is  sufficiently  large,  the  statistics 
"•-ome  r<?gul&r;  and  the  number  of  combinations  in  which  the 
j'-T^ultaat  amplitude  is  found  equal  to  x  may  be  denoted  by 
\  ./(n,  x),  where _/' is  a  definite  function  of  n  and  x.  Now  suppose 
that  each  of  the  N  combinations  receives  another  random  contri- 
bution of  +  1,  and  inquire  how  many  of  them  will  subsequently 
[■p«>_-5*  a  resultant  x.  It  is  clear  that  those  only  can  do  so  which 
■■ri^tially  had  amplitudes  x  —  l,  or  x+1.  Half  ol' the  former, 
half'  iif  the  latter  number  will  acquire  the  amplitude  x,  so 
the  uamber  required  is 

most  be  identical  with  the  number  corresponding  to 
X,  ao  that 


gV>"«-l>  +  4An,«+l'» .. 


•A**. 
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This  equation  of  differences  holds  good  for  all  integral  values 
of  X  and  for  all  positive  integral  values  of  n.  K /{n,  a-)  be  given 
for  one  value  of  n.  the  equation  suffices  to  determine  /(n.  «)  for 
all  higher  integral  values  of  n.  For  the  present  purpose  the 
initial  value  of  n  is  zero.  In  that  case  we  know  that  /(a;)  =  0  for 
all  values  of  x  other  than  zero,  and  that  when  a;  =  0.  /(O,  0)  =  1 . 

The  problem  proposed  in  the  above  form  is  perfectly  definite; 
but  for  our  immediate  object  it  suffices  to  limit  ourselves  to  tl 
supposition   that  n  is  great,  regarding  /(n,  a?)  as  a  continuoi 
junction  of  continuous  variables  n  and  x,  much  as  in  the  analogo 
problem  of  ^120.  121.122. 

Writing  (3)  in  the  form 

/(n  +  l, !)-/(»,  i)  =  4/(»,«-l)  +  i/'(».  «+])-/(».  «)■■•(♦ 
we  see  that  the  left-hand  member  may  then  be  identified  wi 
dfjdn,  and  the  right-hand  member  with  ^'//dj!',  so  that  unc 
these  circumstances  the  differential  equation  to  which  (3)  redui 
is  of  the  well-known  form 

^=  1  ^ 

dn      '2d^ 


..(5). 


The  analogy  with  the  conduction  of  heat  is  indeed  very  cl( 
and  the  methods  developed  by  Fourier  for  the  solution  of  probh 
in  the  latter  subject  are  at  once  applicable.  The  special  conditi 
here  is  that  initially,  that  is  when  n  =  0,  /  must  vanish  for 
values  of  JB  other  than  zero.  As  may  be  verified  by  differentiati* 
the  special  solution  of  (5)  ia  then 

n«,^)-~^i" (6). 

in  which  A  in  BS\  arbitrary  constant  to  be  determined  from  tl 
consideration  that  the  whole  number  of  combinations  is  N. 
i(  dx  be  large  in  comparison  with  unity,  the  number  of  oombi 
tioiis  which  have  amplitudes  between  j:  and  a^ -I- etc  is 

while  ^-f  T'  r^'^Afif, 

to  that  in  virtue  of  the  known  equality 
l*'tr^d>'='^v. 


-r  I       a^e***'*" 
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TLe  fiual  result  for  the  number  of  combinations  which  have 
flinpliiudes  bflween  j  and  a'  +  (tc  is  accordingly 

//f    .^'^■""dr  (7). 

The  jTiean  intensity  is  expressed  by 

a»  before. 

We  wilJ  now  pasa  on  to  the  more  important  problem  in  which 
rhe  phases  of  the  n  unit  vibrations  are  distributed  at  random  over 
I  c  entire  period.     In  each  combination  the  resultant  amplitude 
^  denuted  by  )■  and  the  phase  (referred  to  a  given  epoch)  by  0; 
mil  rectangular  coordinates  are  taken  bo  that 
a=rcos0,     i/  =  rsin  ff. 
Thus  any  point  (x,  y)  in  the   plane   of  reference  represents  a 
nbntiim  of  amplitude  r  and  phase  ff,  and  the  whole  system  of 
vibrations   is  represented  by  a  distribution  of  points,  whose 
lity  it  is  our  object  to  determine.     Since  no  particular  phase 
tan  be  singled  out  for  distinction,  we  know  beforehand  that  the 
tieusity  of  distHbation  will  be  independent  of  $. 
Of  the  infinite  number  N  of  points  we  supposa  that 

iV7(ii,  X.  y)  dxdy 
to  be  found  within  the  infinitesimal  area  dxdy,  and  we  will 
before  how  this  number  would  be  changed  by  the 
ition  to  the  n  component  vibrations  of  one  more  uuit  vibration 
accidental  phase.  Any  vibration  which  after  the  addition  is 
■ntcd  by  the  point  x,  y  must  before  have  corresponded  to 
point 

a:'  =  iT  -  cos  ^,  y'  =  y-  sin  0, 
^  represents  the  phase  of  the  additional  unit  vibration, 
if  for  the  moment  0  be  regarded  aa  given,  to  the  area  dxdy 
ooTTesponds  ui  equal  area  dx'dy.  Again,  all  values  of  <p  being 
equally  probable,  the  factor  necessary  under  thia  head  is  dif>l2v. 
Acoirdingly  the  whole  number  to  be  found  in  dxdy  after  the 
.'fuperpositioD  of  the  additional  uuit  is 

Ndxdyfy(n.x',y')di>JlT; 

tbu  ix  to  be  equaled  to 

Ndxdy/(n  +  l.x.y): 

/(n  +  l,  X.  y)=  r /ii>,  x\  y')d4>r2-n-  (8). 
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The  value  of /(/i,  x,  y)  is  obtained  by  introduction  of  tl 
values  of  a',  y'  and  expansion : 


+  ,  4-coa^ain^+s  j--^ain''^+ ..., 
dxdy  2  dy^ 


..(9). 


Also,  n  being  very  great. 

/(»  +  ],«,  S)-/(»,«,y).i//Jn; 
and  (8)  reduces  to 

dn     ■*  W     rf/^ 

the  usual  equation  for  the  conduction  of  heat  in  two  dimeasions. 

In  addition  to  (9),  /  has  to  satisfy  the  special  condition 
evanescence  when  n  =  0  for  all  points  other  than  the  origin.     Ti 
appropriate  solution  is  necesflanly  symmetrical  round  the  orig 
and  takes  the  form 

'         /(n,:.,!,)-J»-^"»«" (10), 

as  inay  be  veriSed  by  differeDtiatioo.     The  ciiuslaut  .d  is  to 
determined  by  the  condition  that  the  whole  number  is  N.    Tbt 

and  the  number  of  vibrations  within  the  ai-ea  rfirfy  becomes 


I'd^l,.. 


(11). 


If  we  wish  to  find  the  number  of  vibrations  which  hs 
amplitudes  between  )■  and  r  +  dr,  we  must  introduce  po 
coordinates  and  integrate  with  i-espect  to  6.  The  required  nutnl 
in  thus 

^Nn-'e—'Tdr {Ityi 

The  result  may  also  be  exprcsseti  by  saying  that  the  probabil 
tit  a  rt'sultatit  amplitude   between  r  and  r  +  dr  wh?n  a  1 
auoiber  n  of  unit  vibrationa  are  comiwundi^d  nt  random  u 
in-'r^-rdr (U), 
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Tlii-  mviui  iuteiisity  is  given  by 


^  nas  to  be  expected. 
The  probability  of  a  resultant  a 


or,  whieh  is  the  sa: 
lude  greater  than  i 


!..-'  re-''"'rdr=l-e-^'"... 
le  thing,  the  probability  of  a 


(14). 

(ultant  atnpli- 
(15)- 


The  following  table  gives  the  probabilitiea  of  intensities  leas 
'baa  the  fractions  of  n  named  in  the  first  column.  For  example, 
'I-.'  probability  of  intensity  less  than  n  is  '6321. 


■05 

■0488 

■80 

■5506 

■10 

■0952 

100 

■6321 

■20 

•1813 

1-60 

■7768 

■10 

■3296 

2^00 

■864- 

■00 

■4512 

3^00 

■9.'>02 

It  will  be  seen  that,  however  great  n  may  be,  there  is  a 
wonable  chance  of  considerable  relative  fluctuations  of  intensity 
<<  difierent  combinations. 

If  the  amplitude  of  each  oomponent  be  a,  instead  of  unity,  as 
•«  have  hitherlo  supposed  for  brevity,  the  probability  of  a  resultant 

IpUtude  between  r  and  r  +  dr  is 
_e-rV«Vrfr  (16). 
kldb 
bif< 
it  tbf 


»  n-Jtnlt  is  thus  a  function  of  n  and  a  only  through  na',  and 

i  be  unchAoged  if  for  example  the  amplitude  became  ^a  and 

Pliambcr  ■Vn.     From  thi»  it  follows  that  the  law  is  not  altered, 

1  if  tbtt  components  have  dilfei-ent  amplitudes,  piuvidcd  always 

E  the  whole  number  of  each  kind  is  veiy  great ;  bo  that  if  there 

q  ciottiponents  of  amplitude  a,  n  of  amplitude  0,  and  so  on,  the 


pfubnbility  of  a  resultant  between  r  and  r-'cdr 


rdr 


..(17). 


na*+«'|3'+  ... 

ia(  thi»  ii^  the  case  may  perhaps  be  made  more  clear  by  the 
imtion  of  a  particular  case.     Let  us  suppose  in  the  first 
i.  yibiatiuiis  are  compoiiuded  ii.  ixa&fsw^ 
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The  appropriate  law  is  given  at  ODce  by  (13)  on  aubstitution  of 
II  +  in'  for  n,  that  is 

2<n  +  in')-'e^''"--^''''rdr (18), 

Now  the  combiiifttion  of  n  +  in  unit  vibrations  may  be  re- 
garded as  arrived  at  by  combiniug  a  random  combination  of  n 
unit  vibrations  with  a  second  random  combination  of  in'  unite, 
and  the  second  random  combination  is  the  same  as  if  due  to  a 
random  combination  of  n'  vibrations  each  of  amplitude  2.  Thus 
(18)  applies  equally  well  to  a  random  combination  of  (w+«'J 
vibrations,  n  of  which  are  of  amplitude  unity  and  n'  of  ampli-| 
tude  2. 

Although  the  result  has  no  application  to  the  theory  of  vib 
tions,  it  may  be  worth  notice  that  a  similar  method  applies  to  t 
composition  tn  three  dimenaiona  of  unit  vectors,  whose  dirnctica 
are  accidental.  The  equation  analogous  to  (8)  gives  in  place  ( 
(9) 

dn      6\(£r*      df^  d^j' 
The  appropriate  solution,  analogous  to  (13),  is 


V(i)'-"- 


fdr 


.■(18),1 


expressing  the  probability  of  a  resultant  amplitude  Ijnng  betw 
T  and  T  +  dr. 

Here  again  the  mean  value  of  r",  to  be  expected  in  a  grej 
number  of  independent  combinations,  is  n. 


CHAPTEK   III. 

HVSTEMS    HAVING  ONE  DEGEEE   OF  FREEDOM. 

43.     The  material  systems,  with  whose  vibrations  Acoustics  is 

■  ririerned,  are  usually  of  considerable  complication,  and  are  sus- 

ifiliMe  of  veiy  various  modes  of  vibration,  any  or  all  of  which 

r..'iy  coexist  at  aoy  particular  moment.     Indeed  in  some  of  the 

.11  lit  importaDt  musical  instruments,  as  strings  and  organ-pipes. 

'!]■?  Dimiber  of  independent  modes  is  theoretically  infinite,  aud 

tiie  coiuideration  of  several  of  them  is  essential  to  the  most  prac- 

^BbU  questions  relating  to   the  nature  of  the  consonant  chords. 

Bpeee,  however,  often  present  themselves,  in  which  oue  mode  is 

^Hpsramaant  importance:  and  even  if  this  were  not  so,  it  would 

^KD    be    pTX)per   to   commence   the  consideration   of  the  general 

^hobietn  with  the  simplest  case — that  of  one  degree  of  freedom. 

HllM«(l  not  be  suppost^d  that  the  mode  treated  of  is  the  only  one 

Bpanbte,  because  so  long  as  wbratiuns  of  other  modes  do  not  occur 

H^r  poMibility  under  other  circumstances  is  of  no  moment. 

H,  44.  The  condition  of  a  system  possessing  one  degree  of  free- 
^Bpn  is  defined  by  the  value  of  a  single  coordinate  n,  whose  origin 
^^BF  be  taken  to  correspond  to  the  position  of  equilibrium.  The 
^Bwldc  sod  potential  energies  of  the  system  for  any  given  position 
^Bpruportional  respectively  to  u"  and  u': — 

H  r=jmti>.    r=iM«' (i>. 

^^k«  in  ajid  /i  are  in  general  functions  of  u.  But  if  we  limit 
^^helve^  to  the  consideration  of  positions  in  the  immediate  neirfk- 
^^miuKid  oftiiat  corresponding  to  eqvilibriuvi,  u  is  a  small  quantity, 
^^^^l^u^^^^jjB^.agOfiibly  coustant.    On  this  andetstan^ui^  ni^ 
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HOW  proceed.     If  there  be  no  forces,  either  resulting  from  iiiten 
friction  or  viscosity,  or  impressed  on  the  system  from  without,  tfa| 
whole  enei^  remains  cunfitant.     Thus 

T+  r  =  constant. 

Substituting  for  T  and  V  their  values,  and  differentiating  v 
respect  to  the  time,  we  obtain  the  equation  of  motion 

nm  +  /*i«  =  0 (2) 

of  which  the  complete  integral  la 

«  =  acoa(M(-a) (3),] 

where  n-=fi-i-m,  representing  a  Imrmotiic  vibration.  It  will  1 
seen  that  the  period  alone  is  determined  by  the  nature  of  t 
Bystera  itself;  the  amplitude  and  phase  depend  on  collateral  c 
cumstances.  If  the  differential  equation  were  exact,  that  is  j 
say,  if  T  were  strictly  proportional  to  «',  and  V  to  u',  then,  withoi 
any  restriction,  the  vibrations  of  the  system  about  its  coufiguratiJ 
of  equilibrium  would  be  accurately  harmonic.  But  in  the  majoriT 
of  cases  the  proportionality  is  only  approximate,  depending  on  j 
assumption  that  the  displacement  u  is  always  small — how  i 
depends  on  the  nature  of  the  particular  system  and  the  degree  I 
approximation  required ;  and  then  of  course  we  nnist  be  corefl 
not  to  push  the  application  of  the  integral  beyond  its  prop! 
limits. 

But.  although  not  to  be  stated  without  a  limitation,  the  prin* 
ciple  that  the  vibrations  uf  a  sj'stem  about  a  configuration  4 
equilibrium  have  a  period  depending   on   the   structure   of  I 
system  and  not  on  the  particular  circumstances  of  the  vibratioaj 
is  of  supreme  importance,  whether  regarded  from  the  theoretioa 
or  the  practical  side.     If  the  pitch  and  the  loudness  of  the  not 
given  by  a  musical  instrument  were  not  within  wide  limitN  ia 
dependent,  the  art  of  the  performer  on  many  instruments,  s 
B»  the  violin  awl  pianoforte,  would  be  revolutionized. 

The  peiiodic  time 

T.^^.2^^/'" (4),| 

ao  llmt  nn  incruasc  in  ?ii,  ur  a  decrease  iu  fi,  protract»  th«  dnmtia 
of  a  vibration.  By  a  gfnci'alization  of  the  lauguagi'  4Mii])li]yecl  % 
ibv  caw.'  of  It  malunal  particle  iirg<.<d  towordit  a  piwitioi)  of  oqui 
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J  force  (»f  the  eijuivalent  spring,     Thus  an  augmentation  of 

p,  or  a  relaxation  of  spring,  iucreaaes  the  periodic  time.     By 

I  of  ihifl   principle    we   may   sometimes   obtain   limits    for 

iv&lue  of  a  period,  which  cannot,  or  cannot  easily,  be  calculated 


The  absence  of  all  forces  of  a  frictional  character  is  an 

aee,  never  realized  but  only  approximated  to  in  practice, 

igiual  energy  of  a  vibration  is  always  diwipated  sooner  or 

f  coQvetsioQ  into  heAt.     But  there  is  another  soui'ce  of  loss, 

thoDgh  uot,  properly  speaking,  dissipative,  yet  produces 

s  of  much  the  same  nature.     Consider  the  case  of  a  tuning- 

Enbrating  in  vacuo.     The  internal  friction  will  in  time  stop 

tnotiou,   &ad    the   original  energy  will  be  transformed  into 

But  now  suppose  that  the  fork  is  transferred  to  an  open 

In  strictness  the  fork  and  the  air  surrounding  it  consti- 

i  UDgle  Bystem,  whose  parts  cannot  be  treated  separately. 

Iltcinptiog.  however,  the  exact  solution  of  so  complicated  a 

f  should  generally  be  stopped  by  mathematical  ditti- 

,  und   in  any  case  an  approximate  solution  would  be  de- 

The  effect  of  the  air  during  a  few  periods  is  quite  insig- 

iDl,  and  becomes  important  only  by  accumulation.     We  are 

J  to  consider  its  eSect  as  a  disturbance  of  the  motion  which 

I  bike  place  in  vacuo.     The  disturbing  force  is  periodic  (to 

)  approximation  that  the  vibrations  are  so),  and  may  be 

1  inUi  two  parts,  one  proportional  to  the  acceleration,  and 

th«r  to  the  velocity.     The  former  produces  the  same  effect  as 

rmtion  in  the  mass  of  the  fork,  and  we  have  nothing  more 

1  it  at  present.     The  latter  is  a  force  arithmetically  pro- 

1  to  the  velocity,  and  always  acts  in  opposition  to  the 

,  nnd  thercifore  produces  effects  of  the  same  character  as 

lue  to  friction.     In  many  similar  cases  the  loss  of  motion 

inuitmicatioQ  may  be  treated  under  the  same  head  as  that 

lo  dissipation  pnjper,  and  is  represented  in  the  <ltDerential 

I  itiriu  with  a  degree  of  approsimation  sufficient  for  acoustical 

s  by  a  term  proportional  to  the  velocity.     Thus 

M  +  KW  +  K»W  =  0 (1) 

O(|uatiou  of  vibration  for  a  system   with  one  degree  of 
(ect  to  frictional  forces.     The  solution  is 

^  (2). 
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If  the  friction  be  so  great  that  |«*  >  n',  the  solution  changes 
form,  flnd  no  longer  con-esponds  to  na  oscillatory  motion ;  bgt 
all  acoustical  applications  x  is  a  small  quantity.     Under 
circumstances  (2)  may  be  regarded   as   expressing   a 
vibration,   whose   amplitude   is  not  constant,  but  diminii 
geometrical  progression,  when  considered  after  equal  inl 
time.     The   difference   of  the  logarithms  of  successive  exli 
excuTsions  is  nearly  constant,  and  is  called  the  Logarithmic  D( 
ment.     It  is  expressed  by  Jkt,  if  t  be  the  periodic  time. 

The  frequency,  depending  on  n=  — J«',  involves  only  the  s© 
power  of  /e;  90  that  to  the  first  order  of  approximation  tAe 
has  }io  effect  on  tlie  period, — a.  principle  of  very  general  appUcst 

The  vibration  here  considered  is  called  the  free  vibration, 
is  that  executed  by  the  system,  when  disturbed  fi-om  ei^uilibri 
and  then  left  to  itself. 

46.  We  must  now  turn  our  attention  to  another  problem,  I 
less  important, — the  behaviour  of  the  system,  when  subjected  U 
external  force  varying  as  a  harmonic  function  of  the  time, 
order  to  save  repetition,  we  may  take  at  ouce  the  i 
case  including  friction.  If  there  be  no  friction,  we  have  onljr 
put  in  our  results  k  =  0.     The  differential  equation  is 

u  +  KU  +  n'u=E<Mspt (1) 

Assume  h.  =  aco8(p(  —  e) (2) 

and  substitute : 

a(n'  - p')  cos  ( pt  ~  €)- icp/t  sia  (pt  —  e) 

=:Ecose  coii(pt~e)-  Esiattau^pt- 

whence,  on  equating  coefficients  of  C03(j)(  — «),  sin(p(  — e), 

a(n'~j^)  =  E  cos  e  \  ,^ 

a.pK^^Esiu^l ^*' 

so  that  the  solution  may  be  written 

JPsine       -    .       ,  ,., 

"'-^^^Mpt-^) (^ 

when;  tane=   /*     ...(5 

71' -p*  "•  ■ 

This  is  called  a  forced  vibration ;  it  ia  the  response  of  the  s] 
to  a  force  imposed  upon  it  from  without,  and  in  maintained  liy 
toutinued  operation  of  that  force.     The  amplitude  is  proportii 
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to  E — the  magnitude  of  the  force,  and  the  period  is  the  same 
as  that  of  the  force. 

Let  us  now  suppose  E  given,  and  trace  the  effect  on  a  given 
system  of  a  variation  in  the  period  of  the  force.  The  effects 
produced  in  different  cases  are  not  strictly  similar;  because  the 
fi-equency  of  the  vibrations  produced  is  always  the  same  as  that  of 
the  foi-ce,  and  therefore  variable  in  the  comparison  which  we  are 
about  to  institute.  We  may,  however,  compare  the  energy  of  the 
system  in  different  cases  at  the  moment  of  passing  through  the 
position  of  equilibrium.  It  is  necessary  thus  to  specify  the  moment 
at  which  the  energy  is  to  be  computed  in  each  case,  because  the 
total  energy  is  not  invariable  throughout  the  vibration.  During 
one  part  of  the  period  the  system  receives  energj'  from  the 
impressed  force,  and  during  the  remainder  of  the  period  yields  it 
back  again. 

From  (4),  if  w  =  0, 

energj-  x.  u-  x  sin'  e, 

and  is  therefore  a  maximum,  when  8ine=  1,  or,  from  (6},p  =  n.  If 
the  maximum  kinetic  energy  be  denoted  by  T^,  we  have 

2'=r„8in"e (6). 

The  kinetic  euer^'  of  the  motion  is  therefore  the  greatest  possible, 
when  the  period  of  the  I'orce  is  that  in  which  the  system  would 
vibrate  freely  under  the  influence  of  its  own  elasticity  (or  other 
internal  forces),  vdtkout  friction.  The  vibration  is  then  by  (4) 
and  (5), 

and,  if  nc  be  small,  its  amplitude  is  very  great.  Its  phase  is  a 
qiiarter  of  a  period  behind  that  of  the  force.  ■ 

The  case,  where  p  =  n,  may  also  be  treated  independently. 
Since  the  period  of  the  actual  vibration  ia  the   same   as   that 

natural  to  the  system, 

so  that  the  differential  equation  (1)  reduces  to 
=  E  cos  pt. 


whence  by  integratio 


E  [ 
-  -   I  cosj)tat  = 
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If  jj  be  less  than  n,  the  retardation  of  phase  relatively  to  the 
force  lies  between  zero  aud  a  (|uarter  period,  and  when  p  is  greatejr  ■ 
than  71,  between  a  quarter  period  and  a  half  period. 

In  the  case  of  a  system  devoid  of  friction,  the  solution  is 

"  =  „i-;^'=°^^' <^'- 

When  p  is  smaller  than  n,  the  phase  of  the  vibration  agrees  with  T 
that  of  the  force,  but  when  p  is  the  greater,  the  sign  of  the  vibra- 
tion  is  changed.     The  change  of  phase  from  complete  agreement 
to  complete  disagreement,  which  is  gradual   when  friction  acts, 
here  takes  place  abruptly  as  p  passes  through  the  value  n.    At  the 
same  time  the  expression  for  the  amplitude  becomes  infinite.     Of 
course  this  only  means  that,  in  the  case  of  equal  periods,  friction  J 
must  be  taken  into  account,  however  small  it  may  be,  and  however  I 
insignificant  its  result  when  p  and  n  are  not  approximately  equal  I 
The  limitation  as  to  the  magnitude  of  the  vibration,  to  which  we  I 
are  all  along  subject,  must  also  be  borne  in  mind.  I 

That  the  excursion  should  be  at  its  maximum  in  one  directioa  M 
while  the  generating  force  is  at  its  maximum   in  the  oppositaH 
direction,  bs  happens,  fur  example,  in  the  canal  theory  of  ihe  tides,S 
is  sometimes  considered  a  paradox.     Any  difficulty  that  may  be^ 
felt  will  be  removed  by  considering  the  extreme  case,  in  which  the 
"  spring  "  vanishes,  so  that  the  natural  period  is  infinitely  long.    In 
fact  we  need  only  consider  the  force  acting  on  the  bob  of  a  com- 
mon pendulum  swinging  freely,  in  which  case  the  excursion  on  one 
side  is  greatest  when  the  action  of  gravity  is  at  its  maximum 
in  the  opposite  dii-ection.     When  on  the  other  hand  the  inertia  of 
the  system  is  very  small,  we  have  the  other  extreme  case  in  which 
the  so-called  equilibrium  theory  becomes  applicable,  the  force  and 
excursion  being  in  the  same  phase. 

When  the  period  of  the  force  is  longer  than  the  natural  period,  | 
the  effect  of  an  increasing  friction  is  to  introduce  a  iftardation  I 
in  the  phase  of  the  displacement  varying  from  zero  up  to  a  quarter  \ 
period.  If,  however,  the  period  of  the  natural  vibration  be  the  i 
longer,  the  original  retardation  of  half  a  period  is  diminished  by  | 
something  short  of  a  quarter  period ;  or  the  effect  of  friction  is  to  ' 
accelerate  the  phase  of  the  displacement  estimated  from  that  corre- 
sponding to  the  absence  of  friction.  In  either  case  the  influence  I 
of  friction  is  to  cause  an  approximation  to  the  state  of  things  that  t 
would  prevail  if  friction  were  paramount. 


PRINCIPLE  OP  SUPERPOSITION. 


49 


■  If  a   foret!   of  nearly  equal  period  with   the  free  vibrations 
r  slowly  to  a  maximum  and  then  slowly  decrease,  the  dia- 
iemoit  does  not  reach  ita  maximum  until  after  the  force  has 
to  diminish.     Uoder   the   operation   of  the   force   at   its 
mm,  the  vibration  continues  to  increase  until  a  certain  limit 
iproached,  and  this  increase  continues  for  a  time  even  although 
r  foroe,  having  passed  its  maximum,  begins  to  diminish.     On 
9  principle  the  retardation  of  spring  tides  behind  the  days  of 
new  and  full  moon  has  been  explained'. 

47.  From  the  linearity  of  the  equations  it  follows  that  the 
Mtion  resulting  from  the  simultaneous  action  of  any  number  of 

;  is  the  simple  sura  of  the  motions  due  to  the  forces  taken 
EKrpiirateiy.  Each  force  causes  the  vibration  proper  to  itself, 
without  regard  to  the  presence  or  absence  of  any  others.  The 
\»-eiiliarities  of  a  force  are  thus  in  a  manner  transmitted  into  the 
'.mtion  of  the  system.  For  example,  if  the  force  be  periodic  in 
i.:ne  t,  so  will  be  the  resulting  vibration.  Each  harmonic  element 
if  the  force  will  call  forth  a  corresponding  harmonic  vibration 
M  tlie  erstem.  But  since  the  retardation  of  phase  e,  and  the  ratio 
■'1  nmplitudes  a  :  E.is  not  the  same  for  the  different  components. 
ihe  rtsultiag  vibration,  though  periodic  in  the  same  time,  is  dif- 
f'-rcnt  in  character  from  the  force.  It  may  happen,  for  instance, 
tlint  one  of  the  components  is  isochronous,  or  nearly  so,  with  the 
frr*  v-ibration,  in  which  cjise  it  will  manifest  itself  in  the  motion 
"ut  of  all  proportion  to  its  original  importance.  As  another 
■i:«mple  we  may  consider  the  case  of  a  system  acted  on  by  two 
1  rn«  of  nearly  equal  period.  The  resulting  vibration,  being 
"mpounded  of  two  nearly  in  unison,  is  intermittent,  according  to 
iii.'  prinraples  explained  in  the  last  chapter. 

To  the  motions,  which  are  the  immediate  effects  of  the  im- 
.  [iwed  forces,  must  always  be  added  the  term  expressing  free 
ibmtioDs,  if  it  be  desired  to  obtain  the  moat  general  solution. 
Thus  in  the  case  of  one  impressed  force, 

u=^^^oos(pt-e)+Ae-*"co8\\fa''fK'.t-«]  (1), 

px 

where  A  and  a  are  arbitrary. 

48.  The  distinction  between /orcerf  and  free  vibrations  is  very 
upartant,  and   must  be  clearly  understood.     The  period  of  the 
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former  is  determiQed  solely  by  the  force  which  is  supposed  to  a 
on  the  system  from  without ;  while  that  of  the  latter  depends 
on  the  cOnstitutioD  of  the  syatera  itself.  Another  point  of  di 
ence  is  that  so  long  as  the  external  infliience  continues  to  opera 
a  forced  vibration  is  permaneDl,  being  represented  strictly  I 
harmonic  function ;  but  a  free  vibration  gradually  die*  away,  I 
coming  negligible  after  a  time.  Suppose,  for  example,  that  t 
system  is  at  rest  when  the  foi-ce  S  coa  pt  begins  to  opcrato.  Siri 
finite  values  must  be  given  to  the  constants^  and  a  in  (1)  of  §  4 
that  both  u  and  u  are  initially  zero.  At  firat  then  there  i 
free  vibration  not  less  important  than  its  rival,  but  afber  a  t 
friction  reduces  it  to  insignificance,  and  the  forced  vibration  is  1« 
in  complete  poBsesBiou  of  the  field.  This  condition  of  things  i 
continue  so  long  as  the  force  operates.  When  the  force  is  remuvd 
there  is,  of  course,  no  discontinuity  in  the  values  of  u  < 
the  forced  vibration  is  at  once  converted  into  a  free  vibratii^ 
and  the  period  of  the  force  is  exchanged  for  that  natural  to  t 
system. 

During  the  coexistence  of  the  two  vibrations  in  the  earlier  p 
of  the  motion,  the  curious  phenomenon  of  beats  may  ( 
case  the  two  periods  differ  but  slightly.    For,  n  and  p  being  net 
equal,  and  k  small,  the  initial  conditions  are  approximately  e 
fied  by 

H  =  aco8(p(  — e)  — ae'HcosfVB'  — J«* ,  (  — ej. 
There  is  thus  a  rise  and  fall  tn  the  motion,  so  long  as  b"**'  ren 
sen^ble.     This  intermittence  is   very  conspicuou.t  in  the  es 
stages  of  the  motion  of  forks  driven  by  electro-magnetism  (§  ( 
[and   may  be  utilized  when  it  b  desired  to  adjust  n  and  j 
equality.     The  initial  beats  are  to  be  made  slower  and  alowi 
until  they  ceajie  to  be  perceptible.     The  vibration  then  i 
continuously  to  a  maximum.] 

49.  Vibrating  systems  of  one  degree  of  freedom  may  vary  1 
two  ways  according  to  the  valiia-*  of  the  constants  n  and  n.  Thf'' 
distinction  of  pitch  is  sufficiently  inteUigiblo ;  but  it  is  worth  while 
to  examine  mortt  closely  the  consequences  of  a  greater  or  less 
degree  of  damping  The  most  obviona  is  the  more  or  less  rapid 
extinction  of  a  free  vibnition.  The  effect  in  this  direcitwu  may  bo 
tnooEUTud  by  the  numbor  of  vibrations  which  must  elapw  b<(fi)n- 
the  amplitude  is  rediicud  in  a  given  ratio.  Initially  the  atupltMidc 
may  be  taken  w  uaity ;  after'a  tune  (,  let  it  be  0.    Initially  I)- a~*". 


I 


VAKIOCS   DEGREES   OP    DAMPING. 


If  <  =  JT,  w©  have  x-= log  0.     In  a  eystem  subject  to  only  a 

lulemtu  degree  of  damping,  we  may  take  approximately, 


„|°i?"- 


.(1). 


which  are  performed,  before 


^o  ihat 


This  gives  the  number  of  vibratio 
the  amplitude  falls  to  0. 

The  iDfliience  of  damping  is  also  powerfully  felt  in  a  forced 
vibralioD.  when  there  is  a  near  approach  tfl  isochronism.  In  the 
i-a«  of  an  exact  equality  between  p  and  n,  it  is  the  damping  alone 
■ihich  prevents  the  motion  becoming  infinite.  We  might  easily 
r^iiiticipate  that  when  the  damping  is  small,  a  comparatively  slight 
ficnation  from  perfect  isochronism  would  cause  a  large  falling  off 
^^the  magnitude  of  the  vibration,  but  that  with  a  larger  damping 
B  flame  precision  of  adjustment  would  not  be  required.  From 
I  equations 

r=r„siu^e,     tane  =  -^. 


V^ 


•  ■(2); 


ply  T,-T" 


..(3), 


vthat  if  «  be  small,  p  must  be  very  nearly  equal  to  n,  in  order  to 
tdnce  a  motion  not  greatly  less  than  the  maximum. 
I  The  two  principal  effects  of  damping  may  be  compared  by 
r  between  (1)  and  (2).     The  result  is 

w  \n    p/ 

niere  the  sign  of  the  square  root  must  be  so  chosen  as  to  make 
'hf  right-hand  side  negative. 

If,  when  a  system  vibrates  freely,  the  amplitude  be  reduced  in 
111'  ratio  $  after  x  vibrations;  then,  when  it  is  acted  on  by  a  force 
;>}.  the  energy  of  the  resulting  motion  will  be  less  than  in  the 
l;is«  of  perfect  isochronism  in  the  ratio  T ;  J",.  It  is  a  matter  of 
I  .btdiflitreoce  whether  the  forced  or  the  free  vibration  be  the  higher; 
P  depends  on  the  interval. 

I  In  most  cases  of  interest  the  interval  is  amall :  and  then,  putting 
,  the  formula  may  be  written, 

log(?     SttSji     /     T  _ 
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•The  following  table  calculated  from  these  formiilsp  hai 
gireu  by  Helmholtz': 


T_>..»i   -.«.™-.-j--     ..   »   ^.3„.ts  -     Nninbet  at  vibrationa  alter  which 
Of  the  i«Mn«noe  to  one-teoth.  ^^^   J  ona-teath. 

r  :  ro=l  :  10. 


i  tone. 

^  tone. 

^  tone. 

J  tone. 

Whole  tone. 

J  tone. 

J  tone  =  minor  third. 

Two  whole  tones  -  major  third. 


38-00 
IS'OO 
9 '50 
6-33 
4T3 
3-80 
3-17 
2-71 
2-37 


Formula  (4)  shews  that,  when  Sn  Is  small, 
paribus  as  -. 

60.  From  observations  of  forced  vibrations  due  to  know 
forces,  the  natural  period  and  damping  of  a  eystem  may  be  detW 
mined.     The  fonuulie  are 

)( = -cos  (pt  —  e), 

pK  ^*^        ' 

where  tan  e  =  -^—  , . 

Oil  the  equilibrium  theory  we  should  have 

w  =  —  cos  pi. 

The  ratio  of  the  actual  amplitude  to  this  is 
Esiae     E _  n'sioc 
pK      '  n'~     pK     ' 
If  the  equilibrium  theory  be  known,  the  comparison  of  aropi 

tildes  tflls  UN  Uie  value  uf  — — - ,  say 
PK  ' 

«' sin  t 


'  To>iempfiHiluH0ni,  Srf  MUUon,  p.  HI. 


STRINa   WITH    LOAD. 
E  is  also  known,  whence 

n'  =  p'~il 1,  and  k=   ^_  -   - 


51.  As  has  been  already  stated,  the  distinction  of  forced  and 
free  vibrations  is  important ;  but  it  may  be  remarked  that  most  of 
the  forced  vibrations  which  we  shall  have  to  consider  as  affecting 
a  system,  take  their  origin  ultimately  in  the  motion  of  a  second 
system,  which  influences  the  first,  and  is  influenced  by  it,  A 
vibration  may  thus  have  to  be  reckoned  as  forced  in  its  relation 

a  system  whose  limits  are  fixed  arbitrarily,  even  when  that 
as  a  share  in  determining  the  period  of  the  force  which 
acts  upon  it.  On  a  wider  view  of  the  matter  embracing  both  the 
systems,  the  vibration  in  question  will  be  recognized  as  free.  An 
example  may  make  this  clearer.  A  tuning-fork  vibrating  in  lur 
is  part  of  a  compound  system  including  the  air  and  itself,  and 
in  respect  of  this  compound  system  the  vibration  is  free.  But 
although  the  fork  is  influenced  by  the  reaction  of  the  air,  yet  the 
amount  of  such  influence  is  small.  For  practical  purposes  it  is 
convenient  to  consider  the  motion  of  the  fork  as  given,  and  that  of 
the  air  as  forced.  No  error  will  be  committed  if  the  actual  motion 
of  the  fork  (as  influenced  by  its  surroundings)  be  taken  as  the 
basis  of  calculation.  But  the  peculiar  advantage  of  this  mode  of 
conception  is  manifested  in  the  case  of  an  approximate  solution 
being  required.  It  may  then  suffice  to  substitute  for  the  actual 
motion,  what  would  be  the  motion  of  the  fork  in  the  absence  of 
air,  and  afterwards  introduce  a  connection,  if  n 


tSS.  Illustrations  of  the  principles  of  this  chapter  may  be 
wn  from  all  parts  of  Acoustics.  We  will  give  here  a  few 
ilications  which  deserve  an  early  place  on  account  of  their 
plicity  or  importance, 

A  string  or  wire  ACB  is  stretched  between  two  fixed  points 
A  and  B,  and  at  its  centre  carries  a  mass  M,  which  is  supposed  to 
be  so  considerable  as  to  render  the  mass  of  the  string  itself  negli- 
gible. When  M  is  pulled  aside  from  its  position  of  equilibrium, 
and  then  let  go,  it  executes  along  the  line  CM  vibrations,  which 
are  the  subject  of  inquirj'.  AC  =  GB  =  a.  CM^x.  The  tension 
if  the  string  in  the  position  of  equilibrium  depends  on  the  amount 
f  the  stretching  to  which  it  has  been  subjected.     In  any  other 
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potiitioii  the  teusion  is  greater ;  but  we  limit  ourselves  to  the  case 
of  vibrations  so  small  that  the  additional  stretching  is  a  uef^ligible 
fraction  of  the  whole.  On  this  condition  the  tension  may  be 
treated  as  constant.     We  denote  it  by  T. 


f=-IG.O. 

Thus,  kinetic  energy  =  ^Mir, 
d 

potential  energy  =  27"  j\'a'  +  a:'-a]  =  7"--   approximately 

ly  be  derived  also  inde- 


The   equation  of  motion  (which 
pendcntly)  is  therefore 


..(1). 


from  which  we  infer  that  the  i 
tious,  whose  period 


1  M  executes  harmonic  vibra- 


/2T 


..(8). 


The  amplitude  and  phase  depend  of  course  on  the  initial  e 
cumstances,  being  arbitrary  so  lar  as  the  difforuutial  eqitatiou  i 
concerned, 

Equation  (2)  expresses  the  manni^r  in  which  r  varies  with  e 
of  the  independent  quantities  T,  M,  a :  results  which  may  all  1 
obtained  by  consideration  of  the  dimemion^  (in  the  technical  Bern 
of  the  quantities  involved.     Tho  argument  from  dimeostons  is  ■ 
often  of  iui[>urtiuicc  in  AcouHtica  that  it  may  bu  wvU  toe 
tbifl  finst  indtance  at  len^rth. 

In  the  first  place  wo  must  awaru  uurwlvus  thai  of  all  l 
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■nee  to  the  three  fundamental  units — of  length,  time,  nnd 
Rie  a,  M,  and   T.     Let  the  solution  of  the  problem  be 

T=/(«.jif,  n (3). 

This  equation  must  retain  its  form  unchanged,  whatever  may 
he  the  fiindamentttl  units  by  means  of  which  the  four  quantities 
arc  numerically  expressed,  as  is  evident,  when  it  is  considered 
that  in  deriving  it  no  assumptions  would  be  made  as  to  the  mag- 
nitudes of  those  units.  Now  of  all  the  quantities  on  which  / 
depends,  T  is  the  only  one  involving  time;  and  since  its  dinien- 
sion»  are  (U&ss)  (Length)  (Time)"',  it  follows  that  when  a  and  M 
»x<t  constant,  tx  T~*;  otberwiae  a  change  in  the  unit  of  time 
woaid  necessarily  disturb  the  equation  (3).  This  being  admitted, 
it  is  easy  to  see  that  in  order  that  (3)  may  be  independent  of  the 
unit  of  length,  we  must  have  t  x  T~^  .a^,  when  Jl/ is  constant;  and 
finally,  in  order  to  secure  independence  of  the  unit  of  mas.i, 

\ 

^^1    To  determine  these  indices  we  might  proct>e(l  thus: — assume 

^^^■n  bjr  considering  the  dimensions  in  time,  space,  and  mass,  we 
^^Hkin  reflectively 

W^^  I  =  -  2«,      0  =  ar  +  s,      0  =  x  +  y. 

whence  as  above         jr  =  —  J,     y  =  ^,     s  =  i- 

There  muat  be  no  mistake  as  to  what  this  argument  does  and 
does  not  prove.  We  have  aumimed  that  there  is  a  definite 
periodic  time  depending  on  no  other  quantities,  having  dimen- 
\\v  ^cma  in  stpace,  time,  and  mass,  than  those  above  mentioned.  For 
^^Btuple,  we  have  not  pmved  that  t  is  independent  of  the  ampli- 
^^^Be  of  vibration.  That,  so  far  as  it  is  true  at  all,  is  a  consequence 
^^Kha  liDearity  of  the  approximate  differential  equation, 
^^VfVaat  the  necessity  of  a  complete  enumeration  of  all  the 
^^Hutitiea  on  which  the  required  result  may  depend,  the  method 
^^^BiineiisioDB  is  somewhat  dangerous ;  but  when  used  nnth  proper 
^^^p  it  ia  auquHstionably  of  great  power  and  value. 

^^^■SS.  The  ooltition  of  the  present  problem  might  be  made  the 
^^^fctUtion  of  A  nielbod  for  the  absolute  measurement  of  pitch. 
^^^B  ffrift^P*^  imprtliment  to  accuiapy  would  probably  be  thd 
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difficulty  of  making  M  sufficiently  large  in  relation  to  the  mass 
the  wire,  without  at  the  same  time  lowering  the  note  too  much 
the  musical  scale. 


The  wire  may  be  stretched  by  a  weight  M'  attached  to  i 
f\irther  end  beyond  a  bridge  or  pulley  at  B.  The  periodic  tii 
wiiiild  be  calculated  from 


T  =  2l 


■V2C 


..(1). 


The  ratio  i>f  ^' :  ^  is  given  by  the  balance.    If  a  be  n 
in  feet,  and g  =  322,  the  periodic  time  is  expressed  in  seconds. 

M.  In  an  oi'diuary  musical  string  the  weight,  instead  of  beii 
concentrated  in  the  centre,  is  uniformly  distributed  over  its  leogt 
Nevertheless  the  present  problem  gives  some  idea  of  the  nature 
the  graveHl  vibration  of  .-ucb  a  string.  Let  us  compare  the  t\ 
casos  more  closely,  supposing  the  amplitudes  of  vibration  the  a 
,t  the  middle  point. 


When  the  amfonu  string  is  straight,  at  th(>  mtanent  nf  paasin 
'i  the  position  of  c<juitibrium,  iu  diffcr^'nt  parui  tire  iu)i> 
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centre.  If  we  attribute  to  the  whole  mass  the  velocity  of  the 
centre,  it  is  evident  that  the  kinetic  energy  will  be  considerably 
over-estimated.  Again,  at  the  moment  of  masimiim  excursion, 
the  uniform  string  is  more  stretched  than  its  substitute,  which 
follows  the  straight  courses  AM.  MB,  and  accordingly  the  poten- 
tial energy  is  diminished  by  the  substitution.  The  concentnition 
of  the  mass  at  the  middle  point  at  ouce  increases  the  kinetic 
enei^  when  x  =  0,  and  decreases  the  potential  energy  when  x  =  0, 
and  therefore,  according  to  the  principle  explained  in  §  44,  prolongs 
the  periodic  time.  For  a  string  then  the  period  is  less  than  that 
calculated  from  the  formula  of  the  last  section,  on  the  supposition 
that  M  denotes  the  mass  of  the  string.  It  will  afterwards  appear 
that  in  order  to  obtain  a  correct  result  we  should  have  to  take 
instead  of  M  only  (^jir')M.  Of  the  factor  4/7r'  by  far  the  more 
imporUnt  part,  viz.  J,  is  due  to  the  difference  of  the  kinetic 
lergies. 


66.     As  another  example  of  a  system  possessing  practically  but 
!  degree  of  freedom,  let  us  consider  the  vibration  of  a  spring,  one 

end  of  which  is  clamped  in  a  vice  or  otherwise  held  fast,  while  the 

other  carries  a  heavy  mass. 

In   strictness,  this  system   like  the  last  has  ^^^ 

an  inlinite  number  of  independent  modes  of  vi-  (    j 

hratioQ ;   but,  when   the   mass  of  the  spring  is  ^"^ 

relatively  small,  that  vibration  which  is  nearly 
independent  of  its  inertia  becomes  so  much  the     nets. 
most  important  that  the  others  may  be  ignored. 
Pushing  this  idea  to  its  limit,  we  may  regard  the 
spring  merely  as  the  origin  of  a  force  urging  the 

iched  mass  towards  the  position  of  equilibrium, 

f  a  certain  point  be  not  exceeded,  in  simple         '^!!; 
(ortion  to  the  displacement     The  result  is  a       <^^ 

monic  vibration,  with  a  period  dependent  on  ^L- 

j  stifThess  of  the  spring  and  the  mass  of  the 


In  consequence  of  the  oscillation  of  the  centre  of  inertia, 

e  is  a  constant  tendency  towards  the  communication  of  motion 

i  supports,  to  resist  which  adequately  the  latter  must  be 

r  firm  and  massive.     In  order  to  obviate  this  inconvenience, 
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two   precLsoly  similar    springa   and   loada  may   be   mounted   oo 

the  same  framework   in  a  symmetrical  manner. 

If  jthe   two   loads   perform   vibrations   of    eijual    Q 

amplitude  in  such  a  manner  that   the  motions 

are  always  opposite,  or,  as  it  may  otherwise  be 

expressed,    with    a    phase -difference    of    half    a 

period,  the  centre  of  inertia  of  the  whole  system 

remains  at  rest,  and  there  is  no  tendency  to  set 

the  framework  into  vibration.     We  shall  see  in  a 

future  chapter  that  this  peculiar  relation  of  phases 

will  quickly  establish  itself,  whatever  may  be  the 

original   disturbance.     In   fact,  any   part  of  the 

motion  which  does  not  conform  to  the  condition 

of  leaving  the  centre  of  inertia  unmoved  is  soon 

extinguished    by    damping,    unless    indeed    the 

supports    of   the   system  are    more   than    usually 

firin. 


VY 


67.     As  in  our  tirst  example  we  found  a  rough  illustration  I 
the  fundamental  vibration  of  a  musical  string,  so  here  with  i 
spring  and  attached  load  we  may  compare  a  uniform  slip,  or  I 
of  elastic  material,  one  end  of  which  is  securely  fastened,  such  I 
instance  as  the  tonffue  of  a  reed  instrument.     It  is  true  of  coad 
that  the  mass  is  not  concentrated  at  one  end.  but  distribute 
over  the  whole  length ;  yet  on  account  of  the  smallness  of  tfl 
motion  near  the  point  of  support,  the  inertia  of  that  part  I 
the  bar  is  uf  but  little  account.     We  infer  that  the  fundament 
vibration  of  a  uniform  rod  cannot  be  very  different  in  chai 
from  that  which  we  have  been  considering.     Of  couree  for  pJ 
poses  requiring  precise  calculation,  the  two  systems  are  sutBcienfl 
distinct;  but  where  the  object  is  to  form  clear  ideas,  pi-ocision  n 
often  be  advantageously  exchanged  for  simplicity. 

In   the  same  spirit  we  may  regard  the  combination  of  till 
springs   and    hjads  shewn   in    Fig.   18   as  a  representation  of  jj 
tuning-fork.     The   instrument,  which   has  been  much   impi 
of  late  years,  is  indinpensable  to  the  acoustical  iuvestigator, 
a  l&rgtt  cicale  and  (iir  rough  purposes  it  may  be  made  by  weld 
»  eron  piefle  on  the  midiile  of  a  bar  of  steel,  so  as  to  form  a  T,  ■ 
thtfn  bending  the  bar  into  the  shape  of  a  hoirc-shoe.    On  1 
handle  tt  N>:rew  should  l>e  cut.     Bat  for  the  better  class  of  tuatnj 
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division  running  from  one  end  (Jowu  the  middle  of  a  bar  is  first 
made,  the  two  parts  opened  out  to  forui  the  prongs  of  the  fork, 
and  the  whole  worked  hy  the  hammer  and  file  into  the  reqnired 
•■hape.  The  two  prongs  must  be  exactly  symmetrical  with  respect 
I  .1  plane  pussinjir  through  the  axis  of  the  handle,  in  ordei-  that, 
■;ring  the  vibration  the  centre  of  inertia  may  remain  unmoved, 
^unmoved,  that  is,  in  the  direction  in  which  the  prongs 
vibrate. 

Thu  tuning  is  ejected  thus.     To  make  the  note  higher,  the 

qui^-alent  inertia  of  the  system  must  be  reduced.     Thia  is  done 

.   tiling  nway  the  ends  of  the  prongs,  either  diminishing  their 

!iickuess,  or  actually  shortetiing  them.     On  the  other  hand,  to 

lower  the  pitch,  the  substance  of  the  prongs  near  the  bend  may 

Ik-  rwlucw],  the  etfeet  of  which  is  to  diminish  the  force  of  the 

spring,  leaving  the  inertia  practically  unchanged ;  or  the  ini^rtia 

Ti.ny  be    increased    (a    method    which    would   be   preferable   for 

mpurary   purposes)   by  loading   the  ends   of  the   prongs   with 

:ix.  or  other  material.     Cargo  forks  are  sometimes  provided  with 

!   r,veahlc  weights,  which  slide  along  the  prongs,  and  can  be  fixed 

[i  any  position  by  screws,     As  these  approach  the  ends  (where  the 

■.  •  locity  is  greatest)  the  equivalent  inertia  of  the  system  increaaes. 

Jn  this  way  a  considerable  range  of  pitch  may  be  obtained  from 

Mb  fork.     The  number  of  vibrations  per  second  for  any  position 

Bthv  weights  may  be  marked  on  the  prongs. 

P     The  relation  between  the  pitch  and  the  size  of  tuning-forks  is 

BBurkably  simple.     In  a  future  chapter  it  will  be  proved  that, 

K«vi<]erl  the  material  remains  the  same  and  the  shape  constant, 

Be  period  of  %-ihration   varies  directly  as   the  linear  dimension. 

BiUj*,  if  the  linear  dimensions  of  a  tuning-fork  be  doubled,  its 

■Olte  falU  an  octave. 

H  5&  The  note  of  a  tuning-fork  is  a  nearly  pure  tone.  Imme- 
Btfcly  aAer  a  fork  is  struck,  high  tones  may  indeed  be  heard, 
■tresptinding  to  modes  of  vibration,  whose  nature  will  be  subse- 
bently  considered ;  but  these  rapidly  die  away,  and  even  while 
WflBy  exist,  they  do  not  blend  with  the  proper  tone  of  the  fork, 
Bitly  oil  account  of  theii-  very  high  pitnh,  and  partly  because 
Bagr  do  not  belong  to  its  harmonic  scale.  In  the  forks  examined 
mf  HdmholtE  the  fimt  of  these  overtones  had  a  frequency  from  .5-8 
■  64  times  that  of  the  proper  tone, 
KjDyU|S|£2d^^^^?  g^nsimllj'  supplied  with  resonance  CiO^iA^. 
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whose  effect  is  greatly  to  augment  the  volume  and  purity  of  \'  - 
sound,  according  to  principles  to  be  hereafter  developed.  In 
order  to  excite  them,  a  violiii  or  cello  bow,  well  supplied  with 
rosin,  is  drawn  across  the  prongs  in  the  du-ection  of  vibration. 
The  sound  so  produced  will  last  a  minute  or  more. 

69.     As  standards  of  pitch  tuning-forks  are  invaluable.     Tli 
pitch  of  organ-pipes  rapidly  varies  with  the  temperature  and  v.-.- 
the  pressure  of  the  wind;  that  of  ntnngs  with  the  tension,  wl 
can  never  be  retained  constant  for  long;  but  a  tuning-fork  k^i 
clean  and  not  subjected  to  violent  changes   of  temperature  ur 
magnetization,  preserves  its  pitch  with  great  fidelity. 

[But  it  must  not  be  sup]>osed  that  the  vibrations  of  a  fork  are 
altogether  independent  of  temperature.  According  to  the  ohalM 
vations  of  McLeod  and  ClarkeJ  the  freciuency  falls  by  '00011  of.B 
value  for  each  degree  Cent,  of  elevation.]  ■ 

By  means  of  beats  a  standard  tuning-fork  may  be  copied  with 
very  great  precision.  The  number  of  beats  heard  in  a  second  is 
the  difference  of  the  frequencies  of  the  two  tones  which  produce 
them ;  ao  that  if  the  beats  can  be  made  so  slow  as  to  occupy  hall 
a  minute  each,  the  frequencies  differ  by  ouly  l-30th  of  a  vilufr 
tion.  Still  greater  precision  might  be  obtained  by  . 
optical  method. 

Very  slow  beats  being  difEcult  of  observation,  in  conseqiu 
of  the  uncertainty  whether  a  falling  off  in  the  sound  is  dia 
interference  or  to  the  gradual  dying  away  of  the  vibra 
Scheibler  adopted  a  somewhat  modified  plan.  He  took  al 
slightly  different  in  pitch  from  the  standard — whether  higba 
lower  is  not  material,  but  we  will  say,  lower, — and  counted  the 
number  of  beats,  when  they  were  sounded  together.  About  fom 
beats  a  second  is  the  most  suitable,  and  these  may  be  counted  foi 
perhaps  a  minute.  The  fork  to  be  adjusted  is  then  made  slightlji 
higher  than  the  auxilioty  fork,  and  tuned  to  give  with  it  precisely 
the  same  number  of  beats,  as  did  the  standard.  In  this  way  a 
copy  as  exact  as  possible  is  secured.  To  facilitate  the  couating 
of  the  beats  Schciblcr  employed  pendulums,  whose  periods  d 
vibration  could  be  adjusted. 

[The  question  between  slow  and  quick  beats  depends  ii 
circumstances  of  thu  cane.     It  »eemfi  to  be  sometimes  s 
iuick  beats  have  the  advantage  as  admitting  of 
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Mitive  ftccuracy  of  counting.  But  a  little  consideration  shews 
'hit  in  a  comparison  of  frequencies  we  are  concerned  not  with  the 

•  I'lti-e,  hat  with  the  abatdute  accuracy  of  the  counting.  If  we 
'  li^couDI  the  beats  in  a  minute  by  one,  it  makes  just  the  same 

rrt<r  iu  the  result,  whether  the  whole  number  of  beats  be  60  or 


When  the  sounds  are  pure  tones  and  are  well  maintained,  it  is 
hiBable  to  use  beata  much  slower  thnn  four  per  second.  By 
h-xwing  a  suitable  position  it  is  often  possible  to  make  the 
iitensities  at  the  ear  equal;  and  then  the  phase  of  silence, 
irresponding  to  antagonism  of  equal  and  opposite  vibrations,  is 
\fremoiy  well  marked.  Taking  advantage  of  this  we  may  deter- 
mine slow  beats  with  very  great  accuracy  by  observing  the  time 
which  elapses  between  recurrences  of  silence.  In  favourable  cases 
ihe  whole  number  of  beats  in  the  period  of  observation  may  be 
tilled  to  within  one-tenth  or  one-twentieth  of  a  single  beat,  a 
I'^e  of  accuracy  which  is  out  of  the  question  when  the  beats 
r..'  quick.  In  this  way  beats  of  periods  exceeding  30  seconds  may 
be  utilised  with  excellent  effect '.] 

60.     The  method  of  beats  was  also  employed  by  Scheibler  to 

'i'-teraiine  the  absolute  pitch  of  his  standards.     Two  forks  were 

lined  to  an  octave,  and  a  number  of  others  prepared  to  bridge 

.^r  the  iuterval  by  steps  so  small  that  each  fork  gave  with  its 

'uiuediate  neighboui'S  in  the  series  a  number  of  beats  that  could 

■   easily  cuuuted.     The  difference  of  frequency  corresponding  to 

I'h  step  was  observed  with  all  possible  accuracy.     Their  sum, 

ing  the  difference  of  frequencies  for  the  interval  of  the  octjvve, 

.Li  equal  to  the  frequency  of  that  fork  which  formed  the  starting 

(■uint  si  the  bottom  of  the  series.     The  pitch  of  the  othei-  forks 

oouM  be  deduced. 

tif  ODUsecutive  forks  give  four  beats  per  second,  65  in  all  will 
required  to  bridge  over  the  interval  from  c'  (256)  to  c"  (-tIS). 
khis  accouut  the  method  is  laborious ;  but  it  is  probably  the 
K  accurate  for  the  original  determination  of  pitch,  as  it  is 
i|r  to  no  errors  but  such  as  care  and  repetition  will  eliminate. 
Il  miiv  be  obsen-ed  that  the  essential  thing  is  the  measurement 
"f  the  difference  of  frequencies  for  two  notes,  whose  ratio  of 
"  MuendeM  is  independently  known.  If  we  could  be  sui-e  of  its 
y.  the  interval  of  the  fifth,  fourth,  or  even  major  third,  might 
tl  Q^aecWioia,  i'AiZ.  Mug.  Uaf ,  1883,  ;.  3i2. 
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be  substituted  for  the  octave,  with  the  advantage  of  reducing  the 
number  of  the  necessary  Interpol  at  ious.  It  m  probable  that  with 
the  aid  of  optical  niethods  this  course  might  be  successfully 
adopted,  as  the  corresponding  Lissajous'  figures  are  easily  recog- 
nised, and  their  steadiness  is  a  very  severe  test  of  the  accuracy 
with  which  the  ratio  is  attain ed. 

[It  is  easeutial  to  the  success  of  this  method  that  the  pitch  of 
each  of  the  numerous  sounds  employed  should  be  definite,  and  ia 
particular  that  the  vibrations  of  any  fork  should  take  place  at  the 
same  rate  whether  that  fork  be  sounding  in  conjnnctiim  with  iU 
neighbour  above  or  with  its  neighbour  below.  There  ia  no  reason 
to  doubt  that  this  condition  is  sufficiently  satisfied  in  the  case  of 
independent  tuning-forks;  but  an  attempt  to  replace  forks  by  a 
set  of  reeJs.  mounted  side  by  aide  on  a  common  wind-chest,  has 
led  to  error,  owing  to  a  disturbance  of  pitch  by  mutual  inteN 
action '.] 

The  frequency  of  large  tuning-forks  may  be  determined  by 
allowing  them  to  trace  a  harmonic  curve  on  smoked  paper,  which 
may  conveniently  be  mounted  on  the  circumference  of  a  revolving 
drum.  The  number  of  waves  executed  in  a  second  of  time  gives 
the  frequency. 

In  many  cases  the  use  of  intermittent  illumination  described 
in  §  42  gives  a  convenient  method  of  determining  an  unknown 
frequency.  J 

61.     A  series  of  forks  ranging  at  small  intervals  over  an  octavH 

\  ia  veiy  useful   for   the   determination   of  the   frequency  of  si^H 

musical  note,  and  is  called  Scheibler's  Tonometer.     It  may  ^1^1 

be  used  for  tuning  a  note  to  any  desired  pitch.     In  either  caiH 

the  frequency  of  the  note  is  determined  by  the  number  of  beo^H 

which  it  gives  with  the  forks,  which  lie  nearest  to  it  (on  eM^| 

side)  in  pitch.  ^M 

Fur  tuning  pianofortes  or  organs,  a  set  of  twelve  forks  may  T^M 

naed  giving  the  notes  of  the  cbroaiatio  scale  on  the  equal  tetnp^| 

mment,  or  any  dusired   system.     The   oorrespondiug   notos  a^| 

sdjuHted  to  unison,  and  the  others  tuned  by  octavea     It  is  bett^H 

,   however,  to  prepare  the  forks  so  as  to  give   four  vibratiooH  p^| 

I  second  leaa  than  is  above  proposed.     Each  note  ls  then  lunwl  H 

I  little  higher  than  the  corresponding  fork,  until  they  give  wb^H 

I  sounded  together  exactly  four  beats  in   the  second.     It   will  ^M 
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od  ihat  the  addition  (or  subtractioa)  of  n  constant  number 
fnxjiiencies  is  not  the  same  thing  as  a  mtrre  displacement 
ACttle  in  absolute  pitch. 
In  the  ordinary  practice  of  tuners  a'  is  taken  from  a  fork,  and 
'  H-  cither  notes  determined  by  estimation  of  fifths.  It  will  be 
nn-iubered  that  twelve  true  fifths  are  slightly  in  excess  of  seven 
itvuK,  SO  that  un  the  equal  temperament  system  each  fifth  is  a 
'li!  flnt.  Thti  timer  proceeds  upwards  from  a'  by  successive 
'.\\\A,  coining  down  an  octave  after  about  every  alternate  step,  in 
Ib-j  to  remain  in  nearly  the  same  part  of  the  scale.  Twelve 
rhs  should  bring  hira  back  to  a.  If  this  be  not  the  case,  the 
i>rk  must  be  readjusted,  until  ail  the  twelve  fifths  are  too  flat  by, 
-  ii«arly  as  can  be  judged,  the  same  small  amount.  The  in- 
itable  error  is  then  impartially  distributed,  and  rendered  as  little 
iL^le  as  possible.  The  octaves,  of  course,  are  all  tuned  true. 
1  li'-  Collowing  numbers  indicate  the  order  in  which  the  notes  may 

•  taken: 

'i3  b  c    o'S  d'   d'i  e'  f'/'i  g'  g't  «■'  n'i  h'  c"  c"t  d"  rf"8  e" 
IS  5  16  8  ly   n  3  u'g    17   9     1    12  -(.    15   7     18    10   2 
In    practice    the    equal    temperament    is    only    approximately 
.'lained:  but  this  is  perhaps  not  of  much  consequence,  considering 
■  i, ii  the  system  aimed  at  is  itself  by  no  means  perfection. 

Violins  and  other  instruments  of  that  class  are  tuned  by  true 
■ifihafrom  a'. 

62.  In  illustration  of  forced  vibration  let  us  consider  the  case 
:"  a  pendulum  whose  point  of  support  is  subject  to  a  small  hori- 
mial  harmonic  motion.     Q  is  the  bob  attached  by  a  fine  wire  to 

,  moveable  point  }•.     OP  =  x„. ^  p 

'  V  =  /.  and  J  is  the  horizontal 

•  ordinate   of  Q.     Since   the 

itirations  are  supposed  small, 

;be   vcrtic&l    motion    mnv   be 

Iglecicd,  and   the  tension  of 

•  wire  tf(|uated  to  the  weight 
KQ.    Hence  for  the  horizontal 

tf  (;.-«:.) -0. 

L  Hinr  Xt  *  cos  pi ;  so  that  putting  g-i-l  =  "■',  our  equation  taljej 
^  form  Blnstidy  treated  of,  viz. 

» .f  «i  +  Ji'x  =Ec 


tiCHi  5  +  Ki  +  7 
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If  J)  be  equal  to  n,  the  motiou  is  limited  only  by  the  fricUoi 
The  aseuined  horizontal  harmonic  motion  for  P  may  be  realized  I 
means  of  a  second  pendulum  of  massive  construction,  which  carr 
P  with  it  in  its  motion.     An  efficient  aiTangement  is  shewn  i 
the  figure.     A.  B  are  iron  rings  screwed  into  a  beana,  or  other  fin 

FIQIS. 


support ;   C,  D  similar  rings  attached  to  a  stout  bur,  which  carrioi 
equal  heavy  weights  E,  F,  attached  near  its  ends,  and  is  support 
ill  a  horizontal  position  at  right  angles  to  the  beam  by  a  i 
passing  through  the  four  rings  in  the  manner  shewn.     When  t 
pendulum  b  made  to  nbrate,  a  point  in  the  rod  midway  betw 
C  and  H  executes  a  harmonic  motion  in  a  direction  parallel  t 
CD,  and  may  be  made  the  point  of  attachment  of  another  | 
duhim  PQ.     If  the  weights  E  and  F  be  ven,'  great  in  relalia 
to  Q,  the  upper  pendulum  swings  verj'  nearly  in  its  own  prupl 
period,  and  inducer  in  ^  a  forced  vibmtiou  of  the  same  period 
When  the  k'Ugth  PQ  is  so  adjusted  that  the  natural  periods  of  U 
two  pendulums  arc  nearly  the  same,  Q  will  be  thrown  into  violei 
motion,  even  though  the  vibration  of  P  be  of  but  ioconaider 
amplitude.     In  iKk  case  the  difference  of  phase  is  about  a  quat 
of  a  period,  by  which  amount  tho  upper  pendulum  iji  in  advi 
If  the  two  periods  bo  ven-  different,  the  vibmtii>n»  either  ■ 
ur  are  completely  oppoMid  in  phoM;,  acconling  to  equatioiu  ( 
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A  very  goo<i  example  of  a  foi-ced  vibmtion  is  afftu'ded  by 
E  antler  the  uifiuence  of  an  intermittent  electric  cuiTent, 
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i  period  is  nearly  equal  to  its  own.  A€B  is  the  tVirk ;  E  a. 
I  electro-magnet,  fonned  by  winding  insulated  wire  on  an  iron 
r  the  shape  shewn  in  E  (similar  to  that  known  as  "  Siemens ' 
inre'j,  and  supported  between  the  prongs  of  the  fork.  When 
nitteiit  current  is  sent  through  the  wbe,  a  periodic  force 
bpon  the  fork.  This  force  is  not  expressible  by  a  simple 
r  ftinction ;  but  may  be  expanded  by  Fourier's  theorem  in  a 
~-nes  of  such  functions,  having  periods  t,  J  t,  J  t,  &c.  If  any  of 
•.■,  of  not  too  small  amplitude,  be  nearly  isochi-onous  with  the 
-..  the  latter  will  be  caused  to  vibrate;  otherwise  the  effect  is 
,iiifieaut.  lu  what  follows  we  will  suppose  that  it  is  the 
■  iilele  period  t  which  nearly  agrees  with  that  of  the  fork,  and 
'iptiW(|iiently  regard  the  series  e.xpressing  the  periodic  force  as 

■kI  to  its  first  term, 
order  to  obt^n  the  maximum  vibration,  the  fork  must  be 
Dy  tunvd  by  a  small  sliding  piece  or  by  wax,  until  its  natural 
■-  d  (without  friction)  is  equal  to  that  of  the  force.     This  is  best 
r    by  actual  trial.     When  the  desired  equality  is  approached, 
(he  fork  is  allowed  to  start  from  rest,  the  foi-ce  and  com- 
iiL-ntaiy   free  vibration   ai-e   of  nearly  equal  amplitudes  and 
JL-Qcies,  and  therefore  (§  48)  in  the  beginning  of  the  motion 
ice  boiU.  whose  slowness  is  a  measiu'e  of  the  accui-acy  of 
uljiutmeut.     It  is  not  until  after  the  free  vibration  has  had 
lo  «ub)tide,  that  the  motion  aasumea  its  permanent  character. 
mUons  of  a  tuning-fork  properly  constructed  and  mounted 
bjvct  to  very  little  damping ;  consequently  a  very  slight 
I  from  perfect  isochronism  occasions  a  marked  falling  off 
intensity  of  the  resonance, 
!  amplitude  of  the  forced  vibration  can  be  observed  with 
i^fiL-^^'f  but  Lhe  eji^ej:mifi&.ul 
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veiification  of  the  relatioua  pointed  out  by  theory  between  i 
phase  and  that  of  the  force  which  causes  it,  requires  a  modifiq 
airaugement. 

Two  similar  electi-o-maguets  acting  on  similar  forks,  and  : 
eluded  iu  the  same  circuit  are  excited  by  the  same  intermitb 
current.  Under  these  circumstances  it  is  clear  that  the  syat 
will  be  thrown  into  similar  vibrations,  because  they  are  acted 
by  equal  forces.  This  similarity  of  vibrations  refers  both  to  ph 
and  amplitude.  Let  us  suppose  now  that  the  vibrations 
effected  in  perpendicular  directions,  and  by  means  of  one 
lissajous'  methods  are  optically  compounded.  The  resulting  fig 
is  necessarily  a  straight  line.  Starting  tioni  the  case  in  whi(^ 
amplitudes  ave  a  maximum,  viz.  when  the  natural  j>enodB  of  t 
forks  are  the  same  as  that  of  the  force,  let  one  of  tliem  be  pu 
little  out  of  tune.  It  must  be  remembered  that  whatever  tb 
natural  periods  may  be.  the  two  forks  librate  in  perfect  uaii 
with  the  force,  and  therefore  with  one  another.  The  prinoi 
effect  of  the  difference  of  the  natui-al  periods  is  to  destroy  i 
synchronism  of  phase.  The  straight  line,  which  previously 
presented  the  compound  \ibratiou,  becomes  an  ellipse,  and  t 
remains  perfectly  steady,  so  long  as  the  forks  are  not  touch 
Originally  the  forks  are  both  a  quarter  period  behind  the  f 
When  the  pitch  of  one  is  slightly  lowered,  it  falls  atill  more  behi] 
the  forc«,  and  at  the  same  time  its  amplitude  diminishes.  Let ' 
difference  of  phase  between  the  two  forks  be  e.  and  the  rata* 
amplitudes  of  vibration  a  :  «„,     Then  by  (6)  of  §  46 
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It  appears  that  a  considerable  alteratiou  of  phase  in  either 
direction  may  be  obtained  without  very  materially  reducing  the 
amplitude.  When  one  fork  is  vibrating  at  its  maximum,  the 
other  may  be  made  to  differ  from  it  on  either  side  by  as  much  as 
CO"  in  phase,  without  losing  more  than  half  its  amplitude,  or  by 
as  much  as  45",  without  losing  more  than  half  its  energy.  By 
allowing  one  fork  to  vibrate  45"  in  advance,  and  the  other  45" 
in  arrear  of  the  phase  corresponding  to  the  case  of  maximum 
resonance,  we  obtain  a  phase  difference  of  90"  in  conjunction  with 
^wi  equality  of  amplitudes.  Lissajous"  figure  then  becomes  a  circle. 
^^  [An  intei-mittent  electric  current  may  also  be  applied  to 
^H^late  the  speed  of  a  revolving  body.  The  phonic  lokeel,  in- 
^•(mted  independently  by  M,  La  Cour  and  by  the  author  of  this 
work',  ia  of  great  service  in  acoustical  investigations.  It  may  take 
various  fonns ;  but  the  essential  feature  is  the  approximate 
closing  of  the  magnetic  circuit  of  an  electro-magnet,  fed  with  an 
intermittent  current,  by  one  or  more  soft  iron  armatures  carried 
hy  the  wheel  and  disposed  symmetrically  round  the  circumference. 
If  in  the  revolution  of  the  wheel  the  closest  passage  of  the 
armature  sj-nchronises  with  the  middle  of  the  time  of  excitation, 
the  electro-magnetic  forces  operating  upon  the  armature  during 
its  advance  and  its  retreat  balance  one  another.  If  however  the 
wheel  be  a  tittle  in  arrear,  the  forces  promoting  advance  gain  an 
!idvantage  over  those  hindering  the  retreat  of  the  armature,  and 
thus  upon  the  whole  the  magnetic  forces  encourage  the  rotation. 
In  like  manner  if  the  phase  of  the  wheel  be  in  advance  of  that 
tii^t  specified,  forces  are  called  into  play  which  retard  the  motion. 
By  a  self-acting  adjustment  the  rotation  settles  donm  into  such 
a  phase  that  the  driving  forces  exactly  balance  the  resistances. 
When  the  wheel  runs  lightly,  and  the  electric  appliances  are 
moderately  powerful,  independent  driving  may  not  be  needed.  In 
this  case  of  course  the  phase  of  closest  passage  must  follow  that 
which  marks  the  middle  of  the  time  of  magnetisation.  If,  as  is 
sometimes  advisable,  there  be  an  independent  driving  power,  the 
phase  of  closest  passage  may  either  precede  or  follow  that  of 
magnetisation. 

In  some  cases  the  oscillations  of  the  motion  about  the  phase 

into  which  it  should  settle  down  are  very  persistent  and  interfere 

with   the   applications   of  the   instrument.     A   remedy  may   be 

ftjund  in  a  ring  containing  water  or  mercury,  revolving  concen- 

'  Suture,  May  23,  1878. 
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trically.  When  the  rotation  ia  uniform,  the  fluid  revolves  like  a 
solid  body  and  then  exercises  no  influence.  But  when  from  aoj 
cause  the  speed  changes,  the  fluid  pei-sists  for  a  time  in  the  former 
motion,  aud  thus  brings  into  play  forces  tending  tu  damp  out 

oscillations.] 

64  The  intermittent  cuirent  is  best  obtained  by  a  fork- 
interrupter  invented  by  Helmholtz,  This  may  consist  of  a  fork 
and  electro -magnet  mounted  sa  before.  The  wires  of  the  magnet 
are  connected,  one  with  one  pole  of  the  battery,  and  the  other  with 
a  mercury  cup.  The  other  pole  of  the  battery  is  connected  with 
a  second  mercury  cup,  A  U-shaped  rider  of  insulated  ivire  is 
carried  by  the  lower  prong  just  over  the  cups,  at  such  a  height 
that  during  the  vibi-ation  the  circuit  is  alternately  made  and 
broken  by  the  passage  of  one  end  into  and  out  of  the  mercury. 
The  other  end  may  be  kept  permanently  immersed.  By  means 
of  the  periodic  foi-ce  thus  obtained,  the  effect  of  friction  is  com- 
pensated, and  the  vibrations  of  the  fork  permanently  maintained. 
In  order  to  set  another  fork  into  forced  vibration,  its  associated 
electro-magnet  may  be  included,  either  in  the  same  driving-cireuity 
or  in  a  second,  whose  periodic  inten-uption  is  eflected  by  another 
rider  dipping  into  mercury  cups'. 

The  viodiis  opera^idt  of  this  kind  of  self-acting  instrument  is 
often  imperfectly  apprehended.  If  the  force  acting  on  the  fork 
depended  only  on  its  position — on  whether  the  circuit  were  open 
or  closed — the  work  done  in  passing  through  any  position  would 
be  undone  on  the  return,  so  that  after  a  complete  period  there 
would  be  nothing  outstanding  by  which  the  effect  of  the  frictioiud 
forces  could  be  compensated.  Any  explanation  which  does  not 
take  account  of  the  retardation  of  the  current  is  wholly  beside  thft 
mark.  The  causes  of  retardatiou  are  two :  irregular  contact,  and 
self-induction.  When  the  point  of  the  rider  first  touches  thi 
^mercury,  the  electric  contact  is  imperfect,  probably  on  account  nl 

^^Ht  hBVe  arranged  Kt'Vi-ral  llitemiplors  □□  llie  nbnie  jiliiu,  all  lh«  compoaol 
^Hkbrici;  of  hdmn  man  ufasttue,  Tbe  forks  were  mad«  bj  tLc  villas  blkolumitih 
Hn*  4Bps  cnntiiiled  o(  imn  tlilmhles,  soldered  nii  one  end  of  oi^iper  aliti*,  ■■ 
fortliBr  md  being  ecremij  doira  on  the  l"ii>e  botnl  of  ibe  iii*triiii>vit.  S^| 
mMna  ol  odjuititig  the  level  nt  tbo  mercury  lurtaoB  in  noceuwry.  Id  HaIioImH 
inUmiitcr  ■  borse-«boe  Ktcetro-nMgnet  cmbmcinR  Ibe  fork  !■  adoptad,  bul  I H 
lucliiwd  to  pmrcr  the  [irM*nt  airaagemxrit,  nl  any  r^lE  if  Ike  piU'li  tw  low.  ^ 
trmue  ctmn  ■  ercfttcr  motive  pnwur  1b  obtained  hj  a  licrw-iboo  nnuinet  aotiag  oin 
M>ll  itt>u  »niialni«  carrl*d  borixantall;  by  tbi  uppoi  piong  and  perjioiidieaUr  td-ll 


iiiL-ring  air.     Ou  th«  other  hand,  ia  leaving  the  mercury  tlie 

liEact  is  prolnuged  by  the  adhesion  of  the  liquid  in  the  cup  to 

■  amalgamated  wire.     On  both  accounta  the  current  is  retarded 

i>^hini!  what  would  correspond  to  the  mere  position  of  the  fork. 

Bat,  even  if  tlie  resistance  of  the  circuit  depended  only  on  the 

poddoQ  of  the  fork,  the  current  would  still  be  retarded  by  its  self- 

■niiiction.     However  perfect  the  contact  may  be,  a  finite  current 

iiiri^t  be  generated  until  after  the  lapse  of  a  finite  time,  any 

■le  than  in  ordinaiy  mechanics  a  finite  velocity  can  be  suddenly 

ipresaed  on  an  inert  body.     From  whatever  causes  arising',  the 

^< '-■I  of  the  reiardation  is  that  more  work  is  gained  by  the  fork 

:  inug   the  retreat  of  the  rider   from  the  mercurj',  than  is  lost 

during  ite  entrance,  and  thus  a  balance  remains  to  be  set  off 

agsinst  friction. 

If  the  magnetic  force  depended  only  ou  the  position  of  the  fork, 
the  phase  uf  its  first  harmonic  component  might  be  considered  to 
be  ISO*  in  sdt-ance  of  that  of  the  fork's  own  vibration.  The  re- 
taidatiioQ  spoken  of  reduces  this  advance.  If  the  phase-difference 
be  reduced  to  90",  the  force  acts  in  the  most  favourable  manner, 
and  the  greatest  poesible  vibration  is  produced. 

It  b»  important  to  notice  that  (except  in  the  case  just  referred 
■i  I  ihe  actual  pitch  of  the  interrupter  differs  to  some  extent  from 
:,  u  natural  to  the  fork  according  to  the  law  expressed  in  (5)  of 
,  *G,  c  being  in  the  present  case  a  prescribed  phase-difference 
i'  pending  on  the  nature  of  the  contacts  and  the  magnitude  of  the 
■If-ind'iction.  If  the  intermittent  current  be  employed  to  drive 
-•?coDd   fork,  the  maximum  vibration   is   obtained,  when   the 

-  'luwocy  of  the  fork  coincides,  not  with  the  natural,  but  with  the 
-iified  frequency  of  the  interrupter. 

The  deviation  of  a  tuning-fork  interrupter  from  its  natural 
;;ch  ia  practically  very  small ;  but  the  fact  that  such  a  deviation 

-  [xaEgble,  i»  at  first  .sight  rather  surprising.     The  explanation  (in 
the  cue  of  a  Muall  retardation  of  current)  is.  that  during  that  half 

t  motioD  in  which  the  prongs  are  the  most  separated,  the 

lagnet  acts  in  aid  of  the  proper  recovering  power  due  to 

',  (ind  so  naturally  raises  the  pitch.     Whatever  the  relation 

I  may  be,  the  force  of  the  magnet  may  be  divided  into 

•ind  reUtJatJan  might  be  obtained,  in  default  of  otber  meano,  b; 
»  rider,  uot  to  Uie  pcong  itself,  but  to  tbe  Turlber  end  ot  a  tight 
US  tKTTJtHl  by  lb«  prong  and  set  into  foroed  Tibnition  b?  the  motion  ot 
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two  parts  respectively  proportional  to  the  velocity  ami  displacemenL 
(or  acceleration).  To  the  first  exclusively  is  due  the  sustaining 
power  of  the  force,  and  to  the  second  the  alteration  of  pitch. 

66.  The  general  phenomenon  of  resonance,  though  it  cannot 
be  exhaustively  considered  under  the  head  of  one  degree  of 
freedom,  is  in  the  main  referable  to  the  same  general  principles. 
When  a  forced  vibration  is  excited  in  one  part  of  a  sygtem,  all 
the  other  parts  are  also  influenced,  a  vibration  of  the  same  perioii 
being  excited,  whose  amplitude  depends  on  the  constitution  of  the 
system  considered  as  a  whole.  But  it  not  unfreqiieutly  happens 
that  interest  centres  on  the  vibration  of  an  outlying  part  whose 
connection  with  the  rest  of  the  system  is  but  loose.  In  such  a  case 
the  part  in  question,  provided  a  certain  limit  of  amplitude  be 
not  exceeded,  is  very  much  in  the  position  of  a  system  posses-sing 
one  degree  of  freedom  and  acted  on  by  a  force,  which  may  be 
regarded  as  given,  independently  of  the  natural  period.  The 
vibration  ia  accordingly  governed  by  the  laws  we  have  akeady 
investigated.  In  the  case  of  approximate  equality  of  periods  to 
which  the  name  of  resonance  is  generally  restricted,  the  ampli- 
tude may  be  very  considerable,  even  though  in  other  cases  it 
might  be  so  small  ais  to  be  of  little  account ;  and  the  precision 
required  in  the  atljustment  of  the  periods  in  order  lo  bring  out 
the  effect,  depends  on  the  degree  of  damping  to  which  the  system 
is  subjected. 

Among  bodies  which  resound  without  an  extreme  precision  of 
tuning,  may  be  mentioned  stretched  membranes,  and  strings  asso- 
ciated with  sounding-boards,  as  in  the  pianoforte  and  the  ^' 
When  the  proper  note  is  sounded  in  their  neighbourhood,  tbei 
bodies  are  caused  to  vibrate  in  a  very  perceptible  manner, 
experiment  may  be  made  by  singing  into  a  pianofoite  the  ua 
given  by  any  of  its  strings,  having  first  raised  the  correspomlil 
damper.  Or  if  one  of  the  strings  belonging  to  any  note  be  plui ' 
{like  a  harp  string)  with  the  finger,  its  fellows  will  bt;  set  i 
vibration,  as  may  immediately  be  proved  by  stopping  the  finU  \ 

The  phenomenon  of  resonance  ia,  however,  most  striking' 
case*  where  a  very  Hccnrate  equality  of  periods  is  nee 
order  to  elicit  the  full  effc-ct.  Of  thin  claset  tuning-farka,  inoaatl 
uu  resonance  boxes,  are  a  conspicuous  example.  When  the  d 
i*  perfect  the  vibration  of  one  fork  will  be  tuken  up  by  attotfl 


RESONAXC'E. 


-ufficieiit  10  render  ihe  phenomenon  almost  insensible.     Forks 

2.1G  vibrutioTis  per  second  are  commonly  used  for  the  pui-pose, 

t  it  is  fouud  that  a  denatiou  from  iiniaon  giving  only  one  beat 

1  seooud  makes  all  the  difference.     When  the  forks  are  well 

■i  nil  close  together,  the  %ibration  may  be  ti-aneferred  back- 

:    .ui.]  forwards  between  them  several  times,  by  damping  them 

ly.  with  «  touch  of  the  finger, 

Itiatrationa  of  the  powerful  effects  of  isochronism  must  be 

iio  the  experience  of  every  one.     They  are  often  of  importance 

*e[y  different  tielfls  from  any  with  which  acoustics  is  concerned. 

I  ••xample,  few  things  are  more  dangerous  to  a  ship  than  to  He 

the  trough  of  the  sea  under  the  influence  of  waves  whose  period 

■\y  chat  of  its  own  natural  rolling. 


It  has  already  (§  30)  been  explained  how  the  super- 
of  two  vibrations  of  equal  amplitude  and  of  nearly  equal 
'-^lueocy  gives  riae  to  a  resultant  in  which  the  sound  rises  and 
ills  in  beata  If  we  represent  the  two  components  by  cos  '2vn,t, 
£irnil,  the  resultant  ts 

2co«-7r{H,-Ti,)(.C09'jr(n, +  «,)( (1): 

I  it  way  be  regai-ded  as  a  vibration  of  frequency  i  (»,  +  n.j).  and 

■Amplitude   ^costr(ii,  —  ii,)t.     lu    passiug    through   zero   the 

ililude  changes  sign,  which  is  equivalent  to  a  change  of  phase 

p80',  if  the  amplitude  he  regarded  as  always  positive.     This 

Bge  iif  phase  is  readily  detected  by  measurement  in  drawings 

J  by  machines  for  compounding  vibrations,  and  it  is  a  feature 

•at  importance.   If  a  force  of  this  character  act  upon  a  system 

:ii>*c  natural  frequency  is  J  (ni  +  «,),  the  effect  produced  is  coin- 

^■jriitively  small     If  the  system  start  from  rest,  the  successive 

mlaee  cooperate  at  first,  bnt  after  a  time  the  later  impulses 

"  1  Co  destroy  the  effect  of  former  ones.     The  greatest  response 

1  be  given  to  forces  of  frequency  Oi  and  n.,  and  not  to  a  force 

iquency  J("i-f  n,). 

e  experiments  of  Prof  A.  M.  Mayer ',  an  othenvise 

y  soaod  is  rendered  intermittent  by  the  periodic  interposition 

I  obstacle,  tt  very  different  result  is  arrived  at.     In  this  case 

Kphase  IB  resumed  after  each  silence  without  reversal.     If  n 

i  of  this  chai'act^r  act  upon  an  isochronous  system,  the  effect 

(  llian  if  there  were  no  intermittence;  hut  as  all  the 
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impulses  operate  in  the  same  sense  without  any  antagonism,  I 
respouse  is  powerful.  One  kiuii  of  intermittent  vibration  or  fi> 
is  represented  by 

2{l+cos2-Trmt)cos27nit (2] 

in  which  n  is  the  freiiueucy  of  the  vibration,  and  m  the  fi-equei 
of  intermittence '.  The  amplitude  is  here  always  positive,  a 
varies  between  the  values  0  aud  i.  By  ordinarj'  tngonometri( 
transformation  (2)  may  be  put  in  the  form 

2coB27rw(  +  cos27r(ii,  +  m)(  +  cos2'jr(ii-m)( (3): 

which  shews  that  the  intermittent  vibration  in  question  is  equiv 
lent  to  three  simple   vibrations   of  frequencies  n,  n  +  j 
This   is   the   explanation   of  the  secondary  sounds   observed 
Mayer. 

The  form  (2)  is  of  course  only  a  particular  case.  Another 
which  the  intensity  of  the  intermittent  sound  rises  more  suddeo 
to  its  maximum  is  given  by 

icos^irmtcoai'mit  (4X 

which  may  be  transformed  into 

I  COB  2Trn(  +  cos  Ztt (h  +  vi)  t  +  cos  2w  (n  -m)t 

+  i  cos  Sir  (n  +  2w)  (  +  J  cos  Sir  (n  -  2ni)( (5). 

There  are  here  four  secondarj-  sounds,  the  frequencies  of  I 
two  new  ones  differing  twice  as  much  as  before  from  that  of  t 
primary  sound. 

The  theory  of  intermittent  vibrations  is  well  illustrated  1 
electrically  driven  forks.  A  fork  interrupter  of  frequency  1 
gave  a  periodic  current,  by  the  passage  of  which  through  i 
electro-magnet  a  second  fork  of  like  pitch  could  be  excited, 
action  of  this  current  on  the  second  fork  conid  be  rendered  intc 
mittent  by  short-circuiting  the  electTO-magnet.  This  was  effect 
by  another  intemipter  of  frequency  4,  worked  by  an  indep«nd 
current  from  a  Smee  cell.  To  excite  the  main  current  a  f 
cell  was  employed.  When  the  contact  of  the  second  interrop 
wax  piTmatiL'ntly  broken,  so  that  the  main  current  paased  ( 
tinuously  through  the  electro-magnet,  the  fork  wa.s,  of  coui 
most  poweri'ully  affected  when  tuned  to  128.  Scarcely 
response  was  observable  when  the  pitch  was  changed  to  124 
132.     But  if  the  second  interrupter  were  allowed  to  operate,  m 

'  Crum  Brawn  uij  Tnil.     F-din.  I'roe.  June,  HTM.     Aaooiticul  Obnrn^ 
Phil.  Ua.j.  April,  IWO.  
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^^■Her  th«  periodic  current  through  the  electro-magnet  mter- 
■'^^Dt,  then   the  fork  would  respond  powerfully  when  tuned  to 

■  1  -r  132  as  well  as  when  tuned  to  128,  but  uot  when  tuned  to 
^N^rmcciiate  pitches,  such  as  126  or  130. 

^^Kbo  operation  of  the  intermittence  in  producing  &  sensitive- 
^^Htrbich  would  uot  otherwise  exist,  is  easily  understood.  When 
^^^p  of  frequency  124  starts  from  rest  under  the  influence  of  a 
^^Hof  frequency  128,  the  impulses  cooperate  at  first,  but  after  | 
^^■"econd  the  new  impulses  begin  to  oppose  the  earlier  ones, 
^^^r  J  of  tt  second,  another  series  of  impulses  begins  whose  effect 
.r-^es  with  that  of  the  first,  and  so  on.    Thus  if  all  these  impulses 

■  allowed  tv  act,  the  resultant  effect  is  trifling;   but  if  every 
-ii-m&te  sericfi  is  stopped  off,  a  large  vibration  accumulates. 

Till.  16  a. 


The  most  general  e.\prB3siun  for  a  vibration  of  frequency  ii, 
whose  amplitude  and  phase  are  slowly  variable  with  a  frequency 


wno«t!  aiupuiu 
■  l1,+J,cos 

I    "^1     +A»iu 


l,+ J,cos2'ir»t(-t- JiCoa4iTr;/i(  + j4|,cos6Tri7((-l- ... 

+  £|Biii  2irm(  +  i(,ain  iTrmt  +  jBjsin  6Tr«ii  +  ... 

?,  cos  2^rmt  +  Cj  cos  iirvit  +  d  cos  dirvit  +  ...' 

3,8111 2wnt  +  A  sin  itnnt  +D,  aiu  Ginnt  +  ■■-, 


sin  iimt 

(6); 


111  thb  applies  both  to  the  case  of  beats  (e.g.  if  A,  only  be  finite) 
'  I  tu  such  iutcmiittence  as  is  pi-oduced  by  the  interposition  of 
:  obstacle.  The  vibration  ui  question  is  accordingly  in  all  cases 
I  uivatenl  to  a  combination  of  simple  vibi-ationa  of  frequencies 
w.  n  +  m.  M-wi,  11  + tm,  ii-2iit.  Sic. 
It  may  be  well  here  to  emphasise  that  a  simple  vibration 
plies  infinite  continuance,  and  does  not  admit  of  variations  of 
■ivv  or  amplitude.  To  suppose,  as  is  sometimes  done  in  optical 
-  •.'ulntions,  that  a  train  of  simple  waves  may  begin  at  a  given 
..cb,  continue  for  a  certain  time  involving  it  may  be  a  large 
gej^K^^iiltuoatelj'  cea«e,  is  a  contradiction  in  terms. 
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66.     The  solntiua  of  the  etfuation  for  free  vibration,  viz. 

ii  +  Ka  +  n'ii  =  0 (1). 

may  be  put  into  another  form  by  expreSKUig  the  arbitrary'  con- 
sUat«  of  integratioD  A  and  a  in  terms  of  the  initial  values  of  " 
and  u,  which  we  may  denote  by  u^  and  u^     We  obtain  at  once 

_, ,  ( .  sin  n't         I        ,,       «    -      „\] 

u=eH«'Ju,  —^  J,  K,(co8n(  +  g-, siiinnt (2). 

where  n'  =  v'n'  —  J*'. 

If  there  be  no  fiiction,  «  =  0,  and  then 

.  sinitt  ,              ,  ,-. 

»  =  Ua +MeC03n( (3). 

The«e  results  may  be  employed  to  obtain  the  solution  of  the 
complete  equation 

u  +  Kii  +  n'4i=  U (4), 

where  C/^isao  explicit  function  of  the  time;  for  &om  (S)  we  aee 
that  the  effect  at  time  (  of  a  velocity  fiii  communicated  at  time 
fis 

The  effect  of  17  is  to  generate  in  time  rfC  a  velocity  UdH ,  whose 
result  at  time  t  will  therefore  be 

(t  =  -,  raCc-l' "-'''ain  «'  (( -  C), 

and  thus  the  solution  of  (4)  will  bis 

"  =  ,7  r«^""'''  8'n  «'(*  -0  ^dt (fi). 

If  there  be  no  friction,  we  have  simply 


=  -i'sinH((-OP"rfe'. 


.(«). 


U  being  the  force  iit  time  (', 


The 


r  limit  of  the  intcg 


r  arbitrary,  but  i' 
On  this  supposition  u  and  u  as  given  by  (6)  vanish, 


ji-nerally  be  convenient  to  make  it  zero. 


t  =  0,  and  the  complete  solution  is 


( .  sin  n't 


+  «. 


foosn't  +  ^T-.w 


+  -,!>*•»-"  MD  «■((-(■)   CdC. 
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here  he  no  rrictioii 

«  =  H."'*"  +  «,co8ii(  +  -|  sin n(t-t')Udt' (8). 

Tien  (  U  sufficiently  great,  the  complementary  terms  tend  to 
1  on  account  of  the  factor  fl~*"',  and  may  then  be  omitted. 

la.  In  I  66  we  have  limited  the  discu^on  to  the  case  of 
est  acoustical  importance,  that  is,  we  have  supposed  that  ii' 
lI,  as  happens  when  n'  is  positive,  and  «r  not  too  great.  But 
te  geneial  treatment  of  the  problem  of  free  vibrations  is  not 
ml  interest.  Whatever  may  be  the  values  of  n'  and  «,  the 
inn  of  (1)  §  66  may  be  expressed 

u.  =  Ae"' +  B  €'•' (1), 

e  ih.  f*t  sire  the  roots  of 

ft^  +  Kfi  +  >i'  =  0 (2). 

le  case  already  discussed  is  that  in  which  the  values  of  /l  are 
inary.  The  motion  is  then  oscillatory,  with  amplitude  which 
«»e8  if  «  be  positive,  but  increases  if  «  be  negative. 
tut  if  n',  though  positive,  be  less  than  ^ic'',  or  if  n^  be  negative, 
ecomes  imaginary,  that  is  /j.  becomt-s  i-eal.  The  motion 
iiressed  by  (1)  i»  then  non-oscillatoiy,  and  it  depends  upon  the 
..Ti  of  It  whether  it  increases  or  diminishes  with  the  time.  From 
iolution  of  (2),  viz. 

M  =  -4«±iV<«'-+'i=) (3), 

evident  that  if  n'  be  positive  (and  less  than  ^jk*)  the  two 
yf  fi  are  of  the  same  sign,  and  that  the  sign  is  the  opposite 
,t  uf  ic.  Hence  if  k  be  positive,  both  terms  in  (1)  diminish 
I  the  time,  so  that  the  system,  however  disturbed,  subsides 
>  a  state  of  rest.  If,  on  the  contrary,  k  be  negative,  the 
creases  without  limit, 
have  slill  to  consider  the  case  of  n.-  negative.  The  real 
t  are  then  of  opposite  signs.  It  is  possible  so  to  start 
from  a  displaced  position  that  it  shall  approach  asymp- 
e  condition  of  rest  in  the  configiu-ation  of  equilibrium ; 
as  a  special  relation  between  displacement  and  velocity  is 
tbu  motion  tends  to  increase  without  limit.  Under  these 
ices  the  equilibrium  must  be  regarded  as  unstable.  In 
stability  requires  that  «'  and  k  be  both  positive. 

hf^  be  out  q£  fl&ce  as  to  the  effect  of  a,t\  vm- 
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pressed  force  upon  a  staticallj'  unstable  system.  If  in  §  46  i 
suppose  K=0,  the  sulutiou  (7)  does  uot  change  its  form  merely 
because  71'  becomes  negative.  The  Fact  that  a  system  is  suscep- 
tible of  purely  periodic  motion  under  tha  operation  of  an  estercal 
periodic  force  is  therefore  no  evidence  of  stability. 

67.  Fur  muBl  acoustical  purposes  it  is  sufficient  to  consider 
the  vibrations  of  the  sj'stema,  with  which  we  may  have  to  deal, 
as  infinitely  small,  or  rather  as  similar  to  infiuitely  small  vibra- 
tions. This  restriction  is  the  foundation  of  the  important  laws 
of  isuchronism  for  free  vibrations,  and  of  persistence  of  perjixi 
for  forced  \4brations.  There  are,  however,  phenomena  of  a  sub- 
ordinate but  not  insignihcaut  character,  which  depend  essentially 
on  the  square  and  higher  powers  of  the  motion.  We  will  therefore 
devote  the  remainder  of  this  chapter  to  the  discusBion  of  the 
motion  of  a  system  of  one  degree  of  freedom,  the  motion  not  being 
so  small  that  the  squares  and  higher  powers  can  be  altogether 
neglected. 

The  approximate  expressions  for  the  kinetic  and  jiotential 
energies  will  be  of  the  form 

r=i{m,+m,«)ii',   r=  i(^ -I- ;*,")"'- 

If  the  sum  of  T  and    V  be  differentiated  with  respect  to  the 
time,  we  find  as  the  equation  of  motion 

mji+fi^v  +  iui»u+  ^miU'  +  ^fi.iU' =  Impressed  Force, 
which  may  be  treated  by  the  method  of  successive  approximatiotL 
For  the  sake  of  simplicity  we  will  take  the  case  where  m,  «0,  | 
a  supposition  in  no  way  affectinj^  the  essence  of  the  questioD.J 
The  inertiii  of  the  system  is  thus  constant,  while  the  force  oB 
restitution  is  a  composite  function  of  the  displacemL'Ut,  partly  pro9 
portional  to  the  displacement  itself  and  partly  proportional  ,^H 
its  »)uare — accordingly  unsymmetricai  with  respect  to  the  potdt^^l 
of  equilibrium.  Thus  for  free  vibrations  our  equation  is  of  ^H 
form  ^H 

B  +  ,,'«+.„'.0 (1).^ 

with  the  appi'uximate  solution  ^M 

>t  =  A  coant (SK^I 

whi^re  A — the  amplitude — is  to  be  treated  as  a  aniall  quaoUty.  ^M 

Substituting  the  valne  of  »    expreeeetl  by  (2)  in  the  I^H 

l«nii,  wu  find  ^H 


TERMB  OF  THE  SECOND   ORDER. 


ibeoo;  for  a  seciMiU  approximation  M  the  Talae  of  h 

■>-AcmU-fJ.^'^co,lM (3)j 

i.-»irig  that  the  proper  tone  (i»)  of  the  sj-steta  is  aooomponied 
'IV  its  octape  (2«),  wb(»e  relative  importance  increases  with  the 
j:iiplit«de  of  vibration,  A  trained  ear  can  generally  perceive  the 
"lATt  in  the  sound  of  a  tnning-fork  caused  to  ribrate  strongty  by 
jjr-au»of  a  bow,  and  with  the  aid  of  appliances,  to  be  explained 
iier,  the  existence  of  the  octave  may  be  made  manifest  to  any 
ht'.  By  following  the  fsnie  method  the  approximation  can 
.•  carried  further ;  but  we  pass  ou  now  lo  the  ca%  of  a  system 
vbicb  the  recovering  power  is  symnK-trical  with  respect  to 
podtion  of  eiiuiUbriam.  The  eijuatiou  of  motion  is  then 
.tely 

a  +  .i'i«  +  ^ir*  =  0 (4), 

hich  may  be  undentood  to  refer  to  the  vibrations  of  a  heavy 
ndnlum,  'T  of  a  load  carried  at  the  end  of  a  straight  spring.  . 
If  we  take  as  a  first  approximadon  v=A cos nt,  correspcmding 
0,  and  eabstitute  in  the  term  multiplied  by  0,  we  get 


u  =  —    —  COS  3n(  - 


-  008  lit. 


:  to  the  Uft  term  of  this  e^^uation,  we  should 

in   tlte   sotntioD  a  term   of  the  fonn  t  siti  ai,  becoming 

r  without  limit  with  I.    This,  as  in  a  parallel  case  in  the 

'  Theury,   indicates  that  oar  asumed  first  ^proximation 

t  rv«Uy  an  approximatitm  at  all.  or  at  least  does  not  continue 

t  such.    If,  however,  we  Uke  as  oor  starting  point  ii  =  J  cos  mi, 

b  a  suitable  value  fiiv  m,  we  shall  find  that  the  solution  may 

boQ^lcted  with  the  aid  of  periodic  tenos  only.     In  fact  it  is 

[brehaod  ttiat  all  we  are  entitled  to  assume  is  that  the 

i  appRfxinkately   simple   harmonic,   with   a   period   ap- 

't  the  81104^  a*  if  ^  =  0.     A  very  slight  examination 

■ol  Ut  »hew  that  the  term  van,-iog  as  if,  not  only  may, 

I   aSert   the   period.     At   the   same  time  it  is  evident 

oliHi'ii,    ill    which   the  period  is  aannied  wrongly,  no 

'.'  length  oease  to  represent  the  motion 

-iicy.  _ 

'jjjirDximate  equation 

^A'          ,     0A' 
-^— '—-•-      -Qw^mt (,i\ 
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of  which  the  solution  will  be 


0A'    cos  Zmt 


..(6), 


piovidfd  that  m  be  takeu  bo  as  to  satisfy 


J  (-,„.  +  „.). 


3BA- 


■W 


The  term  in  (i  thus  produces  two  effects.     It  alters  the  pitc 
of  the   fundamental  vibi-ation,  and  it   introduces  the  twelfih 
a  necessary  accompaniment,     The  alteration  of  pitch  la  in  moi 
cases  exceedingly  small — depending  on  the  square  of  the  amplitud 
but  it  is  not  altogether  insensible.     Tuning-foiks  generally 
a  little,  though  very  little,  in  pitch  as  the  vibration  dies  a 
It  may  be  reraaiked   that  the  same  slight  dependence  of  f 
on   amplitude   occui-s   when   the   force   of  restitution   is  of  t1 
form  n'«  +  an',  as  may  be  seen  by  continuing  the  approsimatit 
to  the  solution  of  (1)  one  step  further  than  (3).     The  result  in  tl 


2^ 
QtC 


(8)' 

The  difference  m^  —  «'  is  of  the  same  order  in  A  in  both  caa 
but  in  one  retfpect  there  is  a  distinction  worth  noting,  aamt 
that  in  (8)  m'  is  always  less  than  ji',  while  in  (7)  it  depends 
the  sign  of  ^  whether  its  effect  is  to  raise  or  lower  the  pil 
However,  in  most  cases  of  the  unsymmetrical  class  the  cl 
of  pitch  would  depend  partly  on  a  term  of  the  foim  ««' 
partly  on  another  of  the  form  ^ii'.  and  then 

""•'•-^f*T w 

[In  all  cases  where  the  period  depends  upon  uinplitude,  it 
necessarily  an  even  function  thereof,  a  change  of  sign  in  the  am[ 
tudft  being  merely  equivalent  to  an  alteration  in  phase  of  180'.] 

68.  We  now  pass  to  the  consideration  of  the  vibrati 
forovd  on  an  unsymmetrical  8;,-8tein  by  two  harmonic  forces 

'  IX  oonvellon  it  heta  iatrodnnd,  tba  dbcsmUt  Im  which  km  poiiOad  out  10 
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It  iijuatioD  of  motiou  is 

a  +  n'^i  =  —  ai^  ■{•  E  cos  pt  4-  F  cos  {ijt-  e\ (1). 

I  Totind  a  first  approximation  we  neglect  the  term  containing 
I  Thus 

II  =  e  CQB  pt +/ cos  {<jt-e) (2), 

,.   ^,    /--/-. (3). 

I  SubstituliDg  this  iu  the  term  multiplied  by  a,  we  get 
u+ n^u  =  E cos pt  +  F cos {qt~  e) 

+  f/cos  l(i)  +  9)  ( -  el    , 
lice  lie  a  eecoud  approxliuation  for  ii 
» -ec^mpt  +/COS (r/l-,)- ^-^~-  - 2 (-,f_ 4j,,) «■» 2f< 

-„T^7f^y'«i(P  +  0'-<\ (*)■ 

iThe  additional  teiins  represent  vibrations  having  fiequencies 
acb  are  sevcmlly  the  doubles  and  the  sum  and  difference  of 
fhi(«'  of  the  primaries.  Of  the  two  latter  the  amplitudes  are 
i''"ptirtional  to  the  product  of  the  original  amplitudes,  shewiog 
t^t  the  derived  tones  increase  in  relative  importance  with 
^B  intensity  of  their  parent  tones. 

^BSSa.  If  an  isolated  vibrating  system  bt;  subject  to  internal 
^HipatiTC  influences,  the  vibrations  cannot  be  permauent,  since 
^Hr  are  dependent  upon  an  initial  store  of  energy  which  suffers 
^^HDal  exhaustion.  In  order  that  the  motion  may  be  maintained, 
^Hvibrating  body  must  be  in  connection  with  a  source  of  energ}'. 
^B  have  already  considered  cases  of  this  kind  under  the  head  of 
^Had  ribrutiuns,  where  the  system  is  subject  to  foi-ces  whose 
^BlitaU*.-  Olid  phaae  are  prescribed,  uidependeiitly  of  the  be- 
^BooT  of  the  system.  Such  forces  may  have  their  origin  iu 
^Hiving  mechanism  (such  as  electric  alternators)  governed  so  as 
^Kiuvc  at  a  uniform  speed.  But  more  frequently  the  forces 
^Btt  couaideration  depend  upon  the  vibrations  of  other  systems. 
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and  then  the  question  as  to  how  the  vibrations  are  to  be  i 
lained  represents  itself.  A  good  example  is  atToi-ded  by  the  c 
already  discussed  (§§  tiS,  65)  of  a  t'urk  maiotained  iu  vibratiS 
electrically  by  means  of  currents  governed  by  a  fork  interrupt^ 
It  has  been  pointed  out  that  the  performance  of  the  latd 
depends  upon  the  magnetic  forces  operative  upon  it  diffetiag  1 
phase  from  the  vibrations  of  the  fork  itself.  With  the  iuterrupbq 
may  be  classed  for  the  present  purpose  almost  all  acoustical  e 
musical  instruments  capable  of  providing  a  sustained  sound, 
may  suffice  to  mention  vibrations  maintivined  by  wind  (orgi 
pipes,  hai'monium  reeds,  ^olian  haips,  Slc),  by  heat  (singi 
Hames,  Rijke'a  tubes,  &c.),  by  friction  (violin  strings,  fingt 
glasses),  and  the  slower  vibi'atioos  of  clock  pendulums  and  watq 
balance- wheels. 

In  considering  whether  proposed  forces  are  of  the  right  kin 
for  the  maintenance  or  encouragement  of  a  ^'ibration,  it  is  ofb 
ooDveuient  to  regard  them  as  reduced  to  impulses.     Suppose,  1 
take  a  simple  case,  that  a  small  horizontal  positive  impnlse  s 
upon  the  bob  of  a  vibrating  pendulum.     The  effect  depends,  f 
course,  upon  the  phase  of  the  vibration  at  the  instant   > 
impulse.     If  the   bob   be   moving   positively  at   the   instant   ; 
question  the  vibration  is  encoui'aged,  and  this  effect  is  a  m 
when  the  positive  motion  is  greatest,  that  is,  when  the  impuU 
occurs  at  the  moment  of  positive  movement  through  the  postdJ 
of  equilibrium.     This   is  the   condition   of  things   aimed   at  1 
designing  a  clock  escapement,  for  the  effect  of  the  force  is  theni 
maximum  in  encouraging  the  Wbi'ation,  and  a  minimum  (zero  i 
the  first  order  of  approximation)  iu  disturbing  the  period, 
course,  if  the  impulse  be  half  a  period  earlier  or  later  than  | 
above  supposed,  the  effect  is  to  discourage  the  vibration,  agt 
without  altering  the  period.     In  like  manner  wc  seu  that  if  tht 
impulse  occur  at  a  moment  of  maximum  elongation  the  effect  itfM 
«i)ucent rated  upon   the  period,  the  vibration  being  neither  i 
cotiraged  nor  discouraged. 

In  most  cases  the  force  acting  u])on  a  vibrating  sysivm  ifl 
virtue  of  iu  connection  with  a  suurce  of  energy  may  be  regard^T 
us  harmomc.  It  may  then  bv  divided  into  two  partA,  < 
portional  to  the  displaccmunt  ti  (or  to  the  acceleration  U).  t 
aecund  proportiooal  to  the  velocity  u.  1*he  inclusion  of  sat] 
forc«t  doc«  uo(  alt<r  the  forni  of  the  equation  of  vibrattou 
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the  lirei  part  (proportional  to  u)  the  pitch  is  modified,  and  by 
seoood  thu  coefficient  of  decay.  If  the  altered  «  be  still 
-itive,  vibrations  gradually  die  down ;  but  if  the  effect  of  the 
Iiided  forces  be  to  render  k  negative,  vibrations  tend  on  the 
itrary  to  increase.  The  only  case  in  which  according  to  (1)  a 
i.Jy  vibration  ia  possible,  is  when  the  complete  value  of  k  is 
I  ■,  If  this  condition  be  satisified,  a  vibration  of  any  amplitude 
-  [T^nnaneiitty  maintained. 

When  K  is  negative,  so  that  small  vibrations  tend  to  increase, 
[■oint  ia  of  course  soon  reached  beyond  which  the  approximate 
.  latioQH  cease  to  be  applicable.  We  may  form  au  idea  of  the 
-ic  of  ihiugB  which  then  arises  by  adding  to  equation  (I)  a 
mi  proportional  to  a  higher  power  of  the  velocity.     Let  us  take 

U-^Ku  +  K'u'  +  n'a=0 (2), 

'<  H'hich   K   and  k'  are  supposed  to  be  small  quLtntities.     The 
[iproxiiDBte  solution  of  (2)  is 

«  =  .^8inn(  +  ^^'cos3H( (3), 

I:  which  A  is  given  by 

*  +  3*'h'.4'  =  0 (4). 

>  I  >m  (4)  we  see  that  no  steady  vibration  is  possible  unless  k  and 
■  nave  opposite  signs.  If  k  and  *'  be  both  positive,  the  vibration 
ill  cases  dies  down;  while  if  k  and  k  be  both  negative,  the 
[iration  (according  to  (2))  increases  without  limit.  If  «  be 
•galjve  and  k'  positive,  the  vibration  becomes  steady  and 
. -iimea  the  amplitude  determined  by  (4).  A  smaller  vibration 
I  Teases  up  to  this  point,  and  a  larger  vibration  falls  down  to  it. 
'  "II  ihr  other  hand  «  be  positive,  while  k'  is  negative,  the  steiidy 
>ii>ration  nbstractedly  possible  is  unstable,  a  departure  in  either 
direction    from    the   amplitude  given   by  (4)   tending  always  to 


68&.  Wc  will  uow  consider  briefly  another  and  a  verj'  curious 
111  of  m«inteuaiice,  of  which  the  peculiarity  is  that  the  maintain- 
.'  intiueuce  operates  with  a  frequency  which  is  the  double  of 
'  >t  ot  the  vibration  maintained.  Probably  the  best  known 
■  .luplf  w  that  form  of  Molde's  experiment,  in  which  a  fine  string 
-  inAintAined  in  transverse  vibration  by  connecting  one  of  its 
iirfoaicit*  with  the  vibrating  prong  of  a  massive   tuning-fork. 
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the  direction  of  motion  of  the  point  of  attachment  being  paraUet  ta 
the  length  of  the  string.  The  effect  of  the  motion  ia  to  render 
the  tension  of  the  string  periodically  variable;  and  at  first  sight 
there  is  nothing  to  cause  the  string  to  depart  from  its  equiiibrinm 
condition  of  straightnesa.  It  is  known,  however,  that  under  tht-s^' 
circumstances  the  equilibrium  may  become  unstable,  and  that  tht 
string  may  settle  down  into  a  state  of  permanent  and  vigorous 
vibration,  whose  period  is  the  double  of  that  of  the  fork. 

As  a  simpler  example,  with  but  one  degi-ee  of  freedom,  we 
may  take  a  pendulum,  formed  of  a  bar  of  soft  iron  and  vibratiog 
upon  knife-edges.  Underneath  is  placed  symmetrically  a  vertical 
bar  electro-magnet,  through  which  is  caused  to  pass  an  electric 
current  rendered  intermittent  by  an  iuten-upter  whose  frequency 
is  twice  thai  of  the  pendulum.  The  magnetic  force  does  not  teU 
to  displace  the  pendulum  from  its  equilibrium  pc^liun,  F 
produces  the  same  sort  of  effect  as  if  gravity  were  subject  fc 
periodic  variation  of  intensity. 

A  similar  result  is  obtained  by  causing  the  poiDt  of  suppi 
of  the  pendulum  to  vibrate  in  a  vertical  path.  If  we  denote  ll 
motion  by  j;  =  y9  sin  2pi,  the  effect  is  as  if  gravity  were  variable 
the  term  4j)'y3  sin  2/j(. 

Of  the  same  nature  are  the  crispatioiis  observed  by  Fai 
and  othei-s  upon  the  surface  of  water  which  oscillates  vert 
Faraday  arrived  expenmentally  at  the  conclusioa  that  there  w 
two  complete  vibrations  of  the  support  for  each  complete  vth 
tion  of  the  liquid. 

In  the  following  investigation',  relative   to  the  case  of  \ 
degree  of  freedom,  we  shall  start  with  the  assumption   that 
steady  vibration  is  in  progress,  and  inquire  under  what  conditicq 
the  assumed  state  of  things  is  possible. 

If  the  force  of  restitution,  or  "spring,"  of  a  body  suscuptil 
of  vibration   be   subject   to   an   imposed  periodic   variutiou, 
differential  equation  takes  the  form 

w+nei -!■(«' -2a sin 2;rf)M  =  0 (1), 

in  which  «  and  a  are  supposed  to  be  small.    A  similar  equi 
would  npply  appniximatoly  to  the  case  of  »  peritxJic  vanation  i 
the  effective  uiavs  of  the  body.     The  motion  expn-ssed   by  J 
^glDttoii  uf  (11  tyiii  bif  regular  only  when  it  keifw  tLrfccr    ti, 

^^H  '  n».  Tram.  IHSI,  p.  IKIU. 
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Bpose<l  varintions.     It  will  appear  that  the  neceaeary 
<ti<litioDfi  cauoot  be  satisfied  riguruii^ly  by  any  simple  hannomc 
I  ration,  but  wc  may  assume 
"  A,  laa  pt+Bi  cos  i)t 

+  A,  sin  9pt  +B,co8  3pt  +  A,  sin  Bpt  + (2), 

.  ^hlch  it  is  not  iieocsKary  to  provide  for  sines  and  cosines  of  even 

I    t'aplcs  of  pt.     U  the  ftssiimption  be  justifiable,  the  solution  in 

i  I  ninrt  be  wjnvergent.    Substituting  in  the  differential  equation, 

.ri>i  equating  to  zero  the  coefficients  of  sin  pt,  cos  pt,  &c,  we  find 

A,(»'-p')-KpB,~aB,  +  aB,  =  0. 

B,[ii^-jr)+  icpAt~aAi-aAj  =  0; 

A,  (,«'  -  9p')  -  9KpB,-aB,  +  aBs  =  ", 

ft  (n'-dffy+S-epA.  +  aA,  -ttA,  =  0; 

At  in'  -  25;)')  -  5KpBi  -  aB,  +  aB,  =  0, 

ft  (n' -  25/y)  +  oKpA,  +  lAi  -aA,  =  0; 


•hencu 


..(3), 


These  etjuatious  shew  that  A^,  B,  are  of  the  order  a  relatively 
Ji,  ft;  that  A;,  ft  are  of  order  a  i-eiatively  to  A„  ft,  and 
'>B.  If  we  omit  A,.B,  in  the  first  pair  ot  equations,  we  find 
i  first  approximation, 

A,{n'-p')-(Kp-i-a)B,=0. 

A,(Kp-a)  +  {n?  -p')  ft  =  0 ; 

B,  ^  „5  _  jj>  ^  a~Kp  ^  VC"  -  tp) 

A,     Kp+a     n^  —p'     v'{fl+  icpj'" 

■I  {n'~p'Y  =  a.'-KY    (4). 

Tlins.  if  a  be  given,  the  value  of  p  necessary  for  a  regular 
ilion  i«  definite  ;  and  p  having  this  value,  the  regular  motion  is 

u  =  Psin(^(  +  f), 

which  t,  being  equal  to  tan"'  (ft/J,),  is  also  definite.     Ou  the 

j'.r  hand,  its  is  evident  at  once  from  the  linearity  of  the  original 

lation,  there  is  nothing  to  limit  the  amplitude  of  vibration. 

T^         characteristics   are   preserved   however   far  it  may  be 

■-■  pursue  the  approximation.     If  A^^,,  ft,„+i  may  be 

I . :  lie  first  hi  pairs  of  equations  determine  the  ration  of  all 

..-■Qts,  leaving  the  absolute  magnitude  open;  and  they 

[ther  an  equation  connecting  p  and  a,   by  which  the 
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For  the  second  approxiraatioQ  the  (iecuiicj  pai( 


[68 
of  equatU 


give 


««, 


aA, 


- !),.'  ■ 


whence 

'<  =  P  sin  (pt  + 
and  from  the  first  pair 

tan  f  =  \it'-p"—~ 
while  p  is  deLermint-d  by 


-^cos{Sj)t  -fe) (5), 


-dp'i  ' 


H--9;)') 


■  .(6), 


-«-jj'.. 


..(7). 


Returning  tn  the  tirat  apprDximation,  we  see  trom  (4)  that  I 
solution  is  possible  only  under  the  condition  that  a  be  not  I 
than  lep.  If  a  =  icp.  then  p  •=n  ;  that  is,  the  imposed  vixriati 
in  the  "spring"  must  be  exactly  twice  as  quick  as  the  natu: 
vibration  of  the  body  would  be  in  the  absence  of  friction.  Fi 
(3)  it  appears  that  in  this  case  e  =  0,  which  indicates  that  tl 
spring  is  a  minimum  one-eighth  of  a  period  after  the  body  i 
passed  its  position  of  equilibrium,  and  a  inaximum  one-eighth  o 
period  be/ore  such  passage.  Under  these  circuiustauces  1 
greatest  possible  amount  of  energy  is  communicated  to  t 
system ;  and  iu  the  case  contemplated  it  is  Just  sufficient 
balance  the  loss  by  dissipation,  the  adjustment  being  evidetii 
independent  of  the  amplitude. 

If  «  <  <f/j  sufficient  energy  cannot  pass  to  maintain  the  moti( 
whatever  may  be  the  phase-relation;  but  if  a  >  «j).  the  balao 
between  energy  supplied  and  energy  dissipated  may  be  attain 
by  such  an  alteration  of  phase  as  shall  diminish  the  fonn 
quantity  to  the  required  amount.  The  alteration  of  phase  i» 
for  this  purpose  be  indifferently  in  either  direction  ;  but  if  e  ' 
positive,  we  must  have 

p^  =  n--  v'(«'  -  ic^p') : 
while  if  e  be  negative 

If  a  be  vi-ry  much  greator  than  *p,  «=  ±  {■jt.  which  indicat 
when  the  nysteni  passes  through  ita  position  of  equilibriui 
e  spring  is  at  iU  maximum  or  at  its  minimau. 
9  iufereoos  fann  tlw  nuatioa  t' 
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!?t  be  absolutely  rigorous  for  steady  vibration  will  be  subject  to 

i^ie  moil  ill  oat  ion  in  practice;  otherwise  ihe  experiment  could 
'  I  'ucceed.     In  most  cases  n'  is  to  a  certain  extent  a  function  of 

ij'iitude;  m   that   if  «■  have  very  neariy  the  required  value, 
ii[i1eb>    coincidence    is   attainable   by   the   assumption   of   an 
'I  iilitude    of    large    and    determinate    amount    without    other 
ii'.TBtionB  in  the  conditions  of  the  system. 
The  reader  who  wishes  to  pursue  this  subject  is  refen-ed  to  a 

i|*r  by  the  Author  "  On  the  Maintenance  of  Vibrations  by  Forcos 
I  Double  Frequency,  and  on  the  Propagation  of  Waves  through  a 
■I'  <liam  endowed  with  a  Periodic  Structure,"'  in  which  the  analysis 
I  Mr  Hill'  is  applied  to  the  present  problem. 

88  c.  The  detennination  of  absolute  pitch  by  means  of  the 
wta  baa  already  been  alluded  to  (§  17),  In  all  probability  first- 
"I'e  results  might  be  got  by  this  method  if  proper  provision,  with 
aid  of  a  phonic  wheel  for  example,  were  made  for  uniform 
i  ■■:d.  Ill  recent  years  several  experimenters  have  obtained  excel- 
Ffiii  resalt£  by  various  methods;  but  a  brief  notice  of  these  is  all 
Dmt  oar  limits  will  allow, 

One  of  the  most  dii-ect  determinations  ia  that  of  Koenig',  to 
-■\um  the  scientific  world  has  long  been  indebted  for  the  construc- 
■n  of  much  excellent  apparatus.  This  depends  upon  a  special 
;  -iroment,  consisting  of  a  fork  of  64  complete  vibrations  per 
■'"ud,  the  motion  being  maintained  by  a  clock  movement  acting 
ii-iu  an  escapement.  A  dial  is  provided  marking  ordinary  time, 
ill  serves  to  record  the  number  of  vibrations  executed.  The 
■  rfunnanct'  of  the  fork  is  tested  by  a  comparison  between  the 
-rrument  and  any  chronometer  known  to  be  keeping  good  time. 
' '  1  standard  fork  of  256  complete  vibrations  was  compared  with 
' -u  of  the  instrument  by  obseri'iiig  the  Lissajous's  figure  appro- 
ilu  to  the  double  octave. 

M,  Koenig  has  also  investigated  the  influence  of  resonators 
]"ii  the  pitch  of  fbrka  Thus  without  a  resonator  a  fork  of  2.56 
iikplete  vibrations  sounded  in  a  satisfactory  manner  for  about  90 
•iwU  A  resonator  of  adjustable  pitch  was  then  brought  into 
'  <\imiiy,  and  the  pitch,  originally  much  graver  than  that  of  the 

<  PUL   ilag..  Augl»t,  ls»T. 
•t-  .1..  ['art  111  clie  Motion  of  the  Lnnar  PeriKree  wbioh  is  a  Function  o(  the 
I  1  of  tbe  Sun  and  Moon,  KcW  Mathrmaiicii  8;    1,  isefl.    Mr  Hill's 
.■;  pnhllMhedirlsn. 
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fork,  was  gradually  raised.     Even  wheu  the  resonator  was  still  ttl 
minor  third  below  the  fork,  there  was  observed  a  slight  diniinutiooJ 
in  the  duration  of  the  vibratory  movement,  and  at  the  same  timw 
an  augmentation  in  the  frequency  of  about  '00.5.     As  the  natural'! 
note  of  the  resonator  approached  nearer  to  that  of  the  fork,  thisl 
diminutiou   in  the  time  and  this  iucreaae  in  frequency  becamsl 
more  pronounced  up  to  the  immediate  neighbourhood  of  t 
but  at  the  moment  when  unison  was  established,  the  alteiution  of] 
pitch  suddenly  disappeared,  and  the  frequency  became  exactly  thel 
same  as  in  the  absence  of  the  resonator.     At  the  same  time  thel 
sound  was  powerfully  reinforced;  but  this  exaggerated  intensity  J 
fell  off  rapidly  and  the  vibration  died  away  after  «  or  10  seconds..! 
The  pilch  of  the  resonator  being  again  raised  a  little,  the  sound  of  1 
the  fork  began  to  change  in  the  opposite  direction,  being  now  as 
much  too  grave  as  before  the  unison  was  reached  it  had  been  too 
acute.     The  displacement  then  fell  away  by  degrees,  as  the  pitch 
of  the   resonator  was   further   raised,   and   the  duration   of  the 
vibrations   gradually   recovered   its   original   value   of   about   90. 
seconds.     The   maximum  disturbance  in  the  frequency  observe 
by  Koenig  was  -03.5   complete  vibrations.     For  the  expianatta 
of  these  effects  see  §  117. 

The  temperature  coefficient  found  by  Koenig  ts  -000112.  so  th( 
the  pitch  of  a  256  fork  falls  0286  for  each  degree  Cent,  by  whie 
the  temperatui-e  rises. 

In  determinations  of  absolute  pitch'  by  the  Author  of  this  w 
an  electrically  maintained  interrupter  fork,  whose  frequency  i 
for  example  be  32,  was  employed  to  drive  a  dependent  fork  i 
pitch  128.  When  the  apparatus  is  in  good  onier,  there  is  a  fixe 
relation  between  the  two  frequencies,  the  one  being  precisely 
four  times  the  other.  The  higher  is  of  course  readily  compared 
by  beats,  or  by  optical  methods,  with  a  standard  of  128,  whoi 
accuracy  is  to  be  tested.  It  remains  to  determine  the  frequcDC 
of  the  interrupter  fork  itself. 

For  this  pui-pose  the  intemipter  is  compared  with  the  pendului 
of  a  standard  clock  whose  rate  is  known.  The  comparison  may  1 
direct,  or  the  intervention  of  a  phonic  wheel  (§  63)  may  be  invoke 
In  either  case  the  pendulum  of  the  clock  is  provided  with  a  silvera 
bead  upon  which  is  couceulrated  the  light  from  a  lamp.  In 
mediately  in  front  of  the  pendulum  is  placed  a  screen  perfomtf 
by  a  somewhat  narrow  veitical  slit.  The  bright  point  of  lig^ 
'  Nurure,  xvn.  p.  13,  1877;  PhiL  Tratu.  ie»3.  Pi.tt  I.  p.  316. 
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:)«jU-d  bv  the  bead  U  seen  intermittently,  either  by  looking  over 
If-  pKitig  of  the  interrupter  or  through  a  hole  in  the  disc  of  the 
,M.i.nio  wheel.  In  the  fiint  case  there  are  32  views  per  secoiid,  but 
;;  ibe  latter  this  number  Is  reduced  by  the  intervention  of  the 
fi.-el.  In  the  experiments  referred  to  the  wheel  was  so 
rraiiged  that  one  revolution  corresponded  to  four  complete  vibia- 
lidn  uf  the  interrupter,  and  there  were  thus  8  views  of  the  pen- 
1  iium  per  second,  instead  of  32.  Any  deviation  of  the  period  of 
It-  pendulum  from  a  precise  multiple  of  the  period  of  interniittence 
Ij'WS  itself  as  a  cycle  of  changes  in  the  appearance  uf  the  flash 
1  light,  and  an  observation  of  the  duration  of  this  cycle  gives  the 
iica  for  a  precise  comparison  of  frequencies. 

The  calculation  of  the  results  is  verj-  simple.  Supposing  in 
iji:  first  instance  that  the  clock  is  correct,  let  a  be  the  number  of 
>  cles  per  second  (perhaps  ^)  between  the  wheel  aod  the  clock. 
MTitre  the  perind  of  a  cycle  is  the  time  required  for  the  wheel  to 
-  iin,  or  low.  one  revolutiun  upon  the  clock,  the  frequency  of  revo- 
'ioo  ia  H  ±  «■  The  frequency  of  the  auxiliary  fork  Ls  precisely  16 
:me»  a»  great,  i.e.  128  ±  16a.  If  b  be  the  number  of  beats  per 
iciiod  between  the  auxiliary  fork  and  the  standard,  the  frequency 
■  the  latter  is 

12S±16(i±6. 

An  error  in  the  mean  rate  of  the  clock  is  readily  allowed  for; 

iiiit  eare  is  required  to  ascertain  that  the  actual  rate  at  the  time 

I  (ibeervation  does  not  differ  appreciably  from  the  mean  rate. 

1  i   be   iiuite   safe  it  would   be  necessary  to  repeat   the  deter- 

ii.inations  at  intervals  over  the  whole  time  required  to  rate  the 

!i,-k  by  observation  of  the  stars.     In  this  ease  it  would  probably 

-  convenient  Uj  attach  a  counting  apparatus  to  the  phonic  wheel. 

In  the  method  of  M'Leod  and  Clarke'  time,  given  by  a  clock, 

if  reconi««i  automatically  upon  the  revolving  drum  of  a  chrono- 

tpb,  which  in  maintained  by  a  suitable  governor  in   uniform 

The  circumference  of  the  drum  is  marked  with  a  grating 

■  Kiuidistant  lines  parallel  to  the  axis,  and  the  comparison  between 

■tiui  and  the  standard  fork  is  effected  by  observation  of  the 

■  patt«m  seen  when  the  revolving  gi-atiug  is  looked  at  past 

M  of  the  vibrating  prongs.    These  observers  made  a  special 

ition  as  to  the  effect  of  bowing  a  fork  upon  previously 

[  vibrations.     Their  conclusion  is  that  in  the  case  of  un- 

idetl  forks  no  sensible  change  of  phase  occurs. 

'  Phil.  Tram.  1880,  Part  I.  p.  1. 
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In  the  chrooographic  method  nf  Pro£  A.  M,  Mayer'  the  fix 
under  iDveistigation  is  armed  with  a  triangular  fragment  of  Ll 
sheet  metal,  one  milligram  in  weight,  and  actually  tnices  il 
vibrations  as  a  curve  of  sines  upon  smoked  paper.  The  time 
recorded  by  small  electric  discharges  from  an  induction  apparatt 
under  the  control  of  a  clock,  and  delivered  from  the  suwie  tractf 
point  Although  the  disturbance  due  to  the  tracing  point  appea 
to  be  very  small,  it  is  doubtful  whether  this  method  could  conipet 
in  respect  of  accuracy  with  those  above  described  where  the  coin 
parison  with  the  standard  is  optical  or  acoustical  On  the  othi 
hand,  it  has  the  advantage  of  not  retjuiring  a  uoiform  rotation  < 
the  drum,  and  the  appamtus  lends  itself  with  facility  to  the  dete 
mination  of  small  intervals  of  time  after  the  manner  onginall 
proposed  by  T.  Young'. 

68rf-  The  methods  hitherto  described  for  the  determination 
absolute  pitch,  with  the  exception  of  that  of  Scheibler,  may 
regarded  as  rather  mechanical  in  their  character,  and  they  depei 
for  the  most  part  upon  somewhat  special  apparatus.  It  is  poseib 
however,  to  determine  pitch  with  fair  accuracy  with  no  oth( 
appliances  than  a  common  harmonium  and  a  watch,  and  as  tl 
process  is  instructive  in  respect  of  the  theory  of  overtones,  a  sha 
account  will  here  be  given  of  it*. 

The  fimdamental  principle  is  that  the  absolute  fmjuenues 
two  musical  notes  can  be  deduced  from  the  interval  betwei 
them,  i.e.  the  ratio  of  their  frequencies,  and  the  number  of  bea 
which  they  occasion  in  a  given  time  when  sounded  togetbi 
For  example,  if  j;  and  y  denote  the  frequencies  of  two  notes  who 
interval  is  an  equal  temperament  major  third,  we  know  bh 
y  =  1'2599S  X.  At  the  same  time  the  number  of  beats  heard  in 
second  depending  upon  the  deviation  of  the  third  from  tn 
intonation,  is  4y  — .V.  In  the  case  of  the  notes  of  a  harmoniui 
which  are  rich  in  overtones,  these  beats  are  readily  counted,  ai 
thus  two  equations  are  obtained  from  which  the  vfducs  of  x  and 
are  at  once  found. 

Of  counte  in  practice  the  truth  of  an  equal  tempersmenl  tl 
could  not  be  taken  for  granted,  but  the  difficulty  thence  arii 
would  be  easily  met  by  including  in  thu  counting  all  the 


■  lifttioDkl  Academjr  of  SdoDCts.  Wwhington,  .VrmoJn,  VoL  u 
•  l^turn.  Vol.  I.  p.  IlPl. 
<  .Vafur/.Jm.aa,  1879, 
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ijL-r  thinis  which  together  malte  up  an  octave.  Suppose,  for 
:;inple,  that  the  freiiuencies  of  c,  e.  ffi,  c'  are  re§pectively  j-.  y,  z, 
jiid  thai  the  beat§  per  secoud  between  x  and  y  are  a.  between 
■\A  1  are  i,  and  between  i  and  2^  are  c.     Then 

iy  —  ax  =  a,    4/  — 5^  =  6,     Ra— 5r  =  c, 
■■  m  which  a!  =  J  (25o  +  206  +  16c), 

y  =  i  (32a  +  256  +  2l)c). 
J  =  i  (40o  +  326  +  25c). 
In  the  above  statements  the  octave  c — c    is   for   simplicity 
ppofted  to  be  true.     The  actnal  error  could  readily  be  allowed 
I  if  required ;  but  in  practice  it  is  not  necessary  to  use  c  at  all, 
i-nauch  as  the  third  set  of  beats  can  be  counted  equally  well 
■nt-enjj  and  c. 
The  principal  objection  to  the  methwl  in  the  above  form  is 

■  It  it  presupposeB  the  absolute  constancy  of  the  notes,  for 
:iiDple,  that  y  is  the  same  whether  it  is  being  sounded  in 
rijunction  with  ,1  or  in  conjunction  with  z.    This  conditiou  is 

■ty  imperfectly  satisfied  by  the  notes  of  a  harmonium. 
In  order  to  apply  the  fundamental  principle  with  success,  it  is 

■  L-tssary  to  be  able  to  check  the  accuracy  of  the  interval  which  ia 
ipposed  to  be  known,  at  the  same  time  that  the  beats  are  being 
iinled.     If  the  interval  be  a  major  tone  (9  :  8).  its  exactness  is 

i^ived  by  the  absence  of  beats  between  the  ninth  component  of 
'■!'•■  lower  and  the  eighth  of  the  higher  note,  and  a  counting 
'  'he  beats  betwe-en  the  tenth  component  of  the  lower  and  the 
u.ih  of  the  higher  note  completes  the  necessary  data  for  de- 
riiiiniog  the  absolute  pitch. 

The  equal  temperament  whole  tone  (l'1224ti)  is  intermediate 
■tween  the  minor  tone  (111111)  and  the  major  tone  (l'12aOO), 
"It  liuH  much  nearer  to  the  latter.  Regarded  as  a  disturbed 
i.ijor  tone,  it  gives  slow  beats,  and  regai-ded  as  a  disturbed 
iiKir  tone  it  gives  quick  ones.  Buth  sets  of  beats  can  be  heard 
'.he  Atme  time,  and  when  counted  (by  two  obsen'ers)  give  the 
ii-iiiis  v(  calculating  the  absolute  pitch  of  both  notes.  If  x  and  y 
tbi)  frequencies  of  the  two  notes,  a  and  6  the  fiequencies  of  the 
w  •!!()  quick  beats  respectively, 

=  a.     £)y- 10,^  =  6, 
^H6.    yslOn  +  96. 
|tbi^  iW,?(hod  in  no  way  assumes  the  truth  of 
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the  ei^ual  teiuperanieut  whole  tone,  and  in  fact  it  is  advautageoua 
to  flatten  the  interval  somewhat,  so  as  to  make  it  lie  mure  nearly 
midway  between  the  major  and  the  minor  tone.  In  this  way  the 
rapidity  of  the  quicker  beats  is  diminished,  which  facilitates  the 
counting. 

The  course  of  an  experiment  is  then  as  follows.  The  notes  C 
and  D  are  sounded  together,  and  at  a  given  signal  the  observers 
begin  counting  the  beats  situated  at  about  d"  and  e"  on  the  scale. 
After  the  expiration  of  a  meaam-ed  interval  of  time  a  second  signal 
is  given,  and  the  uumber  of  both  sets  of  beats  is  recorded. 

For  further  details  of  the  method  reference  must  be  made  to 
the  original  memoir,  but  one  example  of  the  results  may  be  given 
here.  The  period  being  10  minutes,  the  number  of  beats  recorded 
were  2392  and  2341 ,  giving  x  =  0709  as  the  pilch  of  C. 


CHAPTER   rV, 

VIBRATING  SYSTEMS    IN   GENERAL. 

We  have  now  exmuiiied  in  some  detail  the  uscillations 

of  ft  system  possessed  of  one  degree  of  freedom,  and  the  results, 
at  which  we  have  arrived,  have  a  very  wide  application.  But 
niat«rial  systems  enjoy  ui  general  more  than  one  degree  uf 
freedom.  In  order  to  define  their  configumtion  at  any  moment 
several  independent  variable  quantities  must  be  specified,  which, 
by  a  geueralizatiuu  of  language  originally  employed  for  a  pi.nnl, 
art-  callwl  the  co-urdi'tates  of  the  system,  the  number  of  indepen- 
dfnt  co-ordinates  being  the  iiidem  of  freedom.  Strictly  speaking, 
the  displacements  possible  to  a  natural  system  are  infinitely 
■Virions,  and  cannot  be  represented  as  made  up  of  a  finite  number 
■f  ilispUconients  of  specified  type.  To  the  elementary  parts  of 
■I  wlid  body  any  arbitrary  displacements  may  be  given,  subject 
'  conditions  of  continuity.  It  is  only  by  a  process  of  abstraction 
f  the  kind  so  constantly  practised  in  Natural  Philosophy,  that 
6*ili(is  are  treated  as  rigid,  fluids  as  incompressible,  and  other  sim- 
pUtientions  introduced  so  that  the  position  of  a  system  comes  to 
'ii^pend  till  a  finite  number  of  co-ordiuates.  It  is  not,  however, 
|>ur  intention  to  exclude  the  consideration  of  systems  possessing 
iiiftnitely  various  freeflom;  on  the  contrary,  some  of  the  most 
ittemrting  applications  of  the  i-esults  of  this  chapter  will  He  in 
tt  direction.  But  such  systems  are  most  conveniently  conceived 
mEts  of  others,  wh(«e  freeclom  is  of  a  more  restricted  kind. 
I  luscordingly  commence  with  a  system,  whose  position 
|K-cified  by  a  finite  number  of  independent  co-ordinates  i/"-,, 
,  &«. 

The  main  problem  of  Acoustics  consists  in  the  invest!- 

■  the  vibrations  of  a  system  about  a  position  of  stable 

be  BtuuretutiOt  to  commeace  with  the 
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statical  pait  of  the  subject  By  the  Principle  of  Virtual  Velocitie( 
if  we  reckon  the  co-ordinates  ■<^„  ^,.,  Ac.  from  the  coutigiiriitui 
of  equilibrium,  the  potential  energy  of  any  other  coufiguratiol 
will  be  a  homogeneous  qnadratic  function  of  the  co-ordinate 
provided  that  the  displacement  be  aufficiently  small.  This  quai 
tity  is  called  V,  and  represeuls  the  work  that  may  be  gained  i 
passing  from  the  actual  to  the  equilibrium  configuration.  We  m^ 
write 

F  =  ^,f,'+4c„f,»+...+C.^V^,  +  Ca^,^,+ (1).  I 

Since  by  supposition  the  equilibrium  is  thoroughly  stable,  b 
quantities  d,.  0^,,  d,  &c.  must  be  such  that  V  is  positive  for  a 
real  values  of  the  co-ordinates. 

71.     If  the  system  be  displaced  from  the  zero  conhguratiol 
by   the   action   of  given   forces,  the   new  configuration   may  1 
found  from  the  Principle  of  Virtual  Velocities.     If  the  work  doJ 
by  the  given  forees  on  the  hypothetical  displacement  8^,,  8^ 
&C.  be 

%Sf,  +  'V,Bf,+ (1),  I 

this  expression  must  be  equivalent  to  SK,  so  that  since  5^,,  i 
kc  are  independent,  the  new  position  of  equilibrium  is  dete 
mined  by 

il:--"-  Z."^-'" «. 

or  by  (1)  of  §70. 

Cul^l  +  Cu^i  +  C„l(r,-t- =  %\ 

Cflt.  +  Cat.  +  Caf.+ =*i[ (3X1 


where  there  is  no  distinction  in  value  between  Cn  Aid  c,r. 

Fi'om  these  equations  the  co-ordinates  may  be  determined  I 
terms  of  the  forces.     If  V  be  the  determinant 
V=  I   C,„  Cu,  Cu.   ...   I 


1  of  (3)  may  be  written 


^dc^ 


RECIPROCAL.    RELATION. 


on 


i  equaltoua  determiue  ^^,,  yjf^.  &(^.  uniquely,  since  V  does 
■'■T  ratiinh,  as  uppeara  fi-om  the  consideration  that  tlie  equations 

■  i'  dyfr,  =  0,  Sic.  could  othenviae  be  satisfied  by  finite  values  of  the 
--■rdiiiates,  provided  only  that  the  i-atios  were  suitable,  which  is 
'itrwy  lo  the  hypotheais  that  the  system  ia  thoroughly  stable  in 
I-  «ro  configuration, 

72.     If  ^i,  ...  'i'l.  ...  and  ^,'.  ...  ^,'.  ...  be  two  sets  of  dis- 

■  ii-crneiits  and  corresponding  forces,  we  have  the  following  re- 
:»!  relation, 

%ti'  +  'i'.t='+'"='^i>i +  *'>'+ 'D- 

kay  bv  seen  by  substituting  the  values  of  the  forces,  when  each 
k(^(l)  takes  the  form, 

I  Cu+iV'''  +  <^i'>^i  + 

rauppose  ill  (I)  that  all  the  forces  vanish  except  SI',  Bod  ^Z; 

^.'/'i' =  ■*<>! (2). 

f  the  forces  ^V,  and  ^'i'  be  of  the  same  kind,  we  may  suppose 

'hem  equal,  and  we  then  recognise  that  a  force  of  any  type  acting 

■  I'lne  produces   a  displacement   of  a  second  tj-pe  equal  to  the 

4i»placement  of  the  first  tj-pe  due  to  the  action  of  an  equal  force 

^jthe  second  tj-pe.     For  example,  if  A   and  B  be  two  points 

I  rod  supported  horizontally  in  any  manner,  the  vertical  de- 

1  at  ^,  when  a  weight  W  is  attached  at  B.  is  the  same  as 

IdcHection  at  B.  when  TT  is  applied  at  A '. 


|73.    Since  V  is  a  homogeneous  quadratic  function  of  the  co- 
l^:+ (1). 


„,.     dV  ,       a 


Hif  ^1,  "^1,  tic.  be  the  forces  necessary  to  maintain   the  dis- 
pemiml  represented  by  i|r, ,  ■^,,  &c., 

2r  =  -*,t,  +  *,Vr,  + (2). 

"  1^,  +  A^,.  ■^1 +  A^:.  kc.  represent  another  displacement 
Tlr  which  the  nt-cesaary  foi^ces  are*,  +  A'*',.  ^,+  d^„&c.,  the 

Lt^  Infill  Hus-,  P«o-i  1^7*1  sad  Macoh,  18Ta. 
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corresponding  potential  energy  is  given  by 

=  2V  +  %^^,  +  -^.A^i  ■+  - 

+  S%.^lf,  +  i^'9,.i^,+  ... 

+  ^% .  ii^i  +  ^■^, .  Aa/t,  +  . . .. 
so  that  we  may  write 

2^V=^^^.Ay}r  +  1^'^.y!r  +  lA'^.^■>jr (3>, 

where  A  T  is  the  difference  of  the  potential  energies  in  the  tw 
cases,  and  we  muBt   particularly  notice  that   by  the   reciproc 
relation,  §  72  (1), 
I  S^.Ai^  =  2A'f.-f W 

I  Fiiim  (3)  and  (4)  we  may  deduce  two  important  theorem 

relating  to  the  value  of  V  for  a  system  subjected  to  given  t " 
placements,  and  to  given  forces  respectively, 

j  74.     The  first  theorem  is  to  the  effect  that,  if  given  displao 

ments  (not  sufficient  by  themselves  to  determine  the  configuratiu 
be  produced  in  a  system  by  forces  of  corresponding  types,  the  r 
I   /  suiting  value  of  Ffor  the  system  so  displaced,  and  in  equilibriui 
is  as  small  as  it  can  be  under  the'  given  displacement  conditiou 
and  that  the  value  of  V  for  any  other  configiiration  exceeds  t 
by  the  potential  energy  of  the  configuration  which  is  the  differs 
of  the  two.     The  only  difficulty  in  the  above  statement  cons 
in  understanding  what  is  meant  by '  forces  of  corresponding  ty^ 
Suppose,  for  example,  that  the  system  is  a  stretched  string, 
I       which  a  given  point  P  is  to  be  subject  to  an  obligatory  displw 
I      meat;    the  force  of  coiTesponding  type  is  here  a  force  applii 
I      at  the  point  P  itself.     And  generally,  the  forces,  by  which  tl 
proposed  displacement  is  to  be  made,  roust  be  such  as  would  < 
I      Bo  work  on  the  isystem.  provided  only  that  that  displacement  wa 
I       not  mode. 

I  By  a  suitable  choice  of  co-ordinates,  the  given  displaoei: 

I  conditions  may  be  expressed  by  ascribing  giveu  vnluen  to  the  i 
k  r  co-ordiuatos  ^,,  ^,,  ...  ^,,  and  thi*  conditions  an  1u  the  For 
I  will  then  be  rcpresejited  by  making  the  forces  of  th*.-  remnini 
I  typw  ^f4i,  ^r*>,  Ac  vMiigli.  If  ^  ■«•  A^  refer  tn  any  other  o 
I  figuration  of  th«  system,  and  ^  +  A'4'  be  thi;  oorn!«ponding  fort 
I  tre  are  to  suppom^  tbal  AV'i.  A^,,  &c.  as  far  luf  ^■f^  nW  vRnii 
W    ThnB  for  the  firrt  r  auffixcn  Ailf  vaniBhi*.  and  for  thu  i 
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fixes  'V  vanishes.     Accordingly  S '4'.  Ai/f  is  zero,  aod  therefore 
IX¥.^  i»  also  zero.     H<iDce 

2  AK^Sif.Ar^ (1), 

i.ioh  proves  that  if  the  given  displacements  be  made  in  any 
ri^^r  ihan  the  prescribed  way,  the  potential  energy  is  increased 
the  energy  of  the  difference  of  the  contigu  rat  ions. 
By  means  of  this  theorem  we  may  trace  the  effect  on  V  of  any 
l;txatioD  ill  the  stiffness  of  a  system,  subject  to  given  displacement 
■ij'litions.  For,  if  after  the  alteration  in  stiffness  the  original  equi- 
'iriiim  configuration  be  considered,  the  value  of  F  corresponding 
:.  ivto  IB  by  supposition  less  than  before ;  and,  as  we  have  just 
yi;  there  will  be  a  still  further  diminution  in  the  value  of  V 
''.11  tJie  »'steni  pasites  to  equilibrium  under  the  altered  con- 
(iijiis.  Hence  we  conclude  that  a  diminution  in  V as  a  function 
i  :he  oo-ordinatca  entails  also  a  diminution  in  the  actual  value  of 
>'  when  a  system  is  subjected  to  given  displacements.  It  will 
'  understood  that  in  particular  cases  the  diminution  spoken  of 
iv  vanish ', 

For  example,  if  a  point  P  of  a  bar  clamped  at  both  ends  be 
i-placed  laterally  to  a  given  small  amount  by  a  force  there  ap- 
I  i'tl,  the  potential  energy  of  the  deformation  will  be  diminished 
;.  any  relaxation  (however  local)  in  the  stiffness  of  the  bar. 

75.     The  second  theorem  relates  to  a  system  displaced  by  given 

:':■.  .ir.'i  asserts  that  in  this  case  the  value  of  Kin  equilibrium 

.,iv..['i'  than  it  would  be  in  any  other  configuration  in  which 

■  -yfctciu  eould  be  maintaiued  at  rest  under  the  given  forces,  by 

!ii-  Operation  of  mere  constraints.    We  will  shew  that  the  removal 

:  -^•Dstraints  increases  the  value  of  V. 

The  co-ordinates  may  be  so  chosen  that  the  conditions  of  con- 
iniot  are  expressed  by 

•■^,=0,    ■<^,  =  0 ^.  =  0 (1). 

'■>--  have  then  to  prove  that  when  ^,+,,  ^,+3,  &c.  are  given,  the 
■  hie  of  K  is  least  when  the  conditions  (I)  hold,  The  second 
n^guration  being  denoted  as  before  by  ^i  +  Ai/^,  &c.,  we  see 
-.lit  for  Buffiscs  up  to  r  inclusive  ifi-  vanishes,  and  for  higher 
.'fixes  ^'¥  Tanishes.     Hence 

I  a  papn  on  Oeoeial  Tbeoceias  relaiing  to  Eiiailibrinm  anil  IniUal  and 
'  \N^Mi  Msrch.  1875, 


ye 

and  therefore 


VIBRATING   SYSTEMS    IN    UESERAL. 


2iT=2A*,A'^ (2J^ 

shewiug  that  the  increase  iti  V  due  to  the  removal  of  the  oq 
straints  is  equal  to  the  potential  energy  of  the  difference  of  the  t 
configurations. 

76.  We  now  pass  to  the  investigiitiou  of  the  miltal  motioD 
a  system  which  starts  from  rest  uuiier  the  operation  of  gii 
impulses.  The  motion  thus  acquired  is  independent  of  t 
potential  energy  which  the  sj-stem  may  possess  when  actm 
displaced,  since  by  the  nature  of  impulses  we  have  to  do  oi 
with  the  initial  contiguralion  itself.  The  initial  motion  is  a 
independent  of  any  forces  of  a  finite  kind,  whether  impressed 
the  sywtem  from  without,  or  of  the  natui-e  of  viscosity. 

If  P,  Q,  R  be  the  component  impulses,  ])aralle[  to  the  axes, 
a  particle  m  whose  rectaugular  co-ordinates  are  x,  y.  s.  we  have 
D'Alembert's  Principle 

Sw.(i&t  +  y8^  +  i8.-)  =  S(P&r+g5y  +  fl52) {IX 

where  i,  y.  i  denote  the  velocities  aoiuired  by  the  particle  in  vir 
of  the  impulses,  and  ha:,  By,  St  corresjxind  to  any  arbitmrj'  > 
placement  of  the  system  which  does  uot  violate  the  connectioi 
its  parts.  It  is  required  to  transform  (1)  into  an  equation  expret 
by  the  independent  generalized  co-ordinates. 


For  the  first  side, 


dx 


;.+^ 


.  dx 


dT 


'H, 


-  dg 
'd^,'^^d^, 


di\ 

dirr 


.  di\ 


:+y 


it,       dfj 


d^r^'d^. 


whtn;  T,  thv  kiDttKc  vuergy  of  the  sj^stem   is  suppoattd   Ui'l 
expreased  as  a  tuaetioti  of  V 


■  Jtc. 


IMrULSES. 


(P^^Q 


J  the  second  side, 


^.^)- 


,.(3), 


(^l^+e 


e  transformed  equatii 


is  therefore 


=  f,,&c. 


(^-f>-(:^-f.)%-..= 


r.  S^,,  Si^,,  Sc.  are  now  completely  independent. 
(•TTuiue  the  motion  we  have 


f..  &c. . 


..(5). 


■ud  as  the  generalized  coinponents 


ii^re  fi,  f(,  &t.  may  be  couside 
npulse. 

77,     Since  T  is  &  homogeneous  quadratic  function  of  the  gene- 
lizpti  co-ordinates,  we  may  take 

r  =  ia,i'^,'+inafs'+ +  0..>^i^i  +  "M^a^l  + (1). 


dT 


^^BjaiQ,  by  the  nature  of  T, 


ay, 


3,[i\e  between  ((„  and  a,,. 


„„      ,    dT       i   dT 


-f*+{*+  • 


..(3). 


The  theory  of  initial  motion  is  closely  analogous  to  that  of  the 

1  itcement  of  a  system  from  a  contigurstion  of  stable  etjuilihrinm 

Lcadily  applied  forces.    In  the  present  theory  the  initial  kinetic 

T  7"  bears  to  the  velocities  and  impulses  the  same  relations 

phe  former  V  bears  to  the  displacements  and  forces  respects 

In  imt  respect  the  theory  of  initial  motions  is  the  more 

pte,  iiiasiniich  as  7"  is  exactly,  while  V  is  in  general  only 

tatelv.  ft  homogeneous  q_uadratic  function  of  the  variables. 
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If  V"!-^' fi-  ?!.■■■  denote  one  sei  of  velocities  and  itnpull 

for  a  system  started  from  rest,  and  ^,',  ifr^', ...,  f,',  f,', ... 

set,  we  may  prove,  as  in  §  72,  the  following  reciprocal  relation  ^ 

f,'^i  +  f>'^.  +  ...=f,t.'  +  f>t>'  + wj 

This  theorem  admits  of  interesting  application  to  fluid  motid 
It  is  known,  and  will  be  proved  later  in  the  course  of  this  waj 
that  the  motion  of  a  frictionless  incompressible  liquid,  i 
starts  from  rest,  is  of  such  a  kind  that  its  component  velocity 
at  any  point  are  the  corresponding  differential  coefScieuts  oO 
certain  function,  called  the  velocity-potential.  Let  the  fluid  f 
set  in  motion  by  a  prescribed  arbitrary  deformation  of  the  surfH 
iS  of  a  closed  space  described  within  it.  The  resulting  motion! 
determined  by  the  normal  velocities  of  the  elements  of  S.  whid 
being  shared  by  the  fluid  in  contact  with  them,  are  denoted  t 
dv/dn,  if  w  be  the  velocity- potential,  which  interpreted  pbysica 
denotes  the  impulsive  pressure.  Hence  by  the  theorem,  if  p  I 
the  velocity- potential  of  a  second  motion,  corresponding  ) 
another  set  of  arbitrary  surface  velocities  dv/dn, 

II"PjHI'> '»J 

— an  equation  immediately  following   fi-om   Green's   theorem, 
besides  jS  there  be  only  fixed  solids  immersed  in  the  fluid.     TIj] 
present  method  enables  us  to  attribute  to  it  a  much  higher  j^ 
rality.     For  example,  the  immersed  solids,  instead  of  being  fiu 
may  be  &ee,  altogether  or  in  part,  to  take  the  motion  itapt 
upon  them  by  the  fluid  pressures. 

78.     A  particular  case  of  the  general  theorem   is  worthy  i 
special  notice.     In  the  first  motion  let 

^t=A.     f,=0.      f,  =  f.  =  f,  =  0; 

and  in  the  second, 

^'=0.  i,-=A.  f,'=f;=f; =u. 

Then  f ,' =  f  < <1>.| 

In  words,  if,  by  means  of  a  suitable  impulse  of  the  ciHTGspt 
ing  type,  a  given  arbitrarj-  velocity  of  one  co-ordinate  be  impt 
(in  a  system,  the  impuls«  corresponding  to  a  second  •. 
nece»iary  in  order  to  prevent  it  from  cbanj^g,  is  th«  i 
would  be  required  for  the  first  co-ordinal*-,  if  thi'  giw 
weru  impressed  on  the  second. 
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Afl  B  siitiple  exumple,  take  tho  case  of  two  spheres  A  and  B 
immenec]  in  u  liqaid,  whose  centres  are  free  to  move  along  certain 
lines.  If  J  be  set  in  motion  with  a  given  velocity,  B  will 
uatunUiy  begin  to  move  also.  The  theorem  asserts  that  the 
impulse  required  to  prevent  the  motion  of  B,  is  the  same  as  if 
she  functions  of  A  and  B  were  exchanged :  and  this  even  though 
hire  be  other  rigid  bodies,  C,  D,  &c.,  in  the  fluid,  either  fixed,  or 
Trt'  in  whole  it  in  pait. 

The  case  of  electric  currenta  mutually  influencing  each  other  by 
lu'luctioD  is  precisely  similar.  Let  there  be  two  circuits  A  and  B, 
.11  the  neighbourhood  of  which  there  may  be  any  number  of  other 
Hire  circuits  or  solid  conductors.  If  a  unit  current  be  suddenly 
UveLoped  in  the  circuit  A.  the  electromotive  impulse  induced  in 
B  is  the  same  as  there  would  have  been  in  A,  had  the  current  been 
dbly  developed  in  B. 

79.  The  motion  of  a  system,  on  which  given  arbitrary  velocities 
e  inipresaed  by  means  of  the  necessary  impulses  of  the  corre- 
^uding  types,  possesses  a  remarkable  property  discovered  by 
lomsou.  The  conditions  are  that  ^,,  -^i,  ^,,  .,,^,  are  given, 
fei'e  {«.],  ff+i,-..  vanish.  Lei  ^i,  ■^-,...f,,  f„  &c,  correspond  to 
le  actiuil  motion ;  and 

1  aouther  motion  satisfying  the  same  velocity  conditions.     For 
b  suffix  either  A^  or  f  vanishes.     Now  for  the  kinetic  energy 
Nthe  snpfipsed  motion, 

2(r+Ar)=(f,  +  i?,)(.^,  +  A^,)  +  ..- 

=  27'+f,A^,  +  f,A^,+  ... 
+  Af,.i^,  +  Af,.-^,+  ...  +  Af,A>^,+Af,Aif-,+  .. 
But  by  the  reciprocal  relation  (4)  of  §  77 

f,A^,  +  ...=Af,.^,  +  ..., 
of  which  the  former  by  h^iiothesis  is  zero ;  so  that 

2Ar=Af.A^,  +  Af,A>^,  + (1), 

^hewing  that  the  energy  of  the  supposed  motion  exceeds  that  of 
thv  actual  motion  by  the  enetgy  of  that  motion  which  would  have 
to  be  compounded  with  the  latter  to  produce  the  former.  The 
niotion  actually  induced  in  the  system  has  thus  leas  energy  than 
■my  other  satisfying  the  same  velocity  conditions.  In  a  subsequent 
chapter  we  shall  make  use  of  this  property  to  find  a  superior  limit 
ll  prescribed  ve\Qc\\.\w. 
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If  any  diminution  be  made  in  the  inertia  of  any  of  the  purts 
of  a  system,  the  motion  corresponding  to  prescribed  velocity 
coDditions  will  in  general  undergo  &  change.  The  value  of  T  will 
Deceesorily  be  less  than  before  ;  for  there  would  be  a  decrease  even 
if  the  motion  remained  unchanged,  and  therefore  a  fortiori  when 
the  motion  is  such  as  to  make  T  an  absolute  minimum.  Con- 
versely any  increase  in  the  inertia  inci-eaaes  the  initial  value  of  T. 

This  theorem  is  analogous  to  that  of  §  7+.  The  analogue  for 
initial  motions  of  the  theorem  of  §  75,  relating  to  the  potential 
energy  of  a  system  displaced  by  given  forces,  is  that  of  Bertrand. 
and  may  be  thus  stated : — If  a  system  start  from  rest  under  the 
operation  of  given  impulses,  the  kinetic  energy  of  the  actual  motiou 
exceeds  that  of  any  other  motion  which  the  system  might  have 
been  guided  to  take  with  the  assistance  of  mere  constraints,  by  the 
kinetic  energy  of  the  difference  of  the  motions'. 

[The  theorems  of  Kelvin  and  Bertrand  represent  different 
aspects  of  the  same  truth.  Let  us  suppose  that  the  prescribed 
impulse  is  entirely  of  the  first  type  f,.  Then  jr  =  if,if'i.  whether 
the  motion  be  free  or  be  subjected  to  any  constraint.  Further, 
under  any  given  circumstances  as  to  constraint,  ^,  is  proportional 
to  fi,  and  the  ratio  fi  :  i^,  may  be  reganled  aa  the  moment  of 
inertia;  so  that 

Kelvin's  iheorecn  asserts  that  the  introduction  of  a  couatralafy 
can  only  increase  the  value  of  7"  when  -^i  is  given.  Hence  whetht 
y^j  be  given  or  not,  the  constraint  can  only  increase  the  ratio  o 
27"  to  ■>f-i'  or  of  f,  to  ^,.  Both  theorems  are  included  in  i 
statement  that  the  moment  of  inertia  is  increased  by  the  i 
duction  of  a  constraint.] 

80.     We  will  not  dwell  at  any  greater  length  on  the  mechaaia 
of   a  8yst«m   subject   to   impuises,   but   pass  on    to   invcstigatAl 
Lagrange's  equations  for  continuous  motion.     We  shall  mippofie  ■ 
that  the  connections  binding  together  the  parts  of  the   syscem 
arc   not  explicit   functions   of  the   tinie;  such   cases   of  forced 
motion  as  we  shall  have  to  consider  will  be  specially  Bbewu  ta-i 
bf  within  the  scope  of  the  investigation.  ■ 

By  D'Alembert's  Priiicipje  in  cumbinnlioii  witli  tliat  of  VirtUJifl 

Vflocilies,  ^^ 

Sin  (r&*  +  J/5y  +  iit)  =  S  (.YBx  +  I'S^  +  ZSt) (l),fl 
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Krre  &r,  Sy,  &z  deoote  a  diaplaceraeiit  of  the  system  of  the  most 

J  kind  poseibte  without   riolating   the   connections   of  its 

Since    the  difiplacements  of  the   iudividuitl   particles  of 

lysteni  are  mutually  related,  8^, ...  are  not  independent.     The 

3t  now  is  lo  transform  to  other  variables  ^,,  yfr~,...,  which 

ill  be  indepondent.     We  have 


Im  (xSx  -t-  S 
Bat  (S  76)" 


h^Se)' 


?i(iS.t:4.ySy  +  iSj)-57'. 


have  already  found  that 
dT 


IT 


df, 


S+,+ 


Sir,  J 


r  be  expressed  as  a  quadratic  function  cf  i^,.  ^r.,  ... 
oieDts  ai«  in  general  functions  of  yfr,,  ^, Also 


much  as 
Accordingly 
m(iBS»  +  j8j/  +  jS«)  = 


IdAd^J     d^i    ^' 
4.|£|"*X\_— ' 


I 


Sf,+ 


..(2). 


I  Tlius,  if  the  transformation  of  the  second  side  of  (1 )  be 

t{Xix-¥Yiy  +  Zht)  =  ^3^,+-V,h-^-,  + (3), 

Ihave  equations  of  motion  of  the  form 

^  =  ^ (*). 


5.  /'^  1 


d^ 


)  Since  ' 


!  I'S*^  denotes  the  work  done  on  the  system  dnring  a 
5>l«c«ment  S^,  *  may  be  regarded  as  the  generalized  coni- 
t  of  force, 

case   of  a  ootiservative   system   it   is   convenient  to 

•^»  vbicli  depend  oul}'  ou  ttie  coufigiua.- 
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tion  of  the  system.     Thus,  if  V  denote  the  potential  energy, 

may  write 

^iT^_dT     dV^^ (o), 

dt\d^'     df     d^  ^ 

where  ^  is  now  limited  to  the  forces  acting  on  the  system  whi( 

ore  not  already  taken  account  of  io  the  term  dVjd'^. 

81.  There  is  also  another  group  of  forces  whose  esislen( 
it  is  often  advantageous  to  recognize  specially,  namely  th( 
arising  from  friction  or  viscosity.  If  we  suppose  that 
particle  of  the  system  is  retarded  by  forces  proportional  to  il 
component  velocities,  the  effect  will  be  shewn  in  the  fundameni 
equation  (1)  §  SO  by  the  addition  to  the  left-hand  member 
the  terms 

S  {icJ:U  +  Kyyhy  +  K^iz), 
where   k^,  k^,  k,  are  coefficients  independent  of  the  velocitit 
but  possibly  dependent  on  the  configuration  of  the  system.     Tl 
tmnsformatiou   to   the   independent  co-ordinates  -^i,  ■^,,  &c. 
effected  in  a  simitar  manner  to  that  of 

considered  above  (§  80),  and  gives 


..(1), 


where 


d-^r'^d^, 

-  J^.i-f  i'  +  ita'^,'  +  . . .  +  J,,^,-^,  +  6„^,^,  + (2). 

F.  it  will  be  observed,  is  like  T  a  homogeneous  quadrat 
function   of  the   velocities,   positive   for  all    real   valuen   of  tl 
variables.    It  i-epreseiita  half  the  rate  at  which  energy  is  dissipate 
The  above  investigation  refers  to  retarding  forces  proportiut 
to  the  absolute  velocities;  but  it  is  equally  important  to  consid 
such   a»  depend  on  the  relative  velocities  of  the  parts  of  M 
Hyatera,  and   fortunately  this  can  be  done  without  any  increi 
of  complication.     For  example,  if  a  force  act  on  the  particK- 
proportional  to  (ii  —  i^,  there  will  be  at  the  same  moment 
equal  and  opposite  force  acting  on  the  particle  x,.    The  additioi 
termH  in  the  fundamental  ecjuatiou  vriU  be  of  the  form 
«,  (i,  -  i,)  BjCi  +  *r,  (4, -  4, )  S*,, 
1  may  be  written 
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dt\d^)     d^     d^     dyjt 


,.(3). 


f  »o  on  for  any  uumber  of  pairs  of  mutually  influencing 
The  only  effect  is  the  addition  of  new  terms  to  F, 
I  8tiU  appears  in  the  form  (2)'.  We  shall  see  piesentiy  that 
i  existence  of  the  function  F,  which  may  be  called  the  Dis- 
-'■xition  Function,  implies  certain  relations  among  the  coefficients 
■  [he  generalized  equations  of  vibration,  which  cany  with  them 

Krtsnt  conseijuences'. 
be  equations  of  motion  may  now  be  written  in  the  form 
d  fdT^  dT  _dF  ,  dV 
i.  We  may  now  introduce  the  condition  that  the  motion 
takes  place  in  the  immediate  neighbourhood  of  a  configuration 
'  tlioruughly  stable  etjuilibrium ;  2" and  /"are  then  homogeneous 
;i»dratic  functions  of  the  velocities  with  coefBcients  which  are 
be  rrealed  as  constant,  and  F  is  a  similar  function  of  the 
"-i>nLiuabes  themselvea,  provided  that  (as  we  suppose  to  be 
ht  case)  the  origin  of  each  co-ordinate  is  taken  to  con-espond 
'  ith  the  configuration  of  equilibrium.  Moreover  all  three 
Mi.ctiona  are  essentially  positive.  Since  terms  of  the  form  dTjdip- 
i:  t  i.f  the  second  order  of  small  quantities,  the  equations  of  motion 
■"-'-■Mme  linear,  assuming  the  form 

d  fdT\  ,  dF  _dV    .„ 


I  ia 


dtW^'      df      df  

e  under  I'  are  to  be  included  all  forces  acting  on  the  system 
Ulready  pniviiled  for  by  the  differential  coefficients  of  F  and  V. 
^e  three  quadratic  functions  will  be  expressed  as  follows : — 

F=}[b„^^r,''+^b^4■,'■i■...+k■,ir^^p■,+  ...      (2), 

B  the  coefficients  a,  b,  c  are  constants. 

,   equation  (1)  we  may  of  coursu  fall  back  on  previous 
RtB  by  supposing  f  and  V,  or  F  and  T,  to  vanish. 
\  third  set  of  theorems  of  interest  in  the  application  to  Elec- 


e  dUTrmiccs  referred  to  in  the  teit  ma;  of  coorae  pass  i 

a  the  case  ot  n  bod;  oooliououBl;  defarmed. 
«  IliMdialuin  FnniitloD  appeus  for  ibe  &nt  time,  so  far  bb  I  am  aware,  ia 
ir  on  Ganeral  Throrems  ivlntiiig  to  Ttbrations,  publiBhed  in  the  Prveetdingt 
4,.  j^  June,  ]S^3^ 
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tricity  may  be  obtained  by  omitting  T  and  V,  while  F  is  retained 
but  it  is  unnecessary  to  pursue  the  subject  here. 

If  we  substitute  the  vahies  of  T,  F  and  V.  and  wTite  D  for  didt 
we  obtain  a  system  of  equations  which  may  be  put  into  the  form 

SuV'i  +  e„^j  +  e„i^,  4  . ..  =  %  \ 
Cii^i  +  ea^i  +  Csi^j  +  ...  =  ■*,  I 
Ci,  Vi  +  fn^)  +  t^af.  +  ...=*,  I 

where  e„  denotes  the  quadratic  operator 

e„  =  ar,l>  +  K,D  +  Cr, 

It  must  be  particularly  remarked  that  since 

it  follows  that  en  =  e„ 


■■(«> 


..(5). 


[The  theory  of  motional  forces,  Le.  forces  proportional  to  thi 
velocities,  has  been  further  developed  in  the  second  edition 
Thomson  and  Tail's  Natural  Philosophy  (1S79).     In  the   mi 
general  case  the  equations  may  be  written 


where  K.  =  b.r.    ^r.  =  0.r (7). 

Of  these  the  terms  with  the  coefficients  b  can  be  derived  from 
the  dissipation  function 

f  =  46,,^,- +  i6»,^,*  + . . .  +  6„i^,iir,  + . . . . 

The  terms  in  j8  on  the  other  hand  Ho  nut  repi-esent  disajpatiooj 
and  are  called  the  gjrostatic  terms.  ' 

If  we  multiply  the  first  of  ei)iiations  (OJ  by  y,,  the  second  by 
■^1,  &C  and  then  add,  we  obtain 
diT+  V) 


dt 


-'  +  2^=*,^,  +  *,f,  +  .. 


In  this  the  tirst  term  repreoents  the  rnto  at  which  on«X]rl 
being  Htored  in  Ihe  »y>itvni ;  2F  is  thu  ratu  of  dlssipatiun ;  nod  ^ 
two  together  account  for  the  work  done  u[>i>u  the  system  by  I 
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Before  proceeding  further,  we  may  draw  an  impoitaut 
nnce  from  ihe  Unearitt/  of  our  equations.  If  correspouding 
etivelv  to  the  two  wts  of  forces  %,  ^„....  ■^/,  'i'/, ...  two 

RODS  denoted  by  1^1,  ^i V'l'.  ^a. ■■-  ti<*  possible,  then  must 

I  be  possible  the  motion  ^1 +  ^i', '^,  +  >fr,', ...  in  conjunction 

1  the  forces  ^i  +  ^V.  ^j  +  ^j' Or,  as  a  particular  case, 

1  there  are  no  impressed  forces,  the  superposition  of  any  two 
tnml  vibrations  constitutes  also  a  natural  vibmtion.  This  is  the 
iBhiated  principle  of  the  Coexistence  of  Small  Motions,  first 
tr\y  enunciated  by  Daniel  Bernoulli.  It  will  be  understood 
A  its  truth  depends  in  general  on  the  justice  of  the  assumption 
d  the  motion  is  so  small  that  its  square  may  be  neglected. 
I  [Again,  if  a  sj-stem  be  under  the  influence  of  constant  forces 
L&c,  which  displace  it  into  a  new  position  of  equilibrium,  the 
rations  which  may  occur  about  the  new  position  are  the  same 
~» those  which  might  before  have  uccurred  about  the  old  position.] 

84.  To  investigate  the  free  vibrations,  we  must  put  ^1,  ^j, ... 
■  fl»\  to  zero ;  and  we  will  commence  with  a  system  on  which  no 
'nciiotiul  forces  act,  for  which  therefore  the  coefficients  en,  &c.  are 
-itJi  functions  of  the  symbol  D.     We  have 


From  theso  equations,  of  which  there  are  as  many  (ni)  as  the 
^--leio  possesses  degrees  of  liberty,  let  all  but  one  of  the  variables 
It' eliminated.     The  result,  which  is  of  the  same  form  whichever 
Jhe  co-ordinate  retaiucd,  may  be  written 

Vi^  =  U  (2), 

pe  V  denotes  the  deteri: 


I  «ii.   e«.    e„,... 
en.    e»,    ea..-. 


«  (if  there  be  no  friction)  an  even  function  of  B  of  degree  2iu. 
fc  ^i>  ±  ^.  •".  ±  ^m  be  the  roots  of  V  =  0  considered  as  an 
I  in  v.    Then  by  the  theorj'  of  differential  equations  the 
J  Vklne  of  ^  is 
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where  the  2ni  quantities  A,  A',  B,  i^,  &c.  are  arbitrary  constants. 

This  form  holds  good  for  each  of  the  co-ordinates,  but  the  constants 

ID   the  different  expressions  are  not  independent.     In  fact  if  a 

particular  solution  be 

ifri  =  A,e^-',  f,  =  A,e^^',  &C., 

the   ratios  A,  :  A^  :  A,...    are   completely  determined   by   the 

cquutious 

e„Ai  +  e„A,  +  eaA,+ =0 

e„A,  +  e„A,  +  e^,  + =0  } (6). 


where  in  each  of  the  coefficients  euch  as  €„,  X,  is  substituted  for 
Equations  (,^)  are  necessarily  compatible,  by  the  condition  that 
is  a  root  of  V  =  0.  The  ratios  A,' :  A^  :  Jj' . . .  corresponding 
the  root  —X,  are  the  same  as  the  ratios  AiiA^iA,...,  but  I 
the  other  pairs  of  root«  X,,  -  X,,  &c.  there  are  distinct  systems 
ratios. 

86,     The  nature  of  the  system  with  which   we   are   deali 
imposes  an  important  restriction  on  the  possible  values  of  \.    If 
were  real,  either  X,  or  —  X,  would  be  real  and  positive,  and 
should  obtain  a  particular  solution  for  which  the  co-ordinates,  t 
with  them  the  kinetic  energy  denoted  by 

X,' {\a,,A,'  +  ...  a„A,A,+  ...}  €*^'', 

increase  without  limit.  Such  a  motion  is  obviously  impossible 
a  conservative  system,  whose  whole  energy  can  never  differ  fif 
the  sum  of  the  potential  and  kinetic  energies  with  which  it  i 
animated  at  starting.  This  conclusion  is  not  «vaded  by  taking 
negative;  because  we  are  aa  much  at  liberty  to  trace  the  moti 
backwards  as  forwanls.  It  is  as  certain  that  the  motion  never  ti 
infinite,  aa  that  it  never  will  be.  The  same  aigument  excludes  t 
possibility  of  a  complex  value  of  X. 

We  infer  that  all  the  values  of  \  are  jiurely  imaginary,  o 
,re«)pi>udiug  to  real  ntifotim  values  of  X'.  Analytically,  the  fi 
that  the  root;*  of  V  =  0,  consitlerod  n«  an  equation  in  I^,  I 
all   real  and   negative,  must  be  a  consequence  of  the  roUUc 

Bubsiating  between  the  coefficients  a,,.  r„ 0,,,  0,,,...  in  viitao 

■  fact  (hat  for  all  real  values  of  the  rambles  T  and  V 
The  case  of  two  dcgreiw  of  liberty  will  bu 
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86.  The  form  of  the  solution  may  now  be  advantageously 
itigwl  by  writing  tn,  for  X, .  &c.  ( whei-e  i  =  v/  -  1 ),  and  taking 
«  arbitmry  constants.     Thus 

=  Ji  DOS (».,(  ~a)+B,  cos (>ht  -0)  +  C^  cos  (n,(  - 7)  +  ...  A 
.  =  J,oos(M,(-a)+B,c08(n^-/3)  +  C,cos(n.t-7)+...  I     .(i)_ 
:.  =  A.coa (it^t  -a)  +  B, cos (n,t~ 0)  +  C^ cm (Htt  -y)  +  ... 


iiifre  »,*,  •»,*(  &*-  *>*  the  wt  roots  of  the  equation  of  »«""  degree 

Im  «'  found  by  writing  —  n'  for  i)'  in  V  =  0.     For  each  value  of  n 
th»  tatios  A,:  Aft  A,...  are  determinate  and  real. 
This  is  the  complete   solution   of  the   problem   of  the   free 

■  il>nitioa»  of  a  conservative  system.  We  see  that  the  whole 
-"tiqn  may  be  resolved  into  m  norma)  harmonic   vibrations   of 

I  lUi  general)  different  periods,  each  of  which  is  entirely  indepen- 
H^bt  of  the  others.  If  the  motion,  depending  on  the  original 
^^^kiittsce,   be   such   as   to   reduce   itself  to  one  of  these  (n,) 

I  f,  =  ^jCos(H,(-a),    ■^,=  .4,co8(n,i-ct).  &c (2). 

■npO!  the  ratios  jij:jj;:  j£j ...  depend  on  the  constitution  of  the 
-tcm,  and  only  the  absolute  amplitude  and  phase  are  arbitrary. 
Ill-  surenil  co-ordinates  ai-e  always  in  similar  (or  opposite)  phases 

■  ■ibration,  and  the  whole  system  is  to  be  found  in  the  configura- 
I  '1  of  equilibrium  at  the  same  moment. 

We  perceive  here  the  mechanical  foundation  of  the  supremacy 
'  Snniionic  vibrations.  If  the  motion  be  sufficiently  small,  the 
■tf-'n-utinl  equations  become  linear  with  constant  coefficients; 
liilf  circular  (and  exponential)  functions  are  the  only  ones  which 
;iud  their  tj-pe  on  differentiation. 

87.     The  m  periods  of  vibration,  determined  by  the  equation 

^  =0.  are  quantities  intrinsic  to  the  system,  and  must  come  out 

mlite  •ame  whatever  co-ordinates  may  be  chosen  to  define  the  con- 

rttioti.     But  there  is   one   sj'stem   of  co-ordinates,  which   is 

illy  suitable,  that  namely  in  which   the   normal   types  of 

ition  arc  defined  by  the  vanishing  of  ail  the  co-ordinates  but 

In  tilt!  tirst  type  the  original  co-ui'dinates  ^i.^^j,  &c.  have 

I  ntios;  let  the  quantity  fixing  the  absolute  values  be  ^1,  so 

iat  ill  thia  type  each  co-ordinate  is  a  known  multiple  of  0,.     So 

111  the  -K^cond  iyi)e  each  co-ordinate  may  be  regarded  as  a  known 
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miiiation  of  the  m  quuabities  ^,,  0„  &c.,  any  configuration  of 
system  may  be  repreaented  as  compounded  of  the  m  configurati 
of  these  typea,  and  thus  the  quantities  ^  themselves  may  be  loo] 
upon  as  co-Drdluateii  defining  the  couBguration  of  the  systi 
They  are  called  the  normal  co-ordinates'. 

When  expressed  in  terms  of  the  normal  co-ordinates,  T  and 
are  reduced  to  sums  of  squares ;  for  it  is  easily  seen  that  if 
products  also  appeared,  the  resulting  equations  of  vibration  wc 
not  bo  satisfied  by  putting  any  m  —  1  of  the  co-ordinates  equal 
zero,  while  the  remaining  one  was  finite. 

We  might  have  commenced  with  this  transformation,  aeeun 
from  Algebra  that  any  two  homogeneous  quadratic  functions 
be  i-educed  by  lineai-  transformations  to  sums  of  squares.     Thus 


■■(1). 


where  the  coefficients  (in  which  the  double  suffixes  are  no  \ongl 
required)  are  necessarily  positive, 
Lagrange's  equations  now  become 

Oi^+c,0,  =  O,    o,^  +  e,^  =  0..&c (2), 

of  which  the  solution  is 

>p,  =  Acosi^n-,t-a),    ;(,,  =  B  cos  {n^  -  ff).  Sic (3>. 

where  A,  B...,  a,  /3...  are  arbitrary  constants,  and 

n,'=C|4-ai,     i)'  =  c,-T-a„  &c...... (4) 

[The  vibrations  expressed  by  the  various  normal  co-ordina 
are  completely  independent  of  one  another,  and  the  energy  of  I 
whole  motion  is  the  simple  sum  of  the  parts  corresponding  to  I 
several  normal  vibrations  taken  separately.     In  fact  by  (1) 

3'+F=icX,'  +  iM,'  + <5) 

By  the  nature  of  tlie  case  the  coefGcients  a  are  necesNai 
positive.      But   if    the    equilibrium   be   unstable,   some   of  ! 
coefficients  c  may  be  negative.     Corresponding  to  any  negacif 
c,  n  becomes  imaginary  and  the  circular  functions  of  the  time  i 
replaced  by  esponentials. 

In  any  motion  proportional  to  e^  the  disturbance  is  eqimll 
multiplied  in  equal  times,  and  the  degree  of  instability  may 
considered   to  be  measured  by  X.     If  there  be  more  than  i 
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ii-table  mixle.  the  relative  importance  is  largely  determined  by 
'  iJoirespHudin^  values  of  X     Thus,  if 

:  which  X,  >  Xj,  then  whatever  may  be  the  finite  ratio  of  A  :  B, 

'•\:-  drst  term  ultimately  acquires  the  preponderance,  inasmuch  sa 

Ae^''  •.B^-'  =  (AIB)e'^'-'"'". 

.  In  general,  unstable  ec[uilibrium  when  distnrbed  infinitesimally 

1  be  departed  from  according   to   tbat   mode  which   is   most 

•,  viz.  for  which  X  is  greatest.     In  a  later  chapter  we  shall 

!t  with  interesting  applications  of  this  principle. 

I  The  reduction  to  normal  co-ordinates  allows  us  readily  to  trace 

nt  occurs  when  two  of  the  values  of  n'  become  equal.     It  is 

'  fvidcnt  that  there  is  no  change  of  form.     The  spherical  pendulum 

r  be  referred   to  as  a  simple  example  of  equal  roota     It  is 

Btoarkable  that  both  Lagrange  and  Laplace  fell  into  the  eiTor  of 

Ming  that   equality  among  roots  necessarily  implies  terms 

aining  i  as  a.  factor'.     The  analytical  theoiy  of  the  general 

e  (where  the  co-onlinates  are  not  normal)  has  been  discussed  by 

iDoP  and  by  Bouth'.] 

The  interpretation  of  the  equations  of  motion  leads  to  a 
'Hoorem  of  considerable  importance,  which  may  be  thus  stated*. 
1  lif  period  of  a  conservative  system  vibrating  in  a  constrained  type 
'  Mut  a  position  of  stable  equilibrium  is  stationary'  in  value  when 
II'-  tyi>e  is  normal.  We  might  prove  this  from  the  original 
|ii,ilion*  of  vibration,  but  it  will  be  more  convenient  to  employ 
..<■  normal  co-oi-dinates.  The  constraint,  which  may  be  supposed 
l>e  of  such  a  character  as  to  leave  only  one  degree  of  freedom,  is 
|ir«seal«d  by  taking  the  quantities  ^  in  given  ratios. 
If  we  put 

0j  =  JA  <(.,  =  Jj^,  &c (1), 

IB  variable  quantity,  and  .^i,  A,,  &c.  are  given  for  a  given  con- 


ms  for  T  and  V  become 


kud  Tait,  Snd  edition,  g  S4:J  in. 


II  lAdaius  Pcue  Kmay  tor  ISTT).    See  also  Bouth's  Bigid 
1802.  ' 
ftheMafliemalical^Speiels,  Jnue,  187a. 
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whence,  if  8  varies  i 


s  cos  pt. 


..(2). 


This  gives  the  period  of  the  vibration  of  the  couBtraiiied  tj'pe ; 
and  it  ia  evident  that  the  period  is  stationary,  when  all  but  one  of 

the  coefficients  Ai.  A vanish,  that  is  to  aay,  when  the  t}-pe 

coincides  with  one  of  those  natural  to  the  sj-stem,  and  no  constraiot 
ia  needed. 

[In  the  foregoing  statement  the  equilibrium  is  supposed  to  I 
thoroughly  stable,  so  that  all  the  quantities  c  are  [wsitive,  ~ 
the  theorem  applies  equally  even  though  any  or  all  of  the  c's  ' 
negative.  Only  if  p'  itself  be  negative,  the  period  becom 
imaginary.  In  this  case  the  stationary  character  attaches  to  th 
coefficients  of  t  in  the  exponential  terms,  quantities  which  measui 
the  decree  of  instability. 

Corresponding  theorems,  of  importance  in  other  branches  < 
science,  may  be  stated  for  sptems  such  that  only  T  and  F.  or  onl« 
Vand  F,  are  sensible'. 

The  stationarj'  property  of  the  roots  of  Lagrange's  detennini 
(3)  §  84,  suggests  a  general  method  of  approximating  to  Xhi 
ginning  with  assumed   rough   approximations  to  i 
1,:^,......  we  may  calculate  a  first  approximation 


values,  ] 
ratitis  A, 
p^  from 


p-  = 


_  ^  c.i^i'  +  i  CaA,'  +  ...  +  CgA ,4,  + . . 


.(3] 


^a^,Al'  +  iaaA,'+  ... +  ai^,A,  + ... 
With  this  value  of  p^  we  may  recalculate  tbe  ratios  il,:  J,,.,  ft 
any  (m  —  1)  of  equations  (5)  §  84,  then  again  by  application  of 
determine  an  improved  value  of  p',  and  so  on.] 

By  means  of  the  same  theorem  we  may  prove  that  an  ini 
in  the  mass  of  auy  part  of  a  vibrating  system,  is  attended  by 
prolongation  of  all  the  natural  periods,  or  at  nay  rate  that 
period  can  be  diminished.  Suppose  the  increment  of  mass  to 
intinitcsimal.  After  the  alteration,  the  types  of  free  vibration  i« 
ill  genemi  be  changed;  but.  by  a  suitable  eotisti'aint,  the  systi 
may  be  made  to  t-etain  any  one  of  the  former  types.  If  thift 
done,  it  is  certain  that  any  vibration  which  involves  a  motiitii 
the  part  whose  masa  has  been  inci'eajied  will  have  its 
prolonged.     Only  as  a  [wrticular  rase  (as,  for  example,  wheu, 

I  is  i^aceJ  at  the  node  of  a  vibrating  atrinj^)  can  the 


'I       MUM! 

dimu 

i 
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n-uuun  unchanged.  The  theoi-em  now  allows  us  to  assert  that 
[[»-  removal  of  the  constraint,  and  the  consequent  change  of  tj-pe, 
-,iii  onlj-  affect  the  period  by  a  quantity  of  the  second  order;  and 
■liat  therefore  in  the  limit  the  free  period  cannot  be  less -than 
^"^ftire  the  change.  By  integration  we  infer  that  a  finite  increase 
■if  mass  must  prolong  the  period  of  every  vibration  which  involves 
1  motion  of  the  part  affected,  and  that  in  no  case  can  the  period 
'»:  diminished ;  but  Lu  order  to  see  the  correspondence  of  the  two 
w  of  periods,  it  may  be  necessary  to  suppose  the  alterations 
Muuie  by  steps.  Conversely,  the  effect  of  a  removal  of  pait  of 
iif  a  vibrating  system  must  be  to  shorten  the  periods 
&1I  the  free  vibrations. 

Ill  like  manner  we  may  prove  that  if  the  system  undergo  such 

cliange  that  the  potential  energj-  of  a  given  configuration   is 

diminished,  while  the  kinetic  energj'  of  a  given  motion  is  unaltered, 

periods  of  the  free  vibrations  are  all  increased,  and  conversely. 

proposition  may  sometimes  be  used  i'or  b^cing  the  effects  of 

constiniot;   for  if  we   suppose   that   the   potential   energy  of 

configxiratioD  violating  the  condition  of  constraint  gradually 

ncrenwea,   we   shall   approach   a   state   of  things   in   which    the 

i^onditjon  is  observed  with  any  desired   degree  of  completeness. 

I'onng  each  step   of  the   process   every  free  vibration   becomes 

<  in  general)  more  rapid,  and  a  number  of  the  free  periods  (equal 

■<.'  the   degrees   of   liberty    lost)  become   infinitely   small.     The 

ime  practical  result  may  be  reached  without  altering   the   po- 

■niial    enei;gj'  by  supposing   the   kinetic   energy  of  any  motion 

HL-lating  the  condition  to  increase  without   limit.     In  this  case 

ue   or   more   periods    become    infinitely   large,   but    the    finite 

ii-riods  are  ultimately  the  same  as   those   arrived   at  when   the 

-lUFnttal   energy  is  increased,  although  in  one  case  the  periods 

.T«  been  throughout  increasing,  and  in  the  other  diminishing. 

example  shews  the  uecessitj'  of  making  the  alterations  by 

:  trtherwise  we  should  not  understand   the   correspondence 

tho  two  sets  of  periods.     Further  illustrations  will  be  given 

LT  th*  head  of  two  degrees  of  fi-eedom, 

By  means  of  the  principle  that  the  value  of  the  free  periods 
staiionnrj,  we  may  easily  calculate  corrections  due  to  any 
,ion  in  the  system  from  theoretical  simplicity.  If  we  take 
hypothetical  type  of  vibration  that  proper  to  the  simple 
the  period  so  found  will  differ  fi-om  the  truth  by  quan- 
idiDg  on  the  squares  of  the  irregularities.    Several 
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examples   of  such   calculatious  will   be   given   in   the   course 

this  work. 

89.  Another  point  of  importance  relating  to  the  period  ol 
system  vibrating  in  an  arbitrary  type  remains  to  be  notio 
It  nppears  from  (2)  §  88,  that  the  period  of  the  vibration  o 
responding  to  any  hypotheticul  type  is  inchided  between  I 
greatest  and  least  of  those  natural  to  the  system.  In  the  a 
of  systems  like  strings  and  plates  which  are  treated  as  capa1 
of  continuous  deformation,  there  is  no  least  natural  period 
but  we  may  etill  assert  that  the  period  calculated  from  any  hypfl 
thetical  type  cannot  exceed  that  belonging  to  the  gravest  norn 
type.  When  therefore  the  object  is  to  estimate  the  li 
proper  period  of  a  system  by  means  of  calculations  found 
on  an  assumed  type,  we  know  a  pi-iori  that  the  result  will  coi 
out  too  small. 

In  the  choice  of  a  hypothetical  type  judgment  must 
used,  the  object  being  to  approach  the  truth  as  nearly  aa  o 
be  done  without  too  great  a  sacrifice  of  simplicity.  Thus  t 
type  for  a  string  heavily  weighted  at  one  point  might  auital 
be  taken  from  the  extreme  case  of  an  inHntte  toad,  when  t 
two  parts  of  the  string  would  be  straight.  As  an  example 
a  calculation  of  this  kind,  of  which  the  result  is  known,  ■ 
will  take  the  case  of  a  uniform  string  of  length  /,  atrel 
with  tension  T,.  and  inquire  what  the  period  would  be 
certain  suppositions  as  to  the  type  of  vibration. 

Taking  the  origin  of  x  at  the  middle  of  the  string,  let 
curve  of  vibration  on  the  positive  side  be 

^— >«{■-(¥)"} <'^ 

and  on  the  negative  side  the  image  of  this  in  the  axis  of 
'1  being  not  less  than  unity.  This  form  satisfies  the  conditu 
that  y  vanishes  when  a:  =  ±  i^.  We  have  now  to  form  thu  a 
preKsions  for  T  and  V,  and  it  will  be  sufficient  to  consider  i 
positive  half  of  the  string  only.  Thus,  p  being  the  longitudt 
density, 


knd 


If  n  =  1,  the  string  vibrates  as  if  the  mass  were  concentrated 
in  it8  middle  point,  and 

12  7", 

"-  pi.-- 

If  n  =  2,  the  form  is  parabolic,  and 

lor, 

■    p!-   ■ 

The  true  value  of  p*  for  the  gravest  type  ia  — ;-',  ao  that 

!  assumption  of  a  parabolic  form  gives  a  period  which  is  too 
lall  in  the  ratio  ir :  -jlQ   or  -9936  :  1.     The  minimum  of  p". 


I  given  by  (2).  occurs  when  » 


J{V6  +  l)  =  l-72474,  and  j 


e  period  is  now  too  small  in  the  ratio 

TT  :  x/gfiggO  = -99851  :  1. 

It  will  be  seen  that  there   ia   cousiderable   latitude   in  the 

loice  of  a  type,  even   the  violent  auppoaition  that  the  string 

vibrates   aa   two  straight   pieces  giving  a  period   less  than    ten 

per  cent,  in  error.     And  whatever  tj'pe  we  choose  to  take,  the 

period  calculated  from  it  cannot  be  greater  than  the  truth. 

[In  the  above  applications  it  is  assnmed  that  there  are  uo 
unstable  modes.  When  unstable  modes  exist,  the  statement  ia 
that  a  constrained  mode  if  stable  possesses  a  frequency  of  vibra- 
tion leas  than  that  of  the  highest  normal  mode,  and  if  unstable 
ha8  a  degrei;  of  instability  less  than  that  of  the  most  unstable 
aurmal  mode] 

'  90-  The  rigorous  determination  of  the  periods  and  types  of 
vibration  of  a  given  system  is  usually  a  matter  of  great  difficulty, 
arising  from  the  fact  that  the  functions  necessary  to  express  the 
modes  of  vibration  of  most  continuous  bodies  are  not  as  yet  recog- 
niiied  in  analysis.  It  is  therefore  often  necessary  to  fall  back  on 
luethuds  of  approximation,  referring  the  proposed  system  to  some 
other  of  a  character  more  amenable  to  analysis,  and  calcidating 
corrections  depending  on  the  supposition  that  the  difference  be- 
tween the  two  systems  is  small.     The  problem  of  approximately 
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simple  systems  Is  thii§  one  of  great  iinpoi-tauce,  11101*6  especially 
as  it  is  impossible  in  pi-actice  actiially  to  realise  the  simple  forma 
about  which  we  can  most  easily  reusuti. 

Let  us  suppose  then  thiit  the  vibi-ations  of  a  simple  system  are 
thoroughly  known,  and  that  it  is  required  to  investigate  those 
of  a  system  derived  from  it  by  introducing  small  variations  in 
the  mechanical  functions.  If  ^,  0,,  &c,  be  the  nonnal  co-ordi- 
nates of  the  original  system, 

and  for  the  varied  system,  referred  to  the  same  co-ordinates, 
which  are  now  only  approximately  normal, 

2'+Sr  =  i(a,  +  Sa„)i^,=  +  ...  +  «a„-^,<i)j+...l 

r+«7=i(c-l-8c„)0.'+... +  5c,A^  +  ---J 

in  which  Ba„,  £0,1,  Sc,i,  Sc„,  &c.  are  to  be  regarded  as  Bmallil 
quantities.  In  certain  ca^es  new  co-ordinates  may  appear,  baU 
if  so  their  coefficients  must  be  small.  From  (1)  we  obtain  for  tfa^l 
Lagrangian  equations  of  motion,  ^H 

(a,  +  Su„  D'  +  c,  +  Sc„)  ^  +  (S(^„/)■  +  8c„)  ^,  \  H 

+  {Sa„I!P  +  Sci,l  *,  +  ...=  0  H 

(&i„i>  +  &„)i^, +(a,'+S^£'  +  c,  +  Sc„)f,  \ (2).M 

+  iSa^D'+hc„)4>,+  ...  =0  H 

In  the  original  system  the  fundamental  types  of  vibt&ti^H 
are  those  which  correspond  to  the  variation  of  but  a  single  t^H 
ordinate  at  a  time.  Let  us  fix  uiir  attention  on  one  of  thei^H 
involving  say  a  variation  of  ^r,  while  all  the  remaining  o^H 
ordinates  vanish.  The  chaii^^e  in  the  system  will  iu  gvn4!i^H 
entail  an  alteration  in  the  fundamental  or  normal  types;  b^H 
under  the  circtimstHUces  contemplated  the  alteration  is  srruii^H 
The  new  normal  type  is  expressed  by  the  syQcbronous  vuiati^H 
of  the  other  co-ordinates  iu  addition  to  ^, :  but  the  ratio  of  a^^| 
other  if),  to  ^,  is  small  When  these  ratios  are  known,  the  nunnj^| 
mode  of  the  altered  nystem  will  be  determined,  ^H 

Since  the  whole  motion  is  simple  harmonic,  we  may  suppo^H 
that  etich  co-ordinate  varies  as  nasp^.  and  substitute  in  l^H 
differential  equations  -p,*  fur  M  In  the  s^  equation  ^  ooeu^H 
with  the  tiuite  coefficient  ^H 
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I  The  coefficient  of  0^  i^ 

B^  The  other  terms  are  to  be  neglected  in  a  first  approximation, 
since  both  the  co-ordinate  (relatively  to  <ftr)  ^nd  its  coefBcieiit  are 
anAll  I]  n  AH  titles.     Hence 

^:*,._S«"-&*^ (3). 

Now  -  a,p,*  +  o»  =  0, 

<U>d  thus  d.  :  0       Pr'K.-&V. ,^, 

the  reqaired  result, 

tif  the  kinetic  energy  alone  undergo  variation, 
*.:^=-/^/-^ (5). 

The  corrected  value  of  the  period  is  determined  by  the  rth 
eqnatioii  of  (2),  not  hitherto  used.    We  may  write  it, 

»^  !  -  pr^Or  -  p,'  Ba„  +  Cr+  Sc„]  +  S  *.  (-  pr'  K.  +  Sc„)  =  0, 
Substitating  for  <fi,  :  0,  from  (4>),  we  get 

'^'         Or  +  SCn-  afirr(p.'~pr') 

The  firat  term  gives  the  value  of  p^'  calculated  without  allow- 
ance fur  the  change  of  type,  and  is  sufficient,  as  we  have  already 
provMl,  when  the  square  of  the  alteration  in  the  system  may 
be  negk-cted.  The  terras  included  under  the  symbol  S,  in 
which  the  summation  extends  to  all  values  of  s  other  than  r, 
give  the  correction  due  to  the  change  of  type  and  are  of  the 
-Lcond  order.  Since  o,  and  a,  are  positive,  the  sign  of  any  term 
!' p<mdM  upon  that  o( p,'  —  p,'.  If  p,'>/)/,  that  is,  if  the  mode 
-  be  more  aeute  than  the  mode  r,  the  correction  is  negative, 
and  makes  the  calculated  note  graver  than  before ;  but  if  the 
mode  M  bo  the  graver,  the  correction  raises  the  note.  If  r  refer 
fa]  the  gravest  mode  of  the  system,  the  whole  correction  is 
Ksigfttive ;  and  if  r  refer  to  the  acutest  mode,  the  whole  correction 
^Hhporitive,  as  we  have  already  seen  by  another  method. 

91.     As  on  example  of  the  use  of  these  formulje,  we  may 
:kc  the  caAe  of  a  stretched  string,  whose  longitudinal  density  p 
lt.fi..\>'^  taeaaured  from  oue  end,  oiid.  ij 


The  ^jTr-r.vi  ----- 
«]imti"ii  if    2     li  ■   :—" 
i,-,„-a,-i.,'i:.-- 
Sub?iitutiDg  ior  *,  : 


Tie  firat  lorm  gives  the  v&l'ir   .i  ji.-  .-aj.-^U'd  witJi'd, 
aBce  fi.r  the  change  of  t\ye,  and  i#  azirji^z,  an  hi-  h«v^ 
ptovcd,  wfaen  the   •i-^'^iare  of  the  &I:ff«i:.{i  iii  the  i 
be  neglecre-i     Th-; 


::-,.'  rth 


:I     ptirbT  ■■.--. 


terms    included    uixler  the  i 
rX'.'i-nds   to  all  valiics  yf  j 
-    ■:■     the  chanjfH  .,f  iyj»   . 
u--i    —  art!  foitiv;.  t.*.-  - 
■-_;.■■      If,.>,..'  :„ 
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be  the  transverse  displacement,  the  con  lign ration  at  any  time  I 
will  be  expressed  by 


i-rrx 


Sirx 


■■(1), 


I  being  the  length  of  the  string.  ^,,  i^.j,...  are  the  normal 
co-ordinates  for  p  =  constant,  and  though  here  p  is  not  strictly 
constant,  tho  configuration  of  the  system  may  still  be  expressed 
by  means  of  the  same  quantities.  Since  the  potential  energy 
of  any  configuration  is  the  same  aa  if  p  =  constant,  5  F  =  0.  For ; 
the  kinetic  energy  we  have 

,   f     fi     ■    -^x      !    ■    2Trx 

,    ;  -  r'      ■  .wa;  ,        ,  r  .   )"'       ■   .Swa;  , 
=  5  91        psm'-.-  da; +41^,'      psm'—j    ax 


T  +  BT  = 


dx 


I 


f^.*jj  p 


2trx 


dx-V  ., 


If  p  were  constant,  the  products  of  the  velocities  would 
disappear,  since  ^,  ^,  &c.  are,  on  that  supposition,  the  normal 
co-ordinates.  As  it  is,  the  integral  coefficients,  though  not  actually 
evanescent,  are  small  quantities.  Let  p=^ pa  +  Bp',  then  in  our 
previous  notation 

ar  =  ^lpa,    Barr=  I   Sp  siu" —p  dw,    Bri„=  j   5p  sin    .    sin-,   dx. 

Thus  the  type  of  vibration  is  expressed  by 


— ',  ■  y~  i   ^psi 

Pr'       IpJo 

j^_    r'28p   . 


r-KX   . 


i 


..(2). 


.ip. 

Let  us  apply  this  result  to  calculate  the  displacement  of  the 

nodal  point  of  tho  second  mode  (r  =  2),  which  would  be  in  the 

middle,  if  the  string  were   uniform.     In   the   neighbourhood  of 

this  point,  if  a;=  j-i  +  &c,  the  approximate  value  of  y  is 

,     .    IT  ,    ,     .    'Zir       ,     .     Stt  , 
y  =  0j  sm  ^  +  01  sin  5-  +  0,  Sin  ,,  +  .  - . 

27r  ,  2ir  ,        1 


f  £j  w   0,  COS  -    + 
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Hence  when  y  =  0, 

'^-SFS '*■"*•**•"■■■' <^> 

pproiiinately,  where 

,        ,  4      f'aSp  .    iira;  .    mx  , 

*-  *.-?3l  J.-^  «»     I    ^  -I    <^ W 

To  shew  the  appUcatioD  of  these  forraulie,  we  may  suppose 
Ae  irregularity  to  consist  ia  a  small  load  of  mass  p^  situated 
Az=\i,  though  the  result  might  be  obtained  much  more  easily 
directly.     We  have 

X  _    2  X    f     2^         _2 1.    .      2  1 

■""■b-v'SIp-*     3'- 4     5'-4"^7'-4"^ [' 

^m  which  the  value  of  Zx  may  be  calculated  by  approximatiou. 
The  real  value  of  &c  is,  however,  veiy  simple.  The  series  within 
biHcbets  may  be  written 

"Kich  is  equal  to 


-/: 


The  value  of  the  definite  integral  is 

ir-T-iBia-r', 


iDd  thus 


.  2\     7rV2         X 

8  may  also  be  readily  proved  by  equating  the  periods  of  vibra- 
ion  of  the  two  parts  of  the  string,  that  of  the  loaded  pirt  being 
dculated  approximately  on  the  assumption  of  uncbanged  type. 

As  an  example  of  the  formula  (6)  §  90  for  the  period,  we 
Ay  take  the  case  of  a  string  carrying  a  small  load  p^X  at  its 
iddle  point.     We  have 

«r  =  i  ^po .     Sun-  =  p^  sin"  -^ ,     Sor,  =  po\  sin  -5-  sin  -^ , 

id  thus,  if  P,  be  the  value  corresponding  to  X  =  0,  we  get  when 
is  even,  p,  ■=  i*,,  and  when  r  is  odd, 

,     „,  (       1  _    4r-    X'l  ... 

1  TodbuDter's  ItU.  Cale.  S  265. 
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wherG  the  summation  is  to  be  extended  to  all  the  odd  valaj 
of  s  other  than  r.    If  r  =  1, 

2A  

S'-l  8-1  S+1 

in  which  the  values  of  s  are  3,  5,  7,  9...,     Accordingly 

«»i  p,..i.,.{l-^  +  3V^ j (jj| 

giving  the  pitch  of  the  gravest  tone  accurately  as  &r  i 
square  of  the  ratio  \  :  /, 

In  the  general  case  the  value  of  pr',  correct  as  far  as  the  fi 
order  in  Sp,  will  be 


A'h-H'^si 


92.  The  theory  of  vibrations  throws  great  light  on  expansioj 
of  arbitrary  functions  in  series  of  other  funotious  of  sp« 
types.  The  best  known  example  of  such  expansions  is  thj 
generally  called  after  Fourier,  in  which  an  arbitrary  perioc 
function  is  resolved  into  a  series  of  hamnouics.  whose  perioJ 
are  aubmultiples  of  that  of  the  given  function.  It  is  well  kno« 
that  the  difficulty  of  the  question  is  confined  to  the  proof  of  t 
possibiliti/  of  the  expansion  ;  if  this  be  assumed,  the  determinataflS 
of  the  coefficients  is  easy  enough.  What  I  wish  now  to  dnw, 
attention  to  is,  that  in  this,  and  an  immense  variety  of  simili 
cases,  the  possibility  of  the  expansion  may  be  infeiTed 
physical  considerations. 

To   fix   our   ideas,   let  us  consider  the  small  vibrations  of  J 
uniform  string  stretched  between  fixed  points.     We  kno 
the  general  theory  that  the  whole  motion,  whatever  ■ 
be,  can  be  analysed  into  a  series   of  cumponeut   motiooa, 
represeated   by  a   harmonic   function   of  the   time,  and  capan 
of  existing  by  itself.     If  wu  can   discover   these   normal   ty| 
we  shall  be  in  a  jiosition  to  represent  the  most  genei^  viln 
poaaible   by   oombining   thom,   assigning   to  each    on    arbttr 
iplitndo  and  phase. 
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A^isiiniiiig  that  a  molioD  is  harmoutc  with    respect   to   lime, 
e  get  to  determiae  the  tj-pe  an  equation  of  the  form 

«b«Dce  it  appears  that  the  normal  functions  are 

y  =  Bm-^  .      ^  =  Bm-2- ,     y  =  Bm-j-,&c 

We  infer  that  the  moat  general  position  which  the  string  c 
me  is  capable  of  representation  by  a  Bcries  of  the  fonn 


^1  sin 


I 


iich  ia  R  particular  case  of  Fourier's   theorem.     There   would 
e  00  difficulty  in  proving  the  theorem  in  its  most  general  form. 

So  tar  the  string  has  been  supposed  uniform.  But  we  have 
bIj  to  introduce  a  variable  density,  or  even  a  single  load  at 
"  r  point  of  the  string,  in  order  to  alter  completely  the  ex- 
whose  possibility  may  be  inferred  from  the  dynamical 
It  is  uuneoessary  to  dwell  here  on  this  subject,  as 
e  shall  have  further  examples  in  the  chapters  on  the  vibrations 
nf  particular  flystems,  such  as  baa's,  membranes,  and  confined 
ntaaaes  of  air. 

In  §  88  we  have  a  formula  for  the  frequency  of  vibration 
llicable  when  by  the  imposition  of  given  constraints  the  original 
tem  IB  left  with  only  one  degree  of  freedom.  It  is  of  interest 
B  also  the  effect  of  leas  complete  constraints,  such  as  may 
d  liy  linear  relations  among  the  noi-mal  co-ordinates  of 
r  less  by  at  least  tAvo  than  that  of  the  (original)  degrees  of 
idom.     Thus  we  may  suppose  that 

g,^i  +  g,<t>,+g,4>,  +  ...^0  I  (i) 

A,d,  +  A,0,  +  A,*,  +  ...  =0  I 


s  number  of  ei]uations  (r)  fall  short  of  the  number  ot  the 

of  freedom  by   unity,  the  ratios  <^  :i/i, i^, ...  are  fnlly 

oiiM^.  and  the  case  is  that  of  but  one  outstanding  degree  of 

1  discuHsed  in  §  SS. 

8  jirttbbm  may  be  treated  in  more  than  one  way.  but  the 
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most  instructive  procedure  is  to  trace  the  effect  of  additions  to  T 
and  K     We  will  Bupposc  that  equations  (1)  §  87  are  altered  to 

r=joi*.'+K*.'  +  -- +  *«(/.*.+/>*=+-)' (2), 

7  =  ic,*,'  +  Jc,,^,'  +  ...  +  l7(/0.+/A-^--)' (3), 

and  that  F,  not  previously  existent,  is  now 

f-i;3  (/A +/.*.+  ..■)' (*)■ 

The  Cionnection  with  the  proposed  problem  will  be  understood 
by  siippoeing  for  instance  that  a  =  0,  ^  =  0,  while  y  =  x  ,  By  (3) 
the  potential  energy  of  any  displacement  violating  the  condition 

/A+/A+-=o (5) 

is  then  inlinite,  and  this  ie  tantamount  to  the  imposition  of  the 
constraint  represented  by  (5). 

Lagrange's  equations  with  X  written  for  D  now  become 
(o,X'  +  C)0,+/;(«X=  +  /3\+7)(/,0,+/,0,+  ...)  =  O| 
(ti,X=  +  C)  0.+/,{aX'+;SX +  7}(/,*i +/.*.  + ■■■)  =  0  I  •■■<^>- 

If  we  multiply  the  first  of  these  by_/^/{a,X,'+  c,),  the  second  by 
/,/(a,X' +  Ca),  and  so  on,  and  add  the  results  together,  the  factor 
(/A+/s0i+  ■■■ )  *'^"  divide  out,  and  the  determinant  takes  the 
form 

/•L^+    /.'    +  +    _  1 

OiX'+c,     a,X*  +  c,  nX'  +  ^X  +  7 

If  any  one  of  the  quantities  a,  0,  y  become  infinite  while  the 
others  remain  finite,  the  effect  is  equivalent  to  the  imposition  of  the 
constraint  (5),  and  the  result  may  be  written 

S/'l{aV  +  c)  =  0 (S)'. 

When  multiplied  out  this  equation  is  of  degree  {m  —  1)  in  X',  one 
degree  of  freedom  having  been  lost. 

If  we  put  /3  =  0,  (7)  is  an  equation  of  the  wth  degree  in  X',  and 
the  coefficients  a,  y  enter  in  the  same  way  as  do  a,,  c,;  a,,  Cj;  &c. 
In  order  to  refer  more  directly  to  the  case  of  vibrations  about 
stable  equilibrium,  we  will  write  p*  for  -  X".  The  values  of  jf 
belonging  to  the  unaltered  system,  viz.  »,*.  n,',...,  are  given  as 
before  by 

C -«,,(,' =  0,         c,-(i,Ha"  =  0,  &c., (9); 

and  we  will  alsn  write 

7-01^  =  0  (10), 

'  Rooth's  Right  Dyaamit;  flth  edition,  I8il2,  ^  67. 
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uhere  v*  relates  to  the  supposed  additioaa  to  T  and  V  cousidered 
■■m  belonging  to  an  independent  vibrator.  Let  the  order  of  magni- 
tude of  these  quantities  be 

«,',«,*, «,',  <^,  )..+,', «,„' (11). 

We  shall  see  that  there  is  a  root  of  (7)  between  each  consecutive 
pair  of  the  quantities  (11). 

Our  equation  may  be  written 

/.'  Ct  -  op'Xc,  -0^)  (c,-  ty)') 

+ 

+  Cc-o^)(c-a^') =  0 (12). 

When  p"  coincides  with  any  of  the  quantities  (11),  all  but  one 
of  the  terms  in  (12)  vanish,  and  the  sign  of  the  expression  is  the 
&a,me  as  that  of  the  term  which  remains  over.  When  p'<"i',  all 
the  terms  are  positive,  so  that  there  is  no  root  less  thau  Wj'. 
When  p'  =  n,',  the  expression  (12)  reduces  to  the  positive  quantity 

/,'(7-«H,')(c,-a,J!,')(c,-a,n,') 

When  p"  rises  to  ??,',  (12)  becomes 

U  (7  -  «"»')  (c,  -  «in;0  (c,  -  «»«,=) ; 

and  this  is  negative,  since  the  factor  (c,  —  n,?!,")  is  now  negative. 
Hence  there  is  a  root  of  (12)  between  tij'  and  n,'.  When  p*=  ti^, 
the  expression  is  again  positive,  and  thus  there  is  a  root  between 
B,'  and  n,*.  This  argument  may  be  continued,  and  it  proves  that 
there  is  a  root  of  (12)  between  any  consecutive  two  of  the  (m+  1) 
quantities  (11).  The  vi  roots  of  (12)  are  uow  accounted  for,  and 
there  is  none  greater  than  n^.  If  we  compare  the  values  of  the 
roots  before  and  after  the  change,  we  see  that  the  effect  is  to 
cause  a  movement  which  is  in  every  case  towards  t'.'  Considered 
absolutely  the  movement  is  in  one  direction  for  those  roots  that 
Bre  greater  than  v"  and  iu  the  opposite  direction  for  those  that 
are  less  than  v'.  Accordingly  the  interval  from  n^  to  n,+i'.  in 
which  if  lies,  contains  after  the  change  two  roots,  one  on  either 
side  of  j^. 

If  j^  be  lees  than  any  of  the  quantities  ii',  as  happens  when 
7  =  0,  one  root  lies  between  tf  and  w,',  one  between  n-^  and  n^,  and 
so  on.  Thus  every  root  is  depressed.  On  the  other  hand  if 
v'  >  n„',  every  root  is  increased.     This  happens  if  «  =  0.     (§  88.) 

'  It  will  bt  uniter.atoQil  that  in  partii^titat-  caeee  the  taovpiiteDt  may  viuii»ih. 


The  results  now  arrived  at  are  of  course  independeut  of  ti 
apecial  machinery  of  normal  co-ordinates  used  iu  the  inveetigatidl 

If  to  any  part  of  a  system  (h,*  V )  be  attached  a  vibratq 

(i^)  having  a  single  degree  of  freedom,  the  eflect  is  to  displace  a 
the  quantities  n,', ...  in  the  dii-ection  of  t^.     Let  us  now  suppc 
that  a  second  change  is  made  in  the  vibrator  whereby  a  becom 
a  +  a',  and  y  becomes   7  +  7'.     Every  root  of  the  determin&nti 
equation  moves  towards  u',  where  7'  —  a'c''  =  0.     If  we  suppt 
that  v'  =  1^,  the  movements  are  iu  all  cases  in  the  same  directioq 
as  before.     Gfoing  back  now  to  the  original  system,  and  supp( 
that  a,  7  grow  from  zero  to  their  actual  values  in  such  a  mai 
that  f'  remains  constant,  we  see  that  during  this  process  the  r 
move  without   regre^iou   In   the   direction   of  closer  agreemei 
with  1^. 

As  a  and  7  become  infinite,  one  root  of  (12)  moves  to  coinei 
deuce  with  v*,  while  the  remaining  (m  —  1)  roots,  corresponding  fa 
the  constrained  system,  are  given  by 


I/V(e-ay)-0  . 


••(IS).  I 


and  are  independent  of  the  value  of  p'. 

Particular  cases  are  obtained  by  supposing  either  v*  =  0,  1 
1^  =  oc .  Whether  the  constraint  is  effected  by  making 
the  kinetic  energy  of  any  motion,  or  the  potential  energy  ^ 
any  displacement,  which  violates  it,  makes  no  difference  to  tU 
vibrations  which  remain.  In  the  first  case  one  vibration  becom^ 
infinitely  slow,  and  in  the  second  case  oue  becomes  infinit<uly  quid 
However  the  constraint  be  arrived  at,  the  (w»— 1)  frec^uciicies  ( 
vibration  of  the  constrained  system  separate^  the  vt  frequi 
of  the  original  syRtem. 

Any  number  of  examples  of  this  theorem  may  be  inv 
without   difficulty.     Consider   the   case   of   a   uniform  stretobt 
string,  held  at  both  ends  and  vibrating  transversely.    This  is  t 
original  system.     Now  introduce  a  constraint  by  holding  at  restl 
point  which  divides  the  length  in  the  propoition  (say)  of  3  :f 
The  two  i>art9  vibrate  independently,  and  the  frequencies  for  c 
part  form  an  arithmetical  progrt^Bnion.     If  the  frequencies  j 
to  the  undivided  string  be  I.  2,  3,  4 ;  those  for  the  parts  a 


■  But  in  pwliDuiat  omm  the  "  vqiarittloii "  maf  VMilib.    T1i«  IhtorMn  in  I 
lull  mut  prowd  (tn  lau  dvtnwii  uf  frawluiu  in  Ibu  fir»t  wliltun  of  ttii*  work. 
ligniLtKlitf  il^ppaui  to  lie  dna  tofioutli. 
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I,  2.  8..,,)  and  |(1,  2,  3, ...).     The  beginning  of  each  series  is 
SWD  in  the  accompanying  scheme ; 


3       4       5 

I    L 

.11       •-  s 


J,  L 


n 


11       12 

I 

11} 


il  it  will  be  seen  that  between  any  consecutive  numbers  in 
tbe  first  row  there  is  a  number  to  be  found  eitlier  in  the  aecortd 
or  in  the  third  row.  In  the  case  of  o  aud  10  we  have  an  extreme 
nndition  of  things;  but  the  slightest  displacement  of  the  point 
U  which  the  cttnstraiut  is  applied  will  displace  one  of  the  fives, 
ii'us  &c.  to  the  left  and  the  other  to  the  right. 

The  coincidences  may  be  avoided  by  dividing  the  string 
iirommensurably.  Thus,  if  x  be  an  incommensurable  number 
'  IS  than  unity,  one  of  the  series  of  quantities  m/x,  '/h/(1  —x),  where 

■  isawhole  number,  can  be  found  which  shall  lie  between  any 
;,'i'raconsecutive  integers,  and  but  one  such  quantity  can  be  found. 

Again,  let  us  suppose  that  a  system  is  referred  to  co-ordinates 
which  are  not  normal  {§  84),  and  let  the  constraint  represented  by 
*,  =  0  be  imposed.  The  deteiTninant  of  the  altered  system  is 
I  iniied  from  that  of  the  original  system  by  erasing  the  first  row 
■'iii  the  firet  column.  It  may  be  called  V,,  and  from  this  again 
J  i_v  be  formed  in  like  manner  a  new  determinant  V,,  and  so  on. 
Hii.iae  determinants  form  a  series  of  functions  of  p',  regularly 
'nvfiing  in  degree;  and  we  conclude  that  the  roots  of  each 
ivtroto   the   roots   of   that   immediately  preceding'. 

It  may  be  remarked  that  while  for  the  sake  of  simplicity  of 
atement  we  have  supposed  that  the  equilibrium  of  the  original 
,  ■lem  was  thoroughly  stable,  as  als<j  that  of  the  vibration  brought 

■  ■■  connection  therewith,  these  restrictions  may  easily  be 
:  l»:ni«:d  with.  In  any  case  the  series  of  positive  and  negative 
I  mtities,  Hi',  w,* and  v',  may  be  arranged  in  algebraic  order, 

;,'!  the  effect  of  the  vibrator  is  to  cause  a  movement  of  every 
■  nine  of^  in  the  direction  of  v*. 

Jn  order  to  extend  the  above  theory  we  will  now  suppose  that 
iddition  to  7*  is 

i<»/(/.*i+/.*.+ ■-)'  +  K(5'.<^> +3"*»+ ■■■>' 

+  ia«  (/'.*,  ■^M»-t--V+ (I-*) 


..(13). 
..(16). 


.0...(17). 


and  the  addition  to  V 

i7/ (/.* +/A +■..)■  + ir,  ( J.*. +  ».*.+  ..  .y  + 

If  we  act 

^,V  +  y,~F'.  «,V  +  7,.e' 

and  so  on,  Lagrange's  equations  become 

(o,X'  +  c)  A  +  rfi  (/^  +/,*,  +  ...) 

+  (?Vi  (Si* +?.*.+ ...)+*'*.  (*,*.  +  *.*.  + ...)  + ... ' 

(o^- +c)i>,+ wf,  (/,*,  +/,*,  +  ...) 
+sV.(!;,*,+jA+...)+'"'.(*.*.  +  *.*.+  ...)  + -  =  0... (18), 

and  80  on,  the  number  of  equations  being  equal  to  the  number 
(wt)  of  co-ordinates  0i,  i^  ....  The  number  of  additions  (r),  corre- 
sponding to  the  letters  f,g,k,...,'is  supposed  to  be  leas  than  m. 
From  the  above  in  equations  let  r  now  ones  be  formed, 
follows.  For  the  first  multiply  (17)  by  /i/(n.X"  +  c,),  (18)  by 
ftH,a^'  +  c,).  and  so  on,  and  add  the  results  together.  For  the 
second  proceed  in  the  same  manner,  using  the  multipliers 
^,/(aiX°  +  c,),  ^j/((t,X' +  c),  &c.  In  like  manner  for  the  third 
equation  use  h  instead  of  g,  and  so  on.  In  this  way  we  obtain  r 
equations  which  may  be  written 

^■(/.>('i+/A  +  ...)|i/*" +  *"."  + ^V  +  ^'.'+.-.j 
+  G'(y,^, +?,.(,,+.. .)|f,e, +  /■,(;,  +  ...] 

+  ir(4,0,  +  *,^+...)if,ff,  +  f,ff,+  ...i  + -0...(19), 

*"(/*+/.*=  +  •■.)  |e.''.+e^.+ ...I 
+  ff' (J,*, +jrA  + ...)  |i/e' +  e,'+ e,- + ...) 

+  /f' (*,*  + ;^, +  ...)(«,//,  +  (;,£?,  +  ... I  + -0...(20). 

and  so  on,  where  for  brevity 

*■.'  -  /.'/("A"  +  «.).  *■."  -/.V(«.^'  +  ».).  *«..  \ 

Oj'=g,'lia,\'  +  Ci),  Gi' =  g^'l(a.,\' +  c,),  &c.  i (21). 

F,0,-fyJ(a,V  +  c),  He.  I 

The  determinantal  equation,  of  the  rth  order,  is  thus 

1/r  +  SF;  iFO,  XFH. 

1.FG,  1/(3' 4- SO',  Seif, 

^FH.  IGH,  yS'  +  lH; 


..(22). 
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If,  Sir  example,  there  be  two  additions  to  T  nnd  V  of  the  kitici 
cribct),  the  equation  is 

^g,  +  ^'+-j^+2^-SG=-|SfGj'  =  0    (23). 


(25). 


W  +  /■.'+  ...)  (G,'  +  G,'  +...)-  {Ffi^  +  -f.G,  +  ...)^ 

=  '%%(F,G,-F,G,y (24). 

SqnatioQ   (23)  is  in   general  of  the    *nth  degree  in  X',  and 
I  the  frequencies  of  vibration.     In   the   extreme   case 
B  F'  and  G'  are  made  infloite,  the  system  is  subject  to  the 
IDConstntinte 

/.*,+/,^+...  =  oi 

j7A  +  3j*.+  ...=0J    

i  the  uqnation  '  giving  the  (m  —  2)  outstanding  roots  is 

i(i,V  +  c)(«^*  +  cJ     {a,X«  +  c,)  (a,V  +  c.) 

In  general  if  the  system  be  subject  to  the  r  constraints  (1 ).  the 
l>'t<^rminantal  equation  is 

,   -LFF.    IFG.    -S-FH,...  ■ 
i   SfG.    SWG,    SOi?,...  L, 
IFH,   ^OH.    ^HH,...  I 


.(■2G). 


■  (27) 


If  r  be  leas  than  m,  this  determinant  can  be  resolved'  into  a 
•iiiiiofftqiiarea  of  determinants  of  the  same  order  (r).  Thus  if  there 
'"^  three  constraints,  the  first  of  these  squares  is 

I     >'l  F,  F;     ? 

0,     G,     G,     (28), 

'  H,    H,    H,  I 
ii'l  the  oth«ts  are  to  be  found  by  including  every  combination  of 
Fi  Buffixea  taken  three  together.    To  fall  back  upon  the  original 
L  we  have  merely  in  (28)  to  replace  the  capital   letters 

\...  hyf,g and  to  introduce  the  denominator 

(ra,X'  +  Ci)  (i(,V  +  Ci)  («,X'  +  Cj), 
u  deterniinantal  equation  for  a  system  originally  of  m  degrees 
loin  and  subjected  to  r  constmints  is  thus  found.     Its  form 

ii>  rosult  is  due  to  Koutli,  loc,  cit.  f  07. 
I  f.n  Hiahar  Atgibra,  |  24. 


126 


..gVCTUt 


[s: 


u  largely  deteriT  .  i  h»t  it  moA  remui  i 

affvcted  b}-  'mt':T':h:u>g:"i  •riiher  of  ;t,e  ktten  or  of  t^  aofii 
Thkt  it  would  becoint^  nug&toij  if  two  of  tike  eoDditwas  of  a 
Mraint  coincidfMl,  coold  a,Uo  liave  been  foreseen.  If  r  =  «- 
th«  lyKteni  it  reduced  bo  one  degree  of  freedom,  and  Uie  eqtMti 


t,  s,  g.-- 
h,  K,  K.. 


I/././.- 

A,  A,  A,... 


in  8gro(iD«nt  with  §  (8S). 

Them  are  theoriee,  parallel  to  tlie  foregoing,  fcr  systems  a 
which  T  and  f,  or  F  and  F,  are  alone  sensible.  In  tJiese  caaea^i 
the  fimclioiiB  be  intrinsically  puBitive,  the  Donnal  n 
ppipnrtional  to  cxpoueotia]  functions  of  the  time  soch  as  r*i 
The  quuutititi*  t,,  t,,..,  are  called  the  time-conatants,  or  pefo*- 
UtuaeM,  of  tbo  motions,  being  the  times  occupied  by  the  motions  io 
wibaiding  in  the  ratio  of  e :  I.  The  new  persisteQces,  after  tb 
introduction  of  a  contttraint,  will  separate  the  original  values. 

The  bent  illuBtrationa  of  this  theory  are  electrical,  where  th 
tnottotiH  are  not  restricted   to   be  umall.     Suppose  (to  take  a 
4fl(9ctrO' magnetic  example)  that  in  one  branch  of  a  net-wotk  d 
flonductora  there  is  introduced  a  coil  of  persistence  (wheti  clo 
ii|iim  itMelf)  ccjunl  to  r',  the  original  persistences  being  r,,  t,,.., 
Thttn  tfau  new  perHistences  lie  in  all  cases  nearer  to  t'.  and  tfa 
W!|Mrat(i  the  (luautities  t',  t,.  t,....     If  t'  be  made  infinite  bh 
fltcrtiwlng  the  M.>ir-iuciuction  of  the  additional  coil  without  lim 
Mr  bi!  iiiiulu  to  vivninli  as  by  breaking  the  contact  in  the  I 
ttitt  ri'Nult  in  a  constraint,  and  the  uen-  values  of  the  pereistence 
WitiuTHMi  thtt  funnur  ones. 

08,  Thit  dflti-nninati«n  of  the  coeiticients  to  suit  arbitru 
Iftlfliil  itonilili'iMfl  may  always  be  readily  effected  by  the  fiinda 
muritul  propiTty  of  tho  normal  functiouH,  and  it  may  be  convemen 
to  iilii'toh  th"  prnccKs  hero  for  systems  like  strings,  ban*, 
brain'a,  plnteH,  iic,  in  which  there  \9  only  one  dependent  voriabl 
X  Ui  \m  (Xinuidero)!.  If  «<,,»,... be  the  normal  functions,  i 
^,  ^..,  tbv oorruMpiinding  oo'ordinatea, 
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The  eqtiations  of  free  motion  are 

^.+  ",'^.  =  0,     4,,+jij'4,,  =  0.&c (2), 

liich  the  solutions  are 

^  =  A,  aia  n,t  + Bi  COS n,t  \ 

^  =  ^,9inn^  +  -B,  C08n,(  [     (3)- 

|Tb«  initial  values  of  f  and  ^  are  therefore 

5;  =  fl,«,  +  B,ii,  +  S.«,  + . . .  1 

t,  =  Mii*i  +  n.-4.«3  +  M.">  +  --)  

L  the  problem  is  to  determine  A,,  A,,...  Bi,  B,...  so  as  to 
wnd  with  arbitrary  values  of  f„  and  ju. 
I  If  p  (fj:  be  the  mass  of  the  element  dtc,  we  have  from  (1) 

1  But  the  expression  for  Tin  terms  of  ^i,  <^,,  &c.  cannot  contain 
t  pwdticte  of  the  normal  generalized  velocities,  and  therefore 
y  integral  of  the  form 

tpu,u/is  =  0 (5). 

fleoue  to  determine  Br  we  have   only  to  multiple   the   first 
I  cf  ejua^ons  (4)  by  pUy  ^id  integrate  over  the  system.     We  thus 
■'btaiii 

Br\pUrMx  =  ^pu,\:^ (6). 

n,Ar\pur'<ir  =  jpxwldx (7). 

I  process  18  just  the  same  whether  the  element  if^  be  a  line, 
r  volume. 
!Tie  conjugate  property,  expressed  by  (5),  depends  upon  the 
I  that  the  functions  ii  are  normal.  As  soon  as  this  is  known 
[he  Hulntion  of  a  differential  equation  or  otherwise,  we  may 
r  the  conjugate  property  without  further  proof,  but  the  pro- 
r  jt«elf  i»  most  intimately  connected  with  the  fundamental 
ei)uation  of  motion  §  94. 
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94i  If  F  be  the  potential  enet^-  of  deforniatioD,  f  I 
diapUcemeut,  aod  p  the  density  of  the  (lioe,  area,  or  volon 
element  dx,  the  equation  of  rirtual  velocities  gives  immediately 


iV 


+jp5Sfdi=0 (IV 


In  this  equation  8K  is  a  symmetrical  functiuu  of  f  and  . 
as  may  be  readily  proved  from  the  expression  for  V  in  ten 
of  generalized  co-ordinates.     In  fact  if 

V  =  i  C„^i'  +  ..,  +  C,.^|^■^^^r,  +  .... 

SF  =  c,Af-,fit,  +  CsV"^,-i  ... 

Suppose  now  that  f  refers  to  the  motion  corresponding 
a  normal  function  a,,  so  that  5+»,"{f  =  0,  while  Sf  is  identilit 
with  another  normal  function  u, :  then 

£r=  II,''  jpttfU/ix. 

Again,  if  we  sappose,  as  we  are  equally  entitled  to  do,  that 
varies  08  a,  and  SJ'  aa  u,,  we  get  for  the  same  quantity  SF. 

SV=n.'lpUrU^; 

and  therefore  {r>,'-n.')  jfiu^u,dj!  =  Q (2), 

from   which  the  conjugate  property  follows,   if  the   motions   r 
presented  respectively  by  «,  and  u,  have  diflerent  pcrioils. 

A  good  exampio  of  the  connection  of  the  two  methods 
treatment  will  be  found  in  the  chapter  uit  the  transverse  vibr&tioi 
of  bars. 

9B.     Professor  Klokes'  has  drawn  attention  to  a  very  gei 
Uw  connecting  those  parte  of  the  free  motion  which 
nn  the  initial  di*ptacementn  of  a  systi'm  tint  subject  to  frictit 
forocn,   with  thoau    which   dcpt-nd    on    tin-    initial    velocities. 
n  velocity  of  any  type  be   couiinnnicated   to   a  systein   at   ret 
lind    ihen   after   a   small   interval  of  time  the  opposite  velooil 
be  commiuiic4itL-d,   the   effect   in   the  limit  will  bo  to  start  tl 
system  wiliioiit  velocity,  but  with  a  displacement  of  tha  corr 
BpoodiDg  tjiK^     Wt!  may  readily  prove  from  this  that  in   ordi 
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to  dedace  the  motion  depending  on  initial  displacements  from 
that  depending  on  the  initial  velocities,  it  is  only  necessary  to 
di^rectiate  with  respect  to  the  time,  and  to  replace  the  arbitrary 
0(»istant8  (or  fdnctiong)  which  express  the  initial  velocities  by 
tboee  which  express  the  correspunding  initial  displacements. 
Thus,  if  0  be  any  normal  co-ordinate  satisfying  the  equation 


the  solution  in  terms  of  the  initial  values  of  if>  and  9  is 

^  =  ^C03?t(  +  -^oSi'»"( (1), 

of  which  the  first  term  may  be  obtained  from  the  second  by 
Stokes'  rule. 


CHAPTER  V. 


VIBBATINO  SYSTEMS  IN  GENERAL 
CONTINUED. 


96.  When  diasipative  forces  act  upon  a  system,  the  char 
of  the  motion  is  in  genemi  more  complicated.  If  two  only  of 
functions  T,  F,  and  V  be  finite,  we  may  by  a  suitable  linear  t 
formation  rid  ourselves  of  the  products  of  the  co-ordinatea, 
obtain  the  normal  types  of  motion.  In  the  preoeding  chapte 
have  considered  the  case  ai  F=Q.  The  same  theory  with  ob» 
modifications  will  apply  when  T  =  0,  or  V  =  fi,  but  these  e 
though  of  importance  in  other  parts  of  Physics,  such  as  Heat 
Electricity,  scarcely  belong  to  our  present  subject. 

The  presence  of  friction  will  not  interfere  with  the  redactu 
Tand  V  to  sums  of  squares;  but  the  transformation  propo 
them  will  not  in  general  suit  also  the  requirements  of  F, 
general  equation  can  then  only  be  reduced  to  the  form 

a,^i  +  fci,^, +  6ii^j  +  ...  +  c,^,  =  *,,   &c (j 

uud  not  to  the  simpler  form  applicable  to  a  system  of  one  d(| 
of  freedom,  viz. 

rt,.^,  +  t,^, +c,0,  =  fl>,.   &c X! 

We  may,  however,  chouse  which  pair  of  functions  W9  ; 
reduce,  though  iu  Acoustics  the  choice  would  almost  alwRjn' 
on  Taiid  V. 


97.  There  is,  however,  a  not  unini[iortant  class  of  cu 
which  the  reduction  of  all  three  functions  may  bo  effected 
tbc  theory  thi>n  assumes  lui  exceptional  simplicity.  Under  this 
the  most  important  aru  probably  those  when  /*  is  of  the 
OS  3"  or  F.  Tht  first  cft.ti'  dccup*  fn-quuntly,  in  books  at  any 
when  the  mottixi  of  each  part  of  the  ayotem  ia  resiabed  by 
tonliog  furce,  proportii 
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rp«l    The  same  exceptional  reduction  is  possible  when  J"  is  a 

fiwar  fQnctJOD  of  T  anil  V.  or  when  T  is  itself  of  the  same  form  as 

In  aiij'  of  these  cases,  the  equations  of  motion  are  of  the  same 

furm  OS  for  a  system  of  one  degree  of  freedom,  and  the  theory 

pwBeases  certnin  peculiarities  which  make  it  worthy  of  separate 

,   consideratioa. 

The  eqitatjons  of  motion  are  obtained  at   once    from    T,  F 

'  uii  Vi— 

ia  which  the  co-ordinates  are  separated. 

For  the  free  vibrations  we  have  only  to  put  4>]  =  0,  iS 
lh«  solution  is  of  the  form 

■   sin  n't  (        , 


■■(1), 


♦.■' 


2«' 


»"•')}■■ 


-(2). 


'thrrc  K  =  hla,    71*  =  c/a.    n'  =  v'(«'-iO. 

■imi  ^  and  ^  are  the  initial  values  of  ^  and  ^. 

The  whole  motion  may  therefore  be  analysed  into  component 
"I'ltions,  each  of  which  corresponds  to  the  variation  of  but  one 
ij^nnal  co-ordinate  at  a  time.  And  the  vibration  in  each  of  these 
iiiinlw  is  altogether  similar  to  that  of  a  system  with  only  one 
■k'ime  of  liberty.  After  a  certain  time,  greater  or  less  according 
■1  the  amount  of  dissipation,  the  free  vibrations  become  insignifi- 
iDt,  and  the  system  returns  sensibly  to  rest. 

[If  F  be  of  the  same  form  as  T,  all  the  values  of  «  are  equal, 
■  is.  all  Tibrations  die  out  at  the  same  rate.] 

Simultaneously  with  the  free  vibrations,  but  in  perfect  inde- 

idence  of  them,  there  may  exist  foi'ced  vibrations  depending  on 
Aqaantities  4).     Precisely  as  in  the  case  of  one  degree  of  free- 

I.  the  eolation  of 

a*  +  6*  +  c^  =  * (3) 

V  be  written 


I  , 


"sinTi'(f-(')*rf(' (4). 


e  Hit  above 

*  =  6/«.       n'  =  c!a.      «'=V(n'-K). 
itbtain  the  complete  expression  for  <f>  we  must  aild  to  the 
^-biuuJ  member  of  (+),  which  makes  the  initial  values  of  <^ 
9.  f^na  IB  {i)  Trbich  lepreseat  t^e  icwi^u^ 


at  time  t  of  the  initial  values  0,  and  ^g.     If  there  be  no  fricti( 
the  value  of  ip  in  (4)  reduces  to 


B\nn{t~t')<i>dt'. 


-  (5). 


98.  The  complete  independence  of  the  normal  co-ordina 
leads  to  an  interesting  theorem  concerning  the  relation  of  t 
subsequent  motion  to  the  initial  disturbance.     For  if  the  fon 
which  act  upon  the  system  be  of  such  a  character  that  they  do 
work  on  the  displacement  indicated  by  S^ ,  then  ^,  =  0.    Xo  su( 
forces,  however  long  continued,  can   produce  any  effect  on  th 
motion  ^i.     If  it  exist,  they  cannot  destroy  it ;  if  it  do  not  exist 
they  cannot  generate  it.     The  most  important  application  of  tl 
theorem  is  when  the  forces  applied  to  the  system  act  at  a  node 
the  normal  component  ^,,  that  is,  at  a  point  which  the  componei 
vibration  in  question  does  uot  tend  to  set  in  motion.    Two  extrei 
cases  of  such  forces  may  be  specially  noted,  (1)  when  the  force 
an  impulse,  starting  the  system  from  rest,  (2)  when  it  has  acted 
long  that  the  system  b  again  at  rest  under  its  ijifluence  in  a  di 
turbed  position.     So  soon  as  the  force  ceases,  natural  vibratjoi 
Bet  in,  and  in  the  absence  of  friction  would  continue  for  an  tl 
definite  time.     We  infer  that  whatever  in  other  respects  tfa 
character  may  be,  they  contain  no  component  of  the  type  ^,. 
conclusion  is  limited  to  cases  where  T,  F,  V  admit  of  simultani 
reduction,  including  of  course  the  case  of  no  friction. 

99.  The  formulae  quoted  in  §  97  are  applicable  to  any  kind 
force,  but  it  will  often  happen  that  we  have  lo  deal  only  with  t 
effects  of  impressed  forces  of  the  harmonic  tj-pe,  and  we  may  t 
advantageously  employ  the  more  special  formuire  applicable  to  siM 
forces.  In  using  normal  co-ordinates,  we  have  first  to  calculate  thf 
forces  *,,  *]',,  &C.  corresponding  to  each  period,  and  thence  dediu 
the  values  of  the  co-ordinates  themselves.  If  among  the  natuni 
periods  (calculated  without  allowance  for  friction)  there  be  aa] 
nearly  agreeing  in  magnitude  with  the  period  of  an  imprtwwj 
force,  the  corresponding  component  vibrations  will  be  abnornm!l|^ 
large,  unless  indeed  the  force  itself  be  greatly  attenuated  in  tli( 
preliminary  retiolntion.  Suppose,  for  example,  that  a  tranarei 
forct"  of  harmonic  type  and  given  period  acta  at  a  single  point  « 
a  strvtched  ntring.     All  the  normal  niodea  of  vibration  will,  i 
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.1  ihe  period  of  the  impressed  force;  but  any  normal  component, 
'  lich  has  a  node  at  the  point  of  application,  will  not  be  excited. 
Tn.j  magnitude  of  each  component  thus  depends  on  two  things: 
1 1  on  the  situation  of  its  nodes  with  respect  to  the  point  at  which 
tie  force  is  applie<i  and  (2)  on  the  degree  of  agreement  between 
'-.i  offa  proper  period  and  that  of  the  force.  It  is  important  to 
■'  lueniber  that  in  response  to  a  simple  harmonic  force,  the  system 
till  vibrate  in  general  in  all  its  modes,  although  in  particular 
if=i^  it  may  sometimes  be  sufficient  to  attend  to  only  one  of  them 
"  lieing  of  paramount  importance. 

100.     When  the  periods  of  the  forces  operating  are  very  long 

■  lnti?ely  to  the  free  periods  of  the  system,  an  equilibrium  theory 
^  ^metimes  adequate,  but  in  such  a  case  the  solution  could 
^'iiemlly  be  found  more  easily  without  the  use  of  the  normal 
■-"-onii nates.  Bernoulli's  theory  of  the  Tides  is  of  this  class,  and 
iirjciei.-ds  on  the  assumption  that  the  free  periods  of  the  masses  of 
>i.iifr  found  on  the  globe  are  small  relatively  to  the  periods  of  the 

[i-ralive  forces,  in  which  case  the  inertia  of  the  water  might  be 
!■  i;  out  of  account  As  a  matter  of  fact  this  supposition  is  only 
■ry  roughly  and  partially  applicable,  and  we  are  consequently 
■itl  in  the  dark  on  many  important  points  relating  to  the  tides. 
'  ii'-  principal  forces  have  a  semi-diurnal  period,  which  is  not  suSi- 

■  tilly  long  in  relation  to  the  natural  periods  concerned,  to  allow 

I  f  he  inertia  of  the  water  being  neglected.  But  if  the  rotation  of 
ii-  i-arth  had  been  much  slower,  the  equilibrium  theory  of  the 
ide«  might  have  been  adequate. 

1  corrected  equilibrium  theory  is  sometimes  useful,  when  the 
I  of  the  impressed  force  is  sufficiently  long  in  comparison 
1  must  of  the  natural  periods  of  a  system,  but  not  so  in  the 
f  4>f  one  or  two  of  them.  It  will  be  sufficient  to  take  the  case 
e  there  is  no  friction.     In  the  equation 

o$  +  C0=*,     or  4>  +  n'<l)  =  4>la, 

a  that  the  impressed  force  varies  as  cos  pt.     Then 

-«("■-/'') (!)■ 

i^e  equilibrium   theory  neglects  j)'  in  comparison  with    n', 

^  =  *-ra;i'..... .........(.2). 
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Suppose  now  that  this  course  is  justiliable,  except  in 
of  the  single  normal  co-ordinate  <fc.  We  have  then  only  to  ad 
to  the  result  of  the  eqnilibrium  theory,  the  difference  betweel 
the  true  and  the  there  assumed  value  of  ^,  viz. 


*. 


..(3). 


The  other  extreme  case  ought  also  to   be   noticed.     If  I 
forced   vibrations  be  extremely  rapid,  they  may  become  nearl 
independent   of  the   potential   energy   of   the   system.      lostea 
of  neglecting  p'  in  compaiTson  with  n',  we  have  then  to  neglec 
ti*  in  comparison  with  p',  which  gives 

<f)  =  —  <t>-i-  ap* (4), 

If  there  be  one  or  two  co-ordinates  to  which  this  treatmei 
ia  not  applicable,  we  may  supplement  the  result,  calculated  ( 
the  hypothesis  that  V  ia  altogether  negligible,  with  correctioi 
for  these  particular  co-ordtnates. 


101.  Before  passing  on  to  the  general  theory  of  the  vibratioi 
of  systems  subject  to  dissipation,  it  may  be  well  to  point  oi 
some  peculiarities  of  the  &ee  vibrations  of  continuous  system 
started  by  a  force  applied  at  a  single  point.  On  the  3uppi.taitioi 
and  notations  of  §  93,  the  conBguration  at  any  time  is  del 
mined  by 

ir=M  +  *.«i+^.«.+ (I). 

where  the  normal  co-ordinates  satisfy  etiuations  of  the  form 

(l4r  +  Cr>l>r  =  'Pr (2)- 

Suppose  now  that  the  system  is  held  at  rest  by  a  foree  applit 
at  the  point  Q.  The  value  of  *,  is  determined  by  the  considor 
tiou  that  4>rS4>r  represents  the  work  dune  upon  the  systum  by  tl 
impr&isod  forces  during  a  hypothetical  displacement  &^  =  S^t 
that  is 


S<f,r   Zurd^: 


..=/. 


■AQ)  Zd^, 


au  that  initially  by  (3) 


c*,- 
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If  the  ^'Stera  be  let  go  from  this  configuration  at  ( =  0,  we 
i\6  ai  any  snbMcquont  time  t, 


0,  =  COB  n4  - 
ijn!  al  the  poiut  P 


»,(«)[^ 


(3). 

iah,   but   on   the 


Al  [larticular  points   "r(P)   and  \i,((l) 
"hole 

nyilher  converges,  nor  diverges,  with  r.     The  series  foi-  f  therefore 
MUTerges  with  »,"'. 

Again,   suppose  that   the  sj'stera   \&   started   by  an   impulse 
from  the  configuration  of  equilibrium.     In  this  case  initially 


whence  at  time  ( 


'  '  nr  jpUr'dx 

ea 

,<,{P)uAQ)lz,da^ 


nrjpa/ 


dx 


..(7), 


,  that 


Wrbg  that  in  this  case  the  series  converges  with   : 

;  slowly  than  in  the  previous  ctise, 

I  both   eaeea  it  may  be  obeerved  that   the  value   of  f  is 

lautrical  with  respect  to  P  and  Q,  proving  that  the  displace- 

(  Bt  time  t  for  the  point  P  when  the  force  or  impulse  is  ap- 

Q.  is  the  same  as  it  would  be  at  Q  if  the  force  or  impulse 

I  appliod  at  P.     This  is  an  example  of  a  very  general 

WJtJch  we  Hhall  consider  at  length  presently. 
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As  a  third  case  we  rosy  suppose  the  body  to  start  fi-om 
as  deformed   by  a  foi-ce   uni/orml;/  distributed,  over   its   lengt 
area,  or  volume.     We  readily  find 


f=ScOSJIr(  - 


U,(P).Z.    uM 


jpVr'dx 


■■(8). 


The  series  for  f  will  be  more  convergent  than  when  the  foro 
is  concentrated  in  a  single  point. 

In  exactly  the  same  way  we  may  treat  the  case  of 
tiauoiia  body  whose  motion  in  subject  to  dissipation,  provide 
that  the  three  functions  2\  F,  V  be  simultaueously  reducibi 
but  ib  is  not  neceaeary  to  write  down  the  formulse. 

102.  If  the  three  mechanical  functions  T,  F  and  F  of  ii 
system  be  not  simultaneously  reducible,  the  natural  vibratit 
(as  has  already  been  observed)  ai'e  more  complicated  in  thi 
character.  When,  however,  the  dissipation  is  small,  the  methc 
of  reduction  is  still  useful;  and  this  class  of  cases  besides  beia 
of  some  importance  in  itself  will  form  a  good  introduction 
the  more  general  theory.  We  suppose  then  that  T  and  V  , 
expressed  as  sums  of  Bfjuares 

F  =  lc,0,'  +  ic,,*,'+...  I  

while  F  still  appears  in  the  more  general  form 

i'  =  i  tiii^i'  +  i  6h4i,'  +  . . .  +  fcu^i^,  + 
The  equations  of  motion  are  accordingly 

0,$,  +  t,,*,  +  6,rt^  +  bu^  +  . ..  +  c,<^,  =  0  1 


(l). 


■■<2). 


■■(3). 


in  which  the  coefficients  &„,  &„,  &c.  are  to  be  treated  as 
If  there  were  no  friction,  the  above  system  of  equations  woii 
be  satisfied  by  supposing  one  co-ordinate  ^  to  vary  suitabi 
while  the  other  co-ordinates  vanish.  In  the  actual  ease  iha 
will  be  a  corresponding  solution  in  which  the  value  of  any  olhi 
co-ordinate  ^,  will  be  small  R'latively  to  ^,. 

Hence,  if  we  omit  terms  of  the  second  order,  tha  r** 
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which  we  infer  that  <f>r  vai-ies  approximately  as  if  th(->re 
E  no  change  due  to  friction  in  the  type  of  vibration.  If  <^r 
Y  a«  e*^,  we  obtain  to  determine  p, 

a,p/  +  b„p^  +  Cr  =  0 (5). 

'  roots  of  this  enuation  are  complex,  but  the   real  part 

]  in  comparison  with  the  imaginary  part,     [The  character 

■  motion   rcpri'sented   by  (5)   has   already   been   discussed 

The  rate  at  which  the  vibrations  die  down  is  proportional 

,  and  the  period,  if  the  terra  be  atill  admitted,  is  approxi- 

lely  the  same  as  if  there  were  no  dissipation.] 

the  »"■  equatioi],  if  we  introduce  the  supposition  that 
e  co-ordinates  vary  as  C^,  we  get 

(Pr'a,  +  C.)  <!>.  +  br.p,<f>r  =  0. 

a  of  the  Becond  order  being  omitted ;  whence 

=  M^) '»'• 

This  eijuation  determines  approximately  the  altered  type 
f  vibration.  Since  the  chief  part  of  p^  is  imaginary,  we  see 
'i"^  the  co-ordinates  <t>,  are  approximately  in  the  same  phase, 
'"It  that  thai  fJtaae  differs  fry  it  qitarter  period  from  the  phase 
:'  ^r-  Hence  when  the  function  F  does  not  reduce  to  a  sudi 
f  wjiiarcjt,  the  character  of  the  elementary  modes  of  vibration 
■  III*  simple  than  otherwise,  and  the  various  parts  of  the  system 
'.'■  no  longer  simuItaQeously  in  the  same  phase. 

Wo  proved  above  that,  when  the  friction  is  small,  the  value 
1  /v  may  be  calculated  approximately  without  allowance  for 
III.  cbauge  of  type;  but  by  means  of  (6)  we  may  obtain  a  still 
'L'-er  approximation,  in  which  the  squares  of  the  small  quantities 
iri  retained.     The  r"'  equation  (3)  gives 


arP'  +  c,  +  b„pr  +  2  - 


=  0.. 


.-{7). 


The  leading  part  of  the  terms  included  under  "S.  being  real, 
tbc  correctiou  has  no  effect  on  the  real  part  of  p,  ou  which 
'!i''  rate  of  decay  depends. 

102(1.  Following  the  electrical  analog)'  we  may  conveniently 
'jtrr<ribi;  the  forces  expressed  by  F  as  forces  of  resistance.  In 
5  1<)2  we  have  seen  that  if  the  resistances  be  small,  the  periods 
rUuttU.    We  nxB^  thereibre  ex.teiul  to  tlUa  caae 


the  application  of  the  theorems  with  regard  to  the  effect  u] 
the  periods  of  additions  to  T  and  V,  which  have  been  alreac^ 
proved  when  there  are  no  resistances. 

By  (5)  §  102,  if  the  forces  of  resistance  be  increased,  the  rat 
of  Hubaidence  of  all  the  normal  motions  are  in  general  increasaO 
with  them;   but  in  particular  cases   it  may  happen  that   thi 
is  no  change  in  a  rate  of  subsidence. 

It  ia  natural  to  inquire  whether  this  conclusion  is  limited  to 
small  resistances,  for  at  first  sight  it  would  appear  likely  to  hold 
good  generally.  An  argument  sufficient  to  decide  this  questioD 
may  be  founded  upon  a  particular  case.  Consider  a  system  formed 
by  attaching  two  loads  at  any  points  of  a  stretched  string  vibrating 
transversely.  If  the  mass  of  the  string  itself  be  neglected,  there 
are  two  degrees  of  freedom  and  two  periods  of  vibration  o 
spending  to  two  noi'mal  mo<lea  In  each  of  these  modes  both  loads 
in  general  vibrate.  Now  suppose  that  a  foi-ce  of  resistance 
introduced  retarding  the  motion  of  one  of  the  loads,  and  that  thit 
force  gradually  increases.  At  firat  the  effect  is  to  cause  both  kin< 
of  vibration  to  die  out  and  that  at  an  incre.asing  rate,  but  after* 
wards  the  law  changes.  For  when  the  resistance  becomes  infinite, 
it  is  equivalent  to  a  constraint,  holding  at  rest  the  load  upon  which 
it  acta.  The  remaining  vibration  is  then  unaffected  by  resistance, 
and  maintains  itself  indefinitely.  Thus  the  rate  of  subsidence  of 
one  of  the  normal  modes  has  decreased  to  evanescence  in  spite  of  a 
continual  increase  in  the  forces  of  resistance  F.  This  case  is  of 
course  sufficient  to  disprove  the  suggested  general  theorem. 

103.     We  now  return   to   the   consideration   of  the   general 
equations  of  §  8i. 

If  tJt,,  -^.j,  &c.  be  the  co-ordinates  and  ^i,  ^.;,  &c.  the  forces, 
we  have 

e„yir:  +  e,,f, +  ...  =  %        1 

e^f, +c-at» +.-.  =  ■*.., &cj  *■  '' 

where  e„  =  a„I>' +  br.D  +  c„ (2). 

For  the  free  vibrations   %.   &c.   vanish.     If  V   be   the   di 
terminant 

I  ^11  .      ^15,.,.    I 

V  =  |e„,   e„,...    (3) 
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!uU  of  eliminating  fi-oni  (1)  all  the  co-ordinates  but  one,  is 

V^  =  0 (4). 

Bince  V  now  contains  odd  powers  of  D,  the  2m  roots  of  tho 
Ution  V  =  0  no  longer  occur  in  equal  positive  and  negative 
la,  but  contain  a  real  a.a  well  as  an  imaginary  part.  The 
Iplete  integraj  may  however  still  be  written 

■^  =  A^''  +  A'e'-'  +  B0'^  +  B'ei»''  + (.5), 

e  ihe  pairs  of  conjugate  roots  are  ^,  /*,';  ^,  ^';  &c.     Corre- 

l  to  each  root,  there  is  a  pai'ticular  solution  such  as 

■<^i  =  A,e^''.    ■^a  =  j4,a»''.     ■^,  =  J,e»'',  &c., 

u  mhieh  the  ratios  A,  :  A,  :  A,...  are  determined  by  the  equa^ 

I  of  motion,  and  only  the  absohite  value  remains  arbitmry. 

e  present  caee  however  (where  V  contains  odd  powers  of  D) 

t  rados  are  not  in  general  real,  and  therefore  the  variations 

9  co-ottlinates  ^,,  i/tj,  &c  are  not  synchronous  in  phase.     If 

Kit  /t,  =  a,  +  iy9,.  fii'  =  a,-i0i,  &c.,  we  see  that  none  of  the 

httties  a  can  be  positive,  since  in  that   case   the   energy  of 

(motion  would  increase  with  the  time,  as  we  know  it  cannot 


The  general  ai-gument  (§§  85,  10.3)  from  considerations 
lergy  aa  to  the  nature  of  the  roots  of  the  determinantal 
0  (Thomaoo  and  Taifs  Natural  Philosophy.  1st  edition  1867) 
I  put  into  a  more  mathematical  form  by  Routh'.  His 
Ltjoa  relates  to  the  most  general  form  of  the  equation  in 
b  the  relations  §  82 

Or.  =  '?«■■  hr,  =  b„,  C„=-C^ (1). 

^'-  not  assumed.  But  for  the  sake  of  brevity  and  as  sufficient 
T  almost  all  aconsticsl  problems,  these  relations  will  here  be 
.;ipoHed  to  bold. 

Wo  rimll  have  occasion  to  consider  two  solutions  corresponding 
'  '.wo  roots  fi,  V  of  the  equation.     For  the  first  we  have 


id  fiff  the  second 

ilbtr  uf  these  solutions,  for  e 


•■(2), 


=  H.tr',  i. 


■(3). 


M,:M,:  M, : 


pie  (2),  the  ratios 


^4{li  iditwn,  Uh.  *u. 
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are'^wrminate  whea  /t  has  been  chooeo.  They  are  real  wb 
ft  is  real ;  and  when  /t  is  complex  (a  +  iff),  they  take  the  ton 
P  ±  iQ. 

If  now  we  substitute  the  values  of  ^  from  (2)  in  the  equatic 

of  motion,  we  get 

(<l„yli'  +  6,,^  +  Cu)  M,  +  («,^'  +  6,^  +  Cu)  if,  + =0   \ 

{a,ji'  +  b,^  +  c„)  M,  +  (a^'  +  fea^  +  Ca)iVj+ =  0   ?■■■(*)■ 

The  first  result  is  obtained  by  multiplying  these  equations 
order  by  M„  J/,,  &c.  and  adding.     It  may  be  written 

Afi'  +  Bp.+  C=0. (5), 

where 

A=^„M,''  +  ^a„M,'  +  a,^,Af,  + (6), 

B=^b„M,'  +  )ib„M,'  +  KM,M,+ (7), 

C  =  ic.itf,'  +  ic«3f,'  +  c^/,Jf,+ (8). 

The  functions  A,  B,  C,  are,  it  will  be  seen,  the  same  as  we  hai 
already  denoted  by   T.  F,  and    V  respectively;   but   the  varit 
notation  may  be  useful  as  reminding  us  that  there  is  as  yet 
liuiitation  upon  the  nature  of  these  quadratic  functloas. 

The  following  inferences  from  (5)  are  drawn  by  Routh : — 
(a)     If  A,  B,  0  either  be  zero,  or  be  one-signed  functions 
the  same  sign,  the  fundamental  determinant  cannot  have  a 
positive  root.     For  if  /i  were  real,  the  coefficients  M^,  Jf„..., 
would  be  real.     We  should  thus  have  the  sum  of  three  positi 
quantities  equal  to  zero. 

{$)  If  there  be  no  forces  of  resistance,  i.e.  if  the  term  B 
absent,  and  if  A  and  C  be  one-signed  and  have  the  same  si| 
the  fundamental  determinant  cannot  have  a  real  root,  positive 
negative. 

(7)  If  A,B,C\ie  one-signed  functions,  but  if  the  sign 
B  be  opposite  to  that  of  A  and  C,  the  fimdameutal  detormii 
cannot  have  a  real  negative  root. 

The  sccoud  equation  is  obtained  ns  before  from  (4),  except ' 
DOW  the  multipliers  are  N,,  N^,...  appropriate  to  the  root  p. 
result  may  be  written 

^(M,.')/*'+i*0<,»')M  +  t?0*.«')  =  <'  <9).1 

where 

2A  (^.  v)  =  a„M,^\  +  ajtf,^',+ 


103  a.]        routh's  tbbobems.  141 

•ith  similar  ^uppoeitioos  for   B{tt,v)  and   C(/t,  v).     A(fi,,v)  is 
>hu8  n  symmetrical  function  of  the  M'e  aud  N's,  so  that 

A(ji.v)=A(p.^)  (11). 

It  will  be  observed  that  according  to  this  notation  A  (fi.fi)  is 
I    iHe  same  as  ^  in  (<!). 
Id  like  manner 

A^^.v)v'  +  B^^^,v)v+C(^v}=0 (12). 

shewing  iLat  fi,  v  are   both  roots  of  the  quadratic,  whose   co- 
1  Ificients  are  A  {fi,  v),  B  (fi,  v),  0  (/t,  v).     Accordingly 

— f{^.  ^''m--- <-'■ 

We  will  now  suppose  thai  fi,.   v  are  two  conjugate  complex 

nxiU,  SO  th&t 

"here  a,  fi  are  real.     Under  these  circumstances  if  J/,,  M,, ...  be 
/Uift.  P,  +  iQ,....,  then    JV,.iV,....  will  be  P,-vQ„  P,-rQ„ 

the  P'a  and  Q's  being  real.     Thus  by  (10) 

2A  (ji.  f)  =  «!,  (P,'  +  Q.')  +  a^  (P,-'+  Q.n  + 

+  2tt„(AP.+  ftQ»)  + 

=  2A{P)+2A(Q)     (14). 

Ill  (14)  A(P),  A{Q)  are  functions,  such  as  (6),  of  real  variables. 
irom  (ly)  we  now  find 

B(P)-kB(«) 

^'^    A(PnAiQ)  '^''' 

'+^--ATP)-+Am     <"'• 

From  these  Routh  deduces  the  following  conclusioiis : — 

■  (£)     If  jj    and   B   he   one-signed   and   have   the   same  sign 

leiher  C  be  a  one-8i};ned  function  or  not),  then  the  real  part  a 

)'  imaginary  root  must  be  negative  and  not  zero.     But  if  B 

h  abfient,  then  the  real  part  of  every  imaginary  root  13  lera 

I  (e)     If  J  and  C  be  one-signed  and  have  opposite  signs,  then 

tever  may  be  the  character  of  B,  there  can  be  no  imaginary 

pt  may  be  remarked  that  if  £  do  not  occur,  and  if  ^*  and  v' 
lifferent  roots  of  the  determinant,  it  follows  from  (9),  (12)  that 
A{i..,v)=G{ii.,v)~Q,..,., (17). 
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When  the  number  of  degrees  of  freedom  is  finite,  the  fiiiM 
mental  determinant  may  be  expanded  in  powers  of  fi,  givi 
an  equation/(/i)  =0  of  degi-ee  2m.  The  condition  of  stabili 
is  that  all  the  real  roots  and  the  real  parts  of  all  the  compl 
roots  should  be  negative.  If.  as  usual,  complex  quantities  a  + 
be  represented  by  points  whose  co-ordinates  are  ai,y,  the  conditi 
is  that  all  points  representing  roots  should  lio  to  the  left  of  t 
axis  of  y.  The  application  of  Cauchy's  rule  relative  to  1 
number  of  roots  within  any  contour,  by  taking  as  the  contour  I 
infinite  semi-circle  on  the  positive  side  of  the  axis  of  y,  is  v« 
fully  discussed  by  Bouth',  who  has  thrown  the  results  into  for 
convenient  for  practical  application  to  particular  cases. 

1036.    The  theorems  of  §  103  a  do  not  exhaust  all  thatgenen 
mechanical  principles  would  lead  us  to  expect  as  to  the  charact 
of  the  roots  of  the  fuudamenUil  determinant,  and  it  may  be  w 
to  pursue  the  question  a  little  tiirther.     We  will  suppose  throu{ 
out  that  A  is  one-signed  and  positive. 

If  B  and  C  be  both  oue-aigned  and  positive,  we  see  that  t 
equilibrium  is  thoroughly  stable  ;  for  from  (a)  it  follows  that  the 
can  be  no  positive  root,  and  from  (S)  that  no  complex  root  can  ha 
its  real  part  positive, 

In  like  manner  the  et[uatiou8  of  §  103  a  suffice  for  the  c 
where  C  is  one-aigned  and  positive,  B  one-signed  and  negati 
By  (5)  every  real  root   is   positive,   and    by  (15)   the   real 
of  every   complex   root.     Hence   the  equilibrium  is  unstable 
every  mode. 

WTien  G  is  one-signed  and  negative,  all  the  roots  are  real  (i 
but  (5)  does  not  tell  ub  whether  they  arc  positive  or  negati 
When  B  =  0,  we  know  (§  87)  that  the  roots  occur  in  pairs  of  equal  ^ 
numerical  value  aiid  of  opposite  sign.  In  this  ca.se  therefore 
there  are  m  positive  and  in  negative  roots.  We  will  prove  that 
this  state  of  things  cannot  be  disturbed  by  B.  For  if  the  deterini- 
iiant  bo  expanded,  the  coefficient  of  i*""  ia  tho  discrimiuaut  of  A, 
and  the  coefficient  of  /*"  is  the  discriminant  of  C.  By  supposition 
neither  of  these  quantities  is  zero,  iind  thus  no  root  of  the  oiuatlon 
con  bo  other  than  finite.  Hence  as  B  increases  from  stero  to  it.- 
actual  ma^ttudo  as  a  function  of  the  variables,  no  root  of  1 
equation   can   change   sign,    and    accordingly   there    re 
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BAnd  IB  Q^ative  routs.     It  should  be  iioticed  that  in  this 
lut  there  is  uo  restriction  upon  the  character  of  B. 
1  the  case  of  n  real  root  the  values  of  j1/j,  M.,...  are  real,  and 
t-  the  mutioQ  is  such  as  might  lake  place  under  a  constraint 
ing  the  syBtem  to  one  degree  of  freedom.     But  if  this  con- 
jut  were  actually  imposed,  there  would  he  two  correspondiug 
io(  ft,  being  the  values  given  by  (5),     In  general  only  one  of 
)  applicable  tu  the  question  in  hand.     Otherwise  it  would 
sible  to  define  m  kinds  of  constraint,  one  or  other  of  which 
Bd  be  coDfiisteut  with  any  of  the  2m  roots.     But  this  could 
I  happen  when  the  three  functions  A,  B,  C  are  simultaneously 
eible  to  sums  of  squares  (§  97). 
fWhen  £=0.  there  are  m  modes  of  motion,  and  two  roots  for 
I  mode.     In  the  present  application  to  the  case  where  C  is 
ngned  and  negative,  each  of  the  m  modes  for  £  =  0  gives 
■  positive  and  one  negative  root.     The  positive  1*001  denotes 
VHlity,  and  although  the  negative  root  gives  a  motion  which 
oishes  without  limit,  the  character  of  instability  is  considered 
Lch  to  the  mode  as  a  whole,  and  all  the  m  modes  are  said 
!  unstable.     But  when  B  is  finite,  there  are  in  general  2m 
pnct   modes   with   one   root   corresponding   to   each.     Of  the 
■  unstable,  but  the  Remaining  m  modes  must  be 
^oned  as  stable.     On  the  whole,  however,  the  equilibrium  is. 
table,  so  that  the  influence  of  B,  even  when  positive,  is  in- 
dent to  obviate  the  instability  due  to  the  character  of  C. 
We  must  not  prolong  much  further  our  discussion  of  unstable 
kems,   but   there   is   one   theorem   respecting   real    roots   too- 
tdamental  to  be  passed  over.     It  may  be  regarded  as  an  ex- 
koD  of  that  of  §  88. 
The  value  of /(  corresponding  to  a  given  constraint  M^-.  M,: ... 
B  of  the  roots  of  (5) :  and  it  follows  from  (4)  that  the  value  of 
Ifftationary  when  the  imposed  constraint  coincides  with  one  of 
■modes  of  free  motion.     The  effect  of  small  changes  m  A,  B,C 
thus  be   calculated   from   (-t)   without   allowance    for    the 
nponying  change  of  type. 

to\,  C,   being   negative   for  the   mode    under    consideration, 

icrical  increase,  while  A  and  B  remain  unchanged  as 

btioos  of  the  co-ordinates.     The  latter  condition  requires  that 

■roots  of  (5),  one  of  which  is  positive  and  one  negative,  should 

■e  cither  both  towards  zero  nr  both  away  from  zero ;  and  the 

\  condition  excludes  the  former  alternative.     Whether  it  be 
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the  positive  or  the  negative  I'oot  of  (5)  which  is  the  root  of  ( 
determinant,  we  infer  that  the  change  iu  question  causes  1 
latter  to  move  away  from  zero. 

In  like  mamier  if  A  increase,  while  B  and  G  remain  unchanj 
the  movement  of  the  root,  whether  positive  or  negative, 
necessarily  towards  zero. 

Again,  if  A  and  C  be  given,  while  B  increases  algebraical 
as  a  function  of  the  vai-iables,  the  movement  of  the  root  of  t" 
determinant  must  be  in  the  positive  direction. 

An   algebraic   increase   in    B  thus  increases  the  stability, 
decreases  the  instability,  in  every  mode.     A  numerical  i 
in  C  or  decrease  in  A  on  the  other  hand  promotes  the  slabilit 
of  the  stable  modes  and  the  instability  of  the  unstable  modes. 

We  can  do  little  more  than  allude  to  the  theorem  relating 
the   effect  of  a  single  constraint  upon  a  system  for  which  G 
one-signed  and  negative.     Whatever  be   the   nature   of  B,   i 
{wi— 1)   positive   roots   of  the   determinant,   appropriate   to   1 
system  after  the  constraint  has  been  applied,  will  separate  the 
positive  loots  of  the  original  determinant,  and  a  like  propositi 
will    hold   for  the  negative  roots.     Upon  this  we  may  found 
generalization  of  the   foregoing  conclusions   analogous    to   tfa 
of  §  92  a.     Consider  an  independent  vibrator  of  one  degrei 
freedom  for  which  G  is  positive,  and  let  the  roots  of  the  freijui 
equation  be  Vt,  v,,  one  negative  and  one  positive.     If  we  rega 
this  OS  forming  part  of  the  system,  we  have  in  all  (2ni  +  2)  r 
The  effect  of  a  constraint  by  which  the  two  parts  of  the  systd 
are  connected  will  be  to  reduce  the  {2m +  2}  back  to  2jn- 
these  the  nt  positive  will  separate  the  (m  +  l)  quantities  forr 
of  the  m  positive  roots  of  the  original  equation  together  with  (ti 
positive)  f,,  and  a  similar  proposition  will  hold  for  the  negati 
roots.     The  effect  of  the  vibrator  upon  the  original  system  is  thai 
to   cause   a  movement  of  the  positive  roots  towards  i^,  and 
movement   of  the   negative   roots   towards   n,.     This  conclui 
covers  all  the  previous  statemontB  as  to  the  effect  of  cfaangtM 
A,  B,  C  upon  the  values  of  the  roots. 

Enough  baa  now  been  said  on  the  subject  of  the  free  viti 
tions  of  a  system  in  general.  Any  further  illuslnitiot)  that 
mny  require  will  be  afforded  hy  the  discussion  of  the  CKse  of  t 
dogrevii  of  free<)om,  §  1 12,  and  by  the  vibrations  of  striugs  Ukd  o  ' 
special  bodiea  with  which  we  shall  soon  be  pccupiwd.    Wit  ww 
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f  inveatigatiag  further  the 


i  eqtwtiuru  (1)  §  103.  with  the  view 
of  forced  vibraiians. 


1104.     In  order  to  eliminate  from  the  equations  all  the  eo- 
paat«s  but  une  (^j),  operate  on  them  in  succession  with  the 
IT  determinants 

(fV       dV       </V     ^^ 

1  add  ^e  results  together ;  and  in  like  manner  for  the  other 
We  thus  obtain  aa  the  eipiivalent  of  the  original 
if  equations 


V,f., 

=£*. 

^£*- 

^£^ 

+  ... 

V*. 

-^.- 

-£' 

-£^ 

+  ... 

Vf. 

-t- 

-£-. 

^S-■ 

*... 

.11   which  the  differentiations  of  V  are  to  be  made  without  re- 
'^^nition  of  the  equality  subsisting  between  e„  and  c„. 

The  forces  M',,  ^j,  &c.  are  any  whatever,  subject,  of  course, 
'  the  condition  of  not  producing  so  great  a  displacement  or 
..iition  that  the  squares  of  the  small  quantities  become  sensible. 
:  as  ia  often  the  case,  the  forces  operating  be  made  up  of  two 
itts,  one  constant  with  respect  to  time,  and  the  other  periodic, 
■  IS  convenient  to  separate  in  imagination  the  two  classes  of 
';'-ct5  produced.  The  effect  due  to  the  constant  forces  is  exactly 
L-  eatne  as  if  they  acted  alone,  and  is  found  by  the  solution 
-  a  statical  problem.  It  will  therefore  generally  be  sufficient 
■  -ioppose  the  forces  periodic,  the  effects  of  any  constant  forces, 
nh  as  gravity,  being  merely  to  alter  the  eonfiguialion  about 
lich  the  vibrations  proper  are  executed.  We  may  thus  without 
iiv  Feal  loss  of  generality  confine  ourselves  to  periodic,  and 
li-refore  by  Fourier's  theorem  to  harmonic  forces. 

We  might  therefore  assume  as  expressions  for  ^,,  &c.  circular 
itiaiHi  of  the  time;  but,  as  we  shall  have  frequent  occasion 
)  in  the  course  of  this  work,  it  is  usually  more  con- 
I  liniploy  an  imaginary  exponential  fiinction,  such  as 
re  £  is  a  constant  which  may  be  complex.     When  the 
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corresponding  eymbolical  solution  ia  obtained,  its  real 
imaginary  parts  may  be  separated,  and  belong  respectively 
the  real  and  imaginary  parts  of  the  data.  In  this  way 
analysis  gains  considerably  ju  brevity,  inasmuch  as  differeatiati 
and  alterations  of  phase  are  expressed  by  merely  modifying 
complex  coefficient  without  changing  the  form  of  the  functi 
We  therefore  write 

ip,  =  E^e'y',     ■*■,  =  £se*'.  &c. 


The  minor  determinants  of  the  type 


i  rational  inb 


functions  of  the  symbol  D,  and  operate  on  ^,,  Sea.  according 
the  law 

/(D)e^'=/(,ip)e'p' (2 

Our  equations  therefore  assume  the  form 

V-^i  =  A,e''*.    Vf,  =  A.,e''^,  Sec (3 

where  At,  A,,  &c.  are  certain  complex  constants.     And  the  s; 
bolical  solutions  are 


orby(2).  ir,^A,^^.-.  &c 

where  ^  (ip)  denotes  the  result  uf  substituting  ip  for  D  it 


Consider  first  the  case  of  a  system  oxempt  from  friction. 

V  and  its  differential  coefBcients  Eire  then  even  fiiuctionq 
D,  so  that  ^  (ip)  is  real.  Throwing  away  the  imaginary  ] 
of  the  solution,  writing  ^e*'  for  At,  &a,  we  have 

"^'^v^f'^^P^'^^'^-  **• <^ 

If  we  euppose  that  the  forces  ^i,  &c.  (in  the  case  of  ni 
than  one  generalized  component)  have  all  the  wune  phase,  th 
may  be  expressed  by 

S,cos(pt  +  a).    S,Koa{pt  +  a).   &c.; 
and  then,  as  is  easily  seen,  the   co-ordinates   themielve*  I 
in  phasf  with  the  forces: 

Tlic  amplitud««  of  the  vibrations  depend  among  oth«r  I 
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be  the  Barae  as  one  of  those  belonging  to  the  free  vibrations, 
P  Up)  =  0,  and  the  amplitude  becomes  infinite.  This  is,  of 
omise.  jiist  ihu  case  in  which  it  i§  essential  to  introduce  the 
I  eofinderatiOD  of  friction,  from  which  no  natural  system  is  really 
eieatpt. 

If  there  be  friction,  V  (ip)  is  complex ;  but  it  may  be  divided 
h''-'  two  part3— one  real  and  the  other  purely  imaginary,  of  which 
li--  latter  depends  entirely  on  the  friction.     Thus,  if  we  put 

'^(ip)  =  '^Aip)  +  ^P^-Aip) {7). 

C"!.V,  are  even  functions  of  ip,  and  therefore  real.     If  as  before 
ii^Rje"',  our  solution  takes  the  form 

\'^(ip)\'  +  P'^^)W 
•r.  00  throwing  away  the  imaginary  part, 

R,  CO6{pt  +  0,  +  y) 


^'  =  ,r- 


tan  7  = 


,.(8), 


,.(9). 


v,M  

\fe  have  said  that  Vj  (ip)  depends  entirely  on  the  friction ;  but 
'  i-1  not  true,  on  the  other  hand,  that  V,  (ip)  ia  exactly  the  same, 
'■  if  there  had  been  no  friction.  However,  this  is  approximately 
I'-  case,  if  the  friction  be  small ;'  because  any  part  of  V  (tp),  which 
'  pt-nds  on  the  first  power  of  the  coefficients  of  friction,  is  neces- 
!ily  imaginary.  Whenever  there  is  a  coincidence  between  the 
nod  of  the  force  and  that  of  one  of  the  free  vibrations,  V,  (ip) 
u.ishes,  and  we  have  tan7  =  —  oo  ,  aud  therefore 
R,sm(pt  +  e,) 


V.=  - 


.(10), 


(jiiicaling  a  vibration  of  large  amplitude,  only  limited  by  the 


KOd  the  hypothec  of  small  friction,  8  is  in  general  small,  and 

>  ia  y,  except  in  case  of  approximate  equality  of  periods. 

certain   exceptions,  therefore,  the  motion  has  nearly  the 

i  (or  opposite)  phase  with  the  force  that  excites  it. 

Vhea  a  force  expressed  by  a  harmonic  term  acts  on  a  system, 

Bresolcing  motion  is  everywhere   harmonic,  and  retains  the 

i  Always  that  the  st^uaras  of  the  displaoe- 
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meotB  and  veloati&i  maj  be  ti«glected.  This  iroportaot 
WW  eannciatecl  by  I^place  aod  applied  hj  him  to  the  theoiy 
the  tides.  It«  great  geDerality  was  also  recognised  by  Sir  Jt 
Hervchcl,  to  whom  we  owe  a  formal  deroonstratioD  of  its  tnitlt' 
If  the  forrc  be  not  a  hannonic  function  of  the  time,  tlie  ty 
of  vifantion  ia  different  parts  of  the  system  are  in  gener^ 
from  each  other  and  from  that  of  the  force.  The  hamt 
fanctioBS  are  thus  the  only  ones  which  preserve  their  type 
dianged.  which,  as  was  remarked  in  the  Introdtiction,  is  a  stro 
reaaon  for  anticipating  that  they  correspond  to  simple  tones. 

105.     We  now  turn  to  a  somewhat  different   kind  of 
vibration,  where,  instead  of  given  force*  as  hitherto,  ^ven  inexi 
ble  motiona  are  prescribed. 

If  we  suppose  that  the  coordinates  ^i,  y,,  ...  ^,  are 
functions  of  the  time,  while  the  forces  of  the  remaining 
1',,i,  I*,*!,  ...  ^B,  vanish,  the  equations  of  motion  divide  tfai 
selves  into  two  groups,  viz. 

e..  -f .  +  e,ii/'.  +  ■  ■  -  +  e.«^«  =  *i  \ 


(1) 


.  +  e^ir„ 


=  *.' 


=  01 


..<2' 


Cml       ■^i  +  ffm.       +,  +  -..+  em-.       ^-i  =  0  ) 

In  each  of  the  m—  r  equations  of  the  latter  group,  the  fir&t  r 
terms  ai-e  known  explicit  functions  of  the  time,  and  have  the  samr 
effect  as  known  forces  acting  on  the  system.  The  equations  ot 
this  group  are  therei'ore  sufficient  to  determine  the  unknown 
quantities;  alU-r  which,  if  required,  the  forces  nccessarj'  to 
tain  the  proscribud  motion  may  be  determined  from  the  tirat 
group.  It  is  obvious  that  there  is  no  enaentiat  difference  betwt 
the  two  classes  of  problems  of  forced  viLradons. 

106.    The  motion  of  a  system  devoid  of  friction  and  executji 
ftimple  harmonic  vibrations  in  consequence  of  prescribed  variations 
of  some  of  thtj  co-ordinates,  posst-Mea  n  peculiaritr  parallel 
ooDsiderod  in  ^  T4,  7^.     Let 


'^i^Ai&.mpt,    f^,= 


,  &c. 
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hrhich  the  quantities  Ai...Ar  are  regarded  as  given,  while  the 
J  ones  are  arbitrary.     We  have  from  the  espressioos  for 
ind  r.  §  82, 
T+r)=^(c^,  +  ^a„)Ai'+...  +  {c„  +  p'a„)A,A,  +  ... 

+  liicii- p^ aa)  Aj'  + ...  +  (c„-p'a^,)A,A,+  ...]  cos  2pt, 
n  which  we  see  that  the  equations  of  motion  express  the  con- 
BioD  that  E,  the  variable  part  of  T  +  V,  whicb  is  proportional  to 

^{Cu-p'a„)A,'+...+{c,,~p'(h,)A,A,+ (1), 

)  stationary  in  value,  for  all  variations  of  the  quantities 
'  A,^...Avi-    Let  j>''bt'  the  value  of  p' natural  to  the  aystein  when 
nbreting  under  the  restraint  defined  by  the  ratios 
A,  :  A,...Ar  :  Ar+,  :  ...A„; 


'It  en 


.    +Cy,A^A,+  .. 


-[^,^A^' 


r=\iic„Ar+.. 

ihat 

E  =  (p' -p")  l^uA,'  +  ...  +a„A,A,  +  ...] (2). 

From  this  we  see  that  if  p'  be  certainly  less  than  p'" ;  that  is, 
:  the  prescribed  period  be  greater  than  any  of  those  natural  to 
't'  aystem  under  the  partial  constraint  represented  by 

A,  :  A,...  A,, 

,t-a  E  is  necessarily  positive,  and  the  stationary  value — there  can 

hut  one — is  an  absolute  minimum.    For  a  similar  reason,  if  the 

r  ■.■scribed  period  be  less  than  any  of  those  natural  to  the  partially 

ii^itrained  system,  £  is  an  absolute  maximum  algebraically,  but 

r it hnietically  an  absolute  minimum.     But  when  p'  lies  within  the 

luige  of  possible  values  of  p"',  E  may  be  positive  or  negative,  and 

a  acttial  value  is  not  the  greatest  or  lea^t  possible.    Whenever 

t&taral  vibration  is  consistent  with  the  imposed  conditions,  that 

B  be  the  vibration  assumed.    The  variable  part  of  T+  V  is  then 


I  For  convenience  of  treatment  we  have  considered  apart  the 

H  great  clatwes  of  forced  vibrations  and  fi-ee  vibrations;  but  there 

if  course,  nothing  to  prevent  their  coexistence.    After  the  lapse 

I  Bufficieut  interval  of  time,  the  free  vibrations  always  dis- 

u,  however  small  the  friction  may  be.     The  case  of  abso- 

ftly  DO  rriction  is  purely  ideal. 

rThorc  is  one  caution,  however,  which  may  not  bo  superHuous 

■TCApt'Ct   to  the  case  where  given  motions  are  forced   on  the 

in.     Suppose,  as  before,  that  the  co-ordinates  ^i,^j,...i^,  ai'e 

"^        '  &.^£u-yibcaU(>os,  ^hoae  existence  or  aou-emtance 
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is  m  maUer  of  iDdiSeresice  so  for  as  tbe  forced  moliaii  ■  tamam 
most  be  oadentood  to  be  oach  as  the  sjtftem  ia  capable  ct, « 
tbe  co-ordinates  ^,...^,  are  not  alloiKd  to  wary  /roK*  jam. 
order  to  preveDl  their  varying,  forces  of  the  oorreapoDdiDg 
most  be  introduced ;  90  that  from  one  point  of  view  tbe 
qaestjon  may  be  regarded  as  forced.  Bat  the  applied  Ixtes 
merely  of  the  nature  of  a  constraint ;  and  their  effect  is  tbe  a 
m  a  limitatton  on  tbe  freedom  of  tbe 


\ 


106  a.  The  principles  of  the  Ust  secdons  shew  thai 
'^f  V'f-^r  be  given  harmonic  functions  of  the  time  ^,  cd 

AjCORpt tbe  forces  of  the  other  types  vanishiDg.  then 

motion  is  determinate,  ntiless  p  is  so  cbo««i  as  to  coincide  1 
one  of  tbe  values  proper  to  tbe  system  when  1^,,  yfr^...^, 
maintained  at  zero.  As  an  example,  connder  tbe  case  of 
membnuie  capable  of  vibrating  transversely.  If  the 
^  at  every  point  of  the  contour  be  given  (proportional  to  cosj 
then  in  general  the  value  in  tbe  interior  is  determinate;  but 
exception  occurs  if  p  have  one  of  the  values  proper  lo 
membrane  when  vibrating  with  the  contour  held  at  rest. 
problem  is  considered  by  M.  Duhem'  on  the  basis  of  a  sp( 
analytical  investigation  by  Schwartz.  It  will  be  seen  that  il  1 
be  regarded  as  a  particular  case  of  a  vastly  more  general  theor 

A  like  result  may  be  stated  for  an  elastic  solid  of  which 
mir&ce  motion  (proportional  to  cos  pt)  is  given  at  every  poinL 
oour«e,  tbe  motion  at  tbe  boundary  need  not  be  more  than  potti 
given.     Thus  for  a  mass  of  air  we  may  suppose  given  tbe  mM 
itcrmai  to  a  closed  surface.     The  internal  motion  is  then 
minate,  unless  the  frequency  chosen  is  one  of  thoae  proper  to  I 
maM,  when  the  surbce  is  mode  unyielding. 

107.  Very  Remarkable  reciprocal  relations  eiisl  between  1 
forms  ntid  motions  of  different  types,  which  [nay  be  regarded 
ctlefwiorM  •>(  the  corresponding  theorems  for  (systems  in  wfaj 
'•nly  r  or  7*  has  to  be  considered  (§  72  and  g  77, 78).  If  we  r 
poav  thai  all  tbe  component  forces,  eioept  two — ^,  and  'V, — 1 
airo,  wo  obtain  from  §  104, 


V^,' 


de,, 


ty^^f^n'^^ 
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We  now  coiLsidei-  two  cases  of  motion  fur  the  same  Bystem ;  first 
•hen  %  vaniBhes.  and  secondly  (with  dashed  letters)  when  ^,' 
TODiahea.     If  *,  =  0, 


,f,,  =  V- 


I  Similarly,  if  *,'  =  0, 


de,. 


.(2). 


L-*>'" 


.  (3). 


In  these  equations  V  and  its  differential  coefficients  are  rational 
^iii'gral  fanctiona  of  the  symbol  D ;  and  since  in  every  case 
.,  =  e^,  V  is  a  syinnielrical  determinant,  and  therefore 


rf7       dV 


..(4). 


den     de„ 

Hence  we  see  that  if  a  force  ^,  act  on  the  system,  the  co- 
I'tinate  ^,  is  related  to  it  in  the  same  way  as  the  co-ordinate  i^,' 
ii  related  to  the  force  '^,',  when  this  latter  force  is  supposed  to  act 


In  addition  to  the  motion  here  contemplated,  there  may  be 

■  f  vibrations  dependent  on  a  disturbance  already  existing  at  the 
i-ment  subsequent  to  which  all  new  sources  of  disturbance  are 

:iir'iuded  in  "V;  but  these  vibrations  are  themselves  the  effect  of 
'  iT^M  which  acted  previously.  However  small  the  dissipation 
">*  be,  there  must  be  an  interval  of  time  after  which  free  vibra- 
■:i)r)»  die  out,  and  beyond  which  it  is  unnecessary  to  go  in  taking 
"toiint  of  the  forces  which  have  acted  on  a  system.  If  therefore 
'■  include  under  ^  forces  of  sufficient  remoteness,  there  are  no 
I'l'pendent  vibrations  to  be  considered,  and  in  this  way  the 
ii'  i->rem  may  be  extended  to  cases  which  would  not  at  first  sight 
iip'.'ar  to  come  within  its  scope.  Suppose,  for  example,  that  the 
lem  is  at  rest  in  its  position  of  equilibrium,  and  then  begins  to 
itctcd  on  by  a  force  of  the  first  type,  gradually  increasing  in 
.-.>i(nituiii.'  from  zero  to  a  finite  value  ^,,  at  which  point  it  ceases 
increase.  If  now  at  a  given  epoch  of  time  the  force  be  sud- 
1  uly  destroyed  and  remain  zero  ever  afterwards,  free  vibrations  of 
1  ■  system  will  set  in,  and  continue  until  destroyed  by  friction. 

■  any  time  t  subsequent  to  the  given  epoch,  the  co-ordinate  ■^. 
ls  •  value  dependent  upon  t  proportional  to  ^,.     The  theorem 

itllows  ns  to  assert  that  this  value  -^j  bears  the  same  relation  to  ^i 
k'  would  at  the  same  moment  have  borne  to  %'.  if  the  original 
}  of  the  vibrations  had  been  a  force  of  the  second  type  in- 
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[" 


creaaing  gradually  from  zero  to  ^,',  and  then  suddenly  vai 
at  the  given  epoch  of  time.  We  have  alrea<1y  had  an  example 
this  in  §  101,  and  a  like  result  obtains  when  the  cause  of 
original  disturbance  is  an  impulse,  or,  as  in  the  problem  of 
pianoforte-string,  a  variable  force  of  finite  though  short  duratii 
In  these  applications  of  our  theorem  we  obtain  re^sults  relating 
free  vibrations,  considered  as  the  residual  effect  of  forces  wh 
actual  operation  may  have  been  long  before. 

108.  In  an  important  class  of  cases  the  forces  ^i  and  ^i' 
haxmonic,  and  of  the  same  period.  We  may  represent  them 
A,e^i^,  jdj'e'f",  where  A,  and  A^'  may  be  assumed  to  be  real,  if 
forces  be  in  the  same  phase  at  the  moments  compared.  1 
results  may  then  be  written 


f.'-A. 


4H1SV)  ^„ 


••(i> 


*„ 


where  ip  ia  written  for  D.    Thus, 

^=''1'=  =  '«.'»',■ « 

Since  the  ratio  A,  :  Aj  is  by  hypothesis  real,  the  same 
true  of  the  ratio  i^,'  :  i^, ;  which  siguifies  that  the  moti 
represented  by  those  symbols  are  in  the  same  phase.  Pass 
to  real  quantities  we  may  state  the  theorem  thus: — 

If  a  fsnxe  'I',  =  A,  cos  pt,  tmiing  on   the  aystem  give  rtM 
the  motion  ^,=  SA,  co8(pt  — t)  ;  Uien  will  a  force  ^','  =  A,'oo 
produce  the  nu>hon  ^Z  =  flA,'  cos  (pt  —  t). 
If  there  be  no  friction,  e  will  be  zero. 

If  A,  =  A,'.  then  ■<)r,'  =  ^^,.     Biit  it  must  l»e  remembered  I 
the  forces  ^,  ami  ^,'  are  not  necesaarily  comparable,  any  n 
than  the  co-ordinatos  of  correBponding  types,  one  of  which 
example  may  represent  a   linear  and   another  an   angular 
placement. 

The  reciprocal  theorem   may  be  stated  in  several  ways, 
before  proceeding  to  these  we  will  give  another  investtj 
nut  retiuiring  a  knowledge  of  determinants. 

If  %,%....  ^„^....  and  %:%',...  ■^^'.■>^;....  be  tw. 
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Illations    of 


forces    and    correeponding   displacements,   the 
jn,  §  103.  give 

+  t/(c^V''  +  «»^>  +  ''"«'^»+ ■■■)  +  ■■■■ 
Sow,  if  all  the    forces  vary  as  e'^,  the  effect  of  a  symbolic 
such  as  Br,  on  any  of  the  ([uantities  i^  is  merely  to 
luattiply  that  quantity  by  the  constant  found   by  substituting 
»p  for  Z*  ID  e„.     Supposing  this  substitution  made,  and  having 
retard  u>  the  relations  er,  =  e„,  we  may  write 
%y^,'  +  %f;+...  =  e„^if,^}r,'  +  en'^,^,'  +  ... 

+  fl„(V'.'V'. +  '!'.>.)+ (3). 

Hence  by  the  symmetry 

'*'iV'i'  +  '*'<+='+-- =  %>!  +  *<>>+ (*)■ 

which  is  the  expression  of  the  reciprocal  relation. 

109.  In  the  applications  that  we  are  about  to  make  it 
will  be  Buppwed  throughout  that  the  forces  of  all  types  but 
two  (which  we  may  as  well  take  aa  the  first  and  second)  are 
leiu    Thus 

*,'^,'  +  'i',^;  =  ^,'V'i+%>. (1)- 

The  consequences  of  this  equation  may  be  exhibited  in  three 
I  (k-rent  ways.     In  the  first  we  suppose  that 
^I'■,  =  0.     1','  =  0, 

'!i.-nce  1^,  :  ■*,  = -^i'  :  ^V (2), 

■■■wing,  as  before,  that  the  relation  of  -^j  to  '1',  in  the  first 
->--  when  ^,  =  0  is  the  same  as  the  relation  of  ^fr,'  to  %'  in 
■  second  case,  when  '^,  =  0,  the  identity  of  relationship  ex- 
iiding  to  phase  as  well  as  amplitude. 
A  few  examples  may  promote  the  comprehension  of  a  law, 
extreme  geuei'ality  is  not  unlikely  to  convey  an  impression 
leneaa. 

and  Q  be  two  points  of  a  horizontal  bar  supported  in 

ner  (e.g.  with  one  end  clamped  and  the  other  free),  a 

harmonic  ti-ansverse  force  applied  at  P  will  give  at  any 

it  the  same  vertical  detiection  at  Q  as  would  have  been 

P.  had  the  force  acted  at  (/ 

instead    of    linear    displacements,    the 
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theorem  will  ruu: — A  given  harmonic  couple  at  P  will  give  the 
same  rotation  at  Q  as  the  couple  at  Q  would  give  at  P. 

Or  if  one  displacement  be  linear  and  the  other  angular,  the 
result  mfiy  be  stated  thus:  Suppose  for  the  first  case  thai  a 
harmonic  couple  acta  at  P,  und  for  the  second  that  a  vertical 
force  of  the  same  period  and  phase  acts  at  Q,  then  the  linear 
displacement  at  Q  in  the  first  case  has  at  every  moment  the 
same  phase  as  the  rotatory  displacement  at  P  in  the  second, 
and  the  amplitudes  of  the  two  displacements  are  so  related  that 
the  maximum  couple  at  P  would  do  the  same  work  in  acting^ 
over  the  maximum  rotation  at  P  due  to  the  foi-ce  at  Q,  as  t 
maximum  force  at  Q  would  do  in  acting  through  the  maximui 
displacement  at  Q  due  to  the  couple  at  P.  In  this  c 
statement  is  more  complicated,  as  the  forces,  being  of  diflbrc 
kinds,  cannot  be  taken  equal. 

If  we  suppose  the  period  of  the  forces  to  be  excessively  Iod 
the  momeutaiy  position  of  the   system   tends  to  coincide  iril 
that  in  which  it  would  be  maintained  at  rest  by  the  thei 
forces,   and   the   equilibrium   theory   becomes   applicable, 
theorem  then  reduces  to  the  statical  one  proved  in  §  72, 

.As  a  second  example,  suppose  that  in  a  space  occupied  1 
air,  and  either   wholly,  or  partly,  confined  by  solid  boundafiea 
there  are  two  spheres  A  and  H,  whose  centres  have  one  degrM 
of  freedom.     Then   a   periixlic   force   acting  on  A  will   protlut 
the  same  motion  in  B,  as  if  the  parts  were  interchanged; 
this,  whatever  membranes,  strings,  forks  on   resonance  casec 
other  bodies  capable  of  being  set  into  vibration,  may  be  present  i 
their  neighbourhood. 

Or,  if  A   and  B  denote  two  points  of  a  solid   elastic   1 
of  any  shape,  a  force  parallel  to  OX,  acting  at  A,  will  produ 
the  same  motion  of  the  point  B  parallel  to  01'  as  an  equal  fi 
parallel   to   OY  acting  at   B   would   produce   in   the   point  * 
parallel  to  OX. 

Ot  again,  let  A  and  B  be  two  |Kiiiits  of  a  space  occupied 
air,  betwwn  which  are  situated  obstacles  of  any  kind.  Thei 
sound  urigiuating  at  A  is  perceived  at  B  with  the  same  inten 
M  that  with  which  an  equal  sound  originating  at  B  would  be  | 
ccived  at  A.'     The  ob«titcle,  for  instance,  might  consist  of  a  r 
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pierced  with  one  or  more  holes.  This  oxumple  corresponds 
h  th*  npticai  law  that  if  by  any  combinatiou  of  reflecting  or 
re^ttn^  sarfaces  one  point  can  be  seen  from  a  second,  the  second 
cumltHi  be  seen  £rom  the  first.  In  Acoustics  the  sonnd  shadows 
m  asuMy  only  partial  in  consequence  of  the  not  insignificant 
nine  <if  the  wave-length  in  comparison  with  the  dimensions  of 
anGnary  obstacles:  and  the  reciprocal  relation  is  of  considerable 


A  fitrther  example  may  be  taken  from  electricity.  Let  there 
be  two  circuits  of  insulated  wire  A  and  B,  and  in  their  neigh- 
bonHiood  any  combination  of  wire-circuits  or  solid  conductors 
til  oommunication  with  condensers.  A  periodic  electro-motive 
force  in  the  circuit  A  will  give  rise  to  the  same  current  in  B 
■E  would  be  excited  in  A  if  the  electro-motive  force  operated 
ID  B. 

Our  last  example  will  be  taken  from  the  theory  of  conduction 
i;iil  mliation  of  heat,  Newton's  law  of  cooling  being  assumed 
i'  s  bnsis.  The  temperature  at  any  point  ^  of  a  conducting  and 
"■ili*ting  system  due  to  a  steady  (or  hai-monic)  source  of  heat 

■  ii  is  the  same  as  the  temperature  at  J?  due  to  an  ecjual  source 
''  A.  Moreover,  if  at  any  time  the  source  at  B  be  removed,  the 
'Ki.le  subnequent  course  of  temperature  at  A  will  be  tho  same  as 
'  "tiuld  be  at  fi  if  the  parts  of  B  and  A  were  interchanged. 

110.  The  second  way  of  stating  the  reciprocal  theorem  is 
wived  at  by  taking  in  (1)  of  §  109, 

f,  =  U,     if-;  =  0 ; 

"in-Dce  y.i^i' =  ^V'f'. (1). 

'"  %  :  ■>le,  =  %'  :  ir^' (2), 

lii^K'ing  that  the  relation  of  V,  to  ^^  in  the  first  case,  when  ■>(f,  =  0, 

■  ih*  same  as  the  relation  of  ^,'  to  -^i'  in  the  second  case,  when 


Thus  in  the  example  of  the  rod,  if  the  point  P  be  held  at 
^t  while  a  given  vibration  is  imposed  upon  Q  (by  a  force  there 
piifKl),  the  reaction  at  P  is  the  same  both  in  amplitude  and 
lUG  as  it  would  be  at  Q  if  that  point  were  held  at  rest  and 
-  girvu  vibration  were  imposed  upon  P. 

So  if  A  and  B  be  two  electric  circuits  in  the  neighbourhood 
r£f  Piters,  G,  (Pj...  whether  closed  or  terminatiug 
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in  condensera.  and  a  given  periodic  current  be  excited  in  A 
the   necessary   electro-motive   force,  the   induced   electro-moti 
force  in  B  is  the  same  as  it  would  be  in  ^,  if  the  parts  of 
and  B  were  interchanged. 

The  third  form  of  statement  is  obtained  by  putting  in  ( 
of  §  109, 

>J',  =  0,     f,'  =  0; 

whence  %'•>!', +'^t'-<ir,  =  0 (3), 

or  -^i  :  1^,  =  --^,'  :  %' (4% 

proving  that  the  ratio  of  -^j  to  ^^,  in  the  first  case,  when  ^,  i 
alone,  is  the  negative  of  the  ratio  of  ^,'  to  ^i'  in  the  second  c 
when  the  forces  arc  so  related  aa  to  keep  ^,'  equal  to  zero. 

Thus  if  the  point  P  of  the  rod  be  held  at  rest  while  a  peril 
force  act8  at  Q,  the  reaction  at  P  bears  the  same  numerical  rat 
to  the  force  at  Q  as  the  displacement  at  Q  would  bear  to  tl 
displacement  at  P,  if  the  rod  were  caused  to  vibrate  by  a  fc 
applied  at  P. 

111.     The  reciprocal  theorem  has  been  proved  for  all  aystei 
in  which  the  frictional  forces  can  be  represented  by  the  ftinctioD> 
but  it  is  susceptible  of  a  further  and  an  important  generalizstio 
We   have   indeed   proved   the   existence   of  the   function  F 
a   large   class   of  cases  where  the  motion  is  r^siHted  by  fore 
proportional  to  the  absolute  or  relative  velocities,  but  there  ( 
other  sources  of  dissipation  not  to  be  brought  under  this  hei 
whose  effects  it  is  equally  impoi-tant  to  include ;  for  example,  t 
dissipation  due   to   the  conduction  or  radiation  of  bent.     N 
although  it  be  true  that  the  forces  in  these  cases  are  not  fir 
possible  motions  iu  a  constant  ratio  to  the  velocities  or  displa 
mentH,  yet  in  any  actual  case  of  periodic  motion  (t)  they  I 
necessarily   periodic,   and   therefore,   whatever   their    phftse, 
prcBsible  by  a  sum  of  two  terras,  one  proportional   to  the  * 
placement  (alwolutc  or  relative)  and  the  other  proportional  to  t 
velocity  of  thu  part  of  the  system  affected.     If  the  coeffict 
be  the  same,  not  necessarily  for  all  motions  whatever,  but  for 
motivn*  of  (/w  period  t,  the  function  P  exists  in  the  only  b 
reiiuired  for  our  preoent  purpose.     In  fact  since  it  is  exolusiT 
with   motions  of  period  t  that  the  theorem  is  conoemcd,  ik 
plainly  a  matter  of  iniliffereuce   whether  the  functions  T,  F, 
__gjv  du^ndenl  u£on  t  or  not.     Thu»  extended,  the  tfa« 
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pei^ai^iiufficietilly  general  to  cover  the  whole  field  of  dissipative 

It  is  important  to  remember  that  the  Principle  of  Reciprocity 
i*  limited  to  systems  which  vibrate  about  a  configuration  of  equi- 
ISmam,  and  is  therefore  not  to  be  applied  without  reservation  to 
Micb  a  problem  as  that  presented  by  the  transmission  of  souorouw 
nines  through  the  atmosphere  when  disturbed  by  wind.  The 
vibrations  must  also  be  of  such  a  character  that  the  square  of  the 
taution  can  be  neglected  throughout;  otherwise  our  demonstra- 
lifin  would  not  hold  good.  Other  apparent  exceptions  depend  on 
ft  misunderstanding  of  the  principle  itself.  Care  must  be  taken 
tn  obeen'e  a  proper  correspondence  between  the  forces  and  dis- 
|iltir>.-incnt8,  the  role  being  that  the  action  of  the  force  over  the 
'''placement  is  to  represent  work  done.  Thus  couples  correspond 
'viatioiis,  yreasnres  to  increments  of  volume,  and  so  on. 

Ill  u.  The  substance  of  the  preceding  sections  is  taken  from 
1  jiaper  by  the  Author',  in  which  the  action  of  dissipative  forces 

i  [it-ars  first  to  have  been  included.  Reciprocal  theorems  of  a 
I  "'ial  character,  and  with  exclusion  of  dissipation,  had  been 
"■■viouflly  given  by  other  writers.     One,  due  to  von  Helmholtz, 

.■<  already  been  quoted.     Reference  may  also  be  made  to  the 

■  "iprocal  theorem  of  Betti',  relating  to  a  uniform  isotropic  elastic 
iiii,  ujwn  which  bodily  and  surface  forces  act.    Lamb^  has  shewn 

-■:--\l  these  results  and  more  recent  ones  of  von  Helmholtz*  may 

■  ieduced  from  a  very  general  equation  established  by  Lagrange 
'I  file  Micanique  Analt/iiqne. 

1116,  In  many  cases  of  practical  iiiterest  the  external  force, 
i'l  n»ponse  to  which  a  system  vibrates  harmonically,  is  applied  at  a 

ri,;Ie  point.    This  may  be  called  the  driving-point,  and  it  becomes 

("irtant  to  estimate  the  reaction  of  the  system  upon  it,  When 
'  md  F  only  are  sensible,  or  F  and    V  only,  certain  general 

iicluaions  may  be  stated,  of  which  a  specimen  will  here  be  given. 

■r  further  details  reference  must  be  made  to  a  paper  by  the 
Ai.thor'. 

M  (Senernl  Theorems  celating  to  Vibratioua,"  Proc.  Math.  Soc.,  18711. 
^JtSwm  Cimmlo,  1872. 

M,  Blmh.  SiK,.  Vol.  III.,  p.  144,  Jan.  188^. 
^  I.  100.  pp.  1.17,  813.     1886. 

in  jpon  the  Driving- point  of  a  Sjstem  execating  Forced  Uoruioiiic 

.f flji.  jJlai)..  iloj.  lase. 
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Consider  a  system,  devoid  of  potential  energy,  in  which 
co-ordinate  ^,  is  made  to  vary  by  the  operation  of  the  harmoi 
force  ^, ,  proportional  to  e'>*.  The  other  co-ordinates  may  be  chi 
arbitrarily,  and  it  will  be  very  convenient  to  choose  them  so  i 
no  product  of  them  enters  into  the  expresaiona  for  J"  and  F. 
would  be  in  fact  the  normal  co-ordinatea  of  the  ayBtem 
auppoeition  that  ^i  is  constrained  (by  a  suitable  force  of  its  01 
type)  to  remain  zero.  The  expressions  for  T  and  F  thus  take 
following  forms : — 

+  a„ifr|i^,  +  ft„7|f,if',  +  a„if-,\^i+ (1). 

F=  ifciL^-i'  +  kKh'  +  i^sts'  +  .  ■ . 

+  6,si^,i^,  +  6i,i^ii^3  +  fcu'^i^t  + (2)l 

The  equations  for  a  force  *^,,  proportional  to  e'l",  are  accordingl; 

(ipo,,  +fcit)  '/'I  +(»>Niu  -f  tu)4'.  +  (»pau  +  ti.)^.+  ■■■  =*. 

(tpOu  +  b„)  ^t  -f  {ipa„  +  6b)  i/r,  =  0, 

(ipa,,  +  6„)  -f  1  +  (ipa^  +  6„)  f ,  =  0, 


By  means  of  the  second  and  following  equations  ^,_  ^1.. 
expressed  in  terms  of  1^,.  Introducing  these  values  into  the 
equation,  we  get 

_  (ipoa  +  b^  _  (tpaii  +  fci.)*  _ 
ipOn  +  ba 


1',/^,  =  tpO],  +  61,  - 


18).. 


tpa^  +  ba 
The  ratio  '¥,/^,  is  a  complex  quantity,  of  which  the  real  | 
corresponds  to  the  work  done  by  the  force  in  a  complete  peri 
au<]  dlssipattK]  in  the  system.  By  an  extension  of  electrii 
language  we  may  call  it  the  resistawe  of  the  system  and  denote 
by  the  letter  R.  The  other  part  of  the  ratio  is  imaginary.  If  1 
denote  it  by  ipL'-^^^  or  /•'^'i,  L'  will  be  the  moment  of  inertia, 
self-induction  of  electrical  theory.     We  write  therefore 

*,  =  (ir  +  .p£')  ^ (♦); 

and  the  values  of  ^'  and  £'  are  to  be  deduced  by  separation  of  ti 
real  and  the  imaginary  j*arts  of  the  right-hand  mumbcr  of  (3). 
this  way  we  get 

Thin  in  the  value  of  llic  niMUtiuicu  tut  dutvnnined  by  t 
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hrAtioQ.  Each  component  of  the  latter  series  (which  alone 
ii''-lres/))isof  the  form  ap'H^ +  yp'').wheK  a,0,  -y  are  all  positive, 
-:ii  (as  may  be  seen  most  easily  by  considering  its  reciprocal) 
ii'raiees  continually  as  p'  increases  from  zero  to  iu6iiity.  We 
ndude  that  as  the  frequency  of  vibration  increases,  the  value  of 
!-.'  increasefi  coutiDuously  with  it.  At  the  lower  limit  the  motion 
^  lictennined  sensibly  by  the  quantities  b  (the  resistances)  only,  and 
|j«  mrresponding  resultant  resistance  .A"  is  an  absolute  mioimuni, 
■^  boie  value  is 

l„-S(«/i.)    (8), 

At  the  upper  limit  the  motion  is  determined  by  the  inertia  of 
■bt  component  parts  without  regard  to  resistances,  and  the  value 


(«„(.„ -»jl„)' 


.(7). 


When  p  is  either  very  Iai;ge  or  very  smalt,  all  the  co-oi'dinates 
-!':  in   the   Bame   phase,  and   (6),   (7)   may  be   identified   with 

-Uso  Z'.»,-vg»'  +  S^^^""°"^"^,    (8). 

lu  the  latter  series  every  term  is  positive,  and  continually 
ifninishes  asp"  increases.  Hence  every  increase  of  frequency  is 
lif'uded  by  a  diminution  of  the  moment  of  inertia,  which  tends 
li'iinately  to  the  minimum  corresponding  to  the  disappearance  of 
ill'  ilissipative  terms. 

If  p  be  either  very  large  or  very  small,  (8)  identifies  itself 

As  a  (ample  example  take  the  problem  of  the  reaction  upon 
lie  primary  circuit  of  the  electric  currents  generated  in  a  neigh- 
'"'iiriiig  secondary  circuit.  In  this  case  the  co-ordinates  (or  rather 
li'-Jir  rates  of  increase)  are  naturally  taken  to  be  the  currents 
[ifrasielves,  so  that  yfr,  is  the  primary,  and  ^,  the  secondary 
liurent.  In  usual  electrical  notation  we  represent  the  coefficients 
If-induction  by  L.  JV,  and  of  mutual  induction  by  ilf,  so  that 
T  =  ^L^-r  +  Myjr,^,  +  ^^^-A 
istancea  by  R  and  S.     Thus 


U=A 


„=M. 


t^M,,    6i,=  0.      b^  =  Si 
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fuid  (5)  and  (8)  become  at  once 

„,      „       p-M'S 

"  ^"^S'  +  fS- W 

■^  -'■    if+^-  <'°' 

These  formiilfe  were  given  originally  by  Maxwell,  who  remarl 
that  the  reaction  of  the  currents  in  the  secondary  has  the  efl 
of  increasing  the  effective  resistance  and  diminishing  the 
aelf-ind action  of  the  primary  circuit. 

If  the  rate  of  alternation  be  very  slow,  the  secondary  circuit 
without  influence.     If,  on  the  other  hand,  the  rate  be  very  rapi 
R'  =  R  +  M'SIN',        L-  =L  -  M'IN. 

112.  In  Chapter  iii.  we  considered  the  vibrations  of  a  sysl 
with  one  degree  of  freedom.  The  remainder  of  the  present  Cha[ 
will  be  devoted  to  some  details  of  the  case  where  the  degrees 
freedom  are  two. 

If  ic  and  1/  denote  the  two  co-ordinates,  the  expressions  for 
and  V  are  of  the  form 


.(II 


27"  =  ii"  +  2Mi^  +  Ky' 
2V=Aaf +28x^  +  0;/' 
so  that,  in  the  absence  of  friction,  the  equations  of  motion  are 

Mx  +  Ny-¥Bx-\-Cy=  Y\ ^*' 

When  there  are  no  impressed  forces,  we  have  for  the 
vibrations 

iLI>  +A)T  +  {MD'-i-B)y  =  Q\  „ 

(J/Z>'+B)<c+(JVi>'+C)y  =  0)    "-"^ 

D  being  the  symbol  of  differentiation  with  respect  to  time. 

If  a  solution  of  (3)  be  x  =  l^,  y  =  m^'.  V  is  one  of 
rotite  of 

(£X'+il)(JVX'+(7)-(3fX'  +  B)'  =  0  (4) 

or 

\*{LS-M--)  +  \*{LG  +  NA-iMB)-¥AC-B'  =  Q (5) 

Thf  constants  L.  M.  K\  A,  B.  C,  are  not  entirely  orbiln 
Since  7*  and  V  arc  cseuntially  positivt-,  thi;  rollowing  inequalil 
must  be  sntislicd : — 

/.X>M',    AC>B' 
Moreover,  f,,  jV,  .-1,  C  moiit  themsolve»t  be 
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Vtv  procued  to  examine  the  effect  of  theae  reetrictions  an  the 
Ttatt  or<ff). 

In  the  fiiBl  place  the  three  coefficients  in  the  equation  are 
pwilire:  For  the  first  and  third,  this  ia  obvious  from  (ti).  The 
fMlBdent  of  \' 

in  Thich.  as  is  seen  from  (6),  JLNAC  is  necessarily  greater  than 
Mb.  We  conclude  that  the  values  of  X',  if  real,  are  both 
negative. 

It  remains  to  prove  that  the  roots  are  in  fact  real.  The 
cooJitian  to  be  satisfied  is  that  the  following  quantity  be  not 
mntive: — 


I 


After  reduction  this  may  be  brought  into  the  form 
^(JW.B-jAG.MY 
+  UtG  -  jNAy  {(JLC  -  JWA  )■  +  4  ijLNAC  -  MB)), 


rttch  ehews  that  the  coudition  is  satisfied,  since  jLNAC  —  MB 
IB  positive.  This  is  the  analytical  proof  that  the  values  of  \=  are 
bo^  real  and  negative ;  a  fact  that  might  have  been  anticipated 
vithout  any  analysis  from  the  physical  constitution  of  the  system, 
»iose  vibrations  they  serve  to  express. 

The  two  values  of  V  are  different,  unless  both 

JLN.B~JAC.M=U  I 

jLc-jNA=ii  y 

which  require  that 

L  :  M  :  N=A  :  B  :  C (7). 

IVcommon  spbeiical  pendulum  is  an  example  of  this  case. 

By  means  of  a  suitable  force  Y  the  co-ordinate  y  may  be 
!'|  i-^iited  from  varying.  The  system  then  loses  one  degree  of 
r  ■sloiH,  and  the  period  corresponding  to  the  remaining  one  is  in 
-  iii'f»i  different  from  either  of  those  possible  before  the  introduc- 
'  !i  of  Y.  Suppose  that  the  types  of  the  motions  obtained  by 
'iiuii  pnivcntiug  in  turn  the  variation  of  y  and  m  are  respectively 
if^.     Then  /t,',  y^  are  the  roots  of  the  equation 


162 


VIBRATING   SYSTEMS  IN  GENERAL. 


[1 


X'  =  ^- 


being  that  obtained  from  (4)  by  suppres^g  M  and  B.     H« 
(4)  may  itself  be  put  ioto  the  form 

LN(\--^-)l\'-f,')~{M\'  +  Br (8) 

which  shews  at  once   that   neither   of  the   roots   of  X' 
intermediate   iu   value   between   ;ii=  and   ju,',      A   little   furU 
examination  will  prove  that  one  of  the  roots  is  greater  than  I 
the  quantities  /i,\  fi^,  and  the  other  less  than  both.     For  if  w 

/(V)  =  LN  (V  -  M,=)  (V  -  ^?)  -  (i/V  +  BY. 
we  Bee  that  when  V  is  very  small,  f  is  positive  {a\0—  B");  w|| 
X'  decreases  (algebraically)  to  i*^,  f  changes  sign  and  beooa 
negative.  Between  0  and  ^'  there  is  therefore  a  root ;  and  i 
by  similar  reasoning  between  /^*^ahd  —-x.  We  conclude  that  \ 
tones  obtained  by  subjecting  the  system  to  the  two  kinds  of  e 
straint  in  question  are  both  intermediate  in  pitch  between  \ 
tones  given  by  the  natural  vibrations  of  the  system.  In  particni 
cases  /*,',  ft,'  may  be  equal,  and  then 

_  jZNj^_iB  ^  -JAG±B 
JLN  +  M       jtN:S^M"' 

This  propositioQ  may  be  generalised.  Any  kind  of  constn 
which  leaves  the  system  still  iu  possession  of  one  degree  of  t 
dom  may  be  regarded  as  ^he  imposition  of  a  forced  relafi 
between  the  co-ordinates,  such  as 

eui  +  ^y  =  0 (10) 

Now   if  ouB  +  ffy,  and   aiiy  other  homogeneous   linear   1 
tion  of  X  and  y,  be  taken  as  new  variables,  the  same  argum 
proves  that  the  single  period  possible  to  the  sj-stem   after  I 
introduction  of  the  constraint,  is  iotermediate  in  value  betwi 
those  two  in  which  the  natural  vibrations  were  previously  i 
formed.     Conversely,   the   two   periods   which    become    j: 
when  a  constraiut  is  removed,  lie  one  on  each  side  of  the  i 
l>eriod. 

If  the  values  of  V  be  equal,  which  can  only  happen  when 
I  :  M  :  X^A  :  B  :C, 
the  introduction  of  a  constraiut  has  no  cSijct  on  the  petiodj 
iQstance,  the  limitation  of  a  spherical  pendulum  Lo  ono  vet 
plane. 

113.     As  a  simple  exaaipln  of  a  nytilem  with  two  tiegmi 
Kf!^olf^^  wo  maj'  .take  afllj 
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iMfti)t,bal  carrying  two  equal  masses  m  at  distances  a  and  h  from 
c«ieMi<i(Ftg.  17).     Tension  =  2"!. 


If  X  ajtd  y  denote  the  displacements. 


27= r, 


.(^nS^Tu 


w- 


Stnce  r  and  V  are  not  of  the  same  ibrm,  it  follows  that  the 
i*'i  prriods  of  vibration  are  in  every  case  unequal. 

If  the  loads  be  aytnnietrically  attached,  the  character  of  the 
'wuconipooent  vibrations  w  evident.  In  the  firet,  which  will  have 
'he  longer  period,  the  two  weights  move  together,  so  that  ir  and  y 
r>^m&Lu  etitial  throughout  the  vibration.  lu  the  second  £  and  y  are 
iumtrically  equal,  but  opposed  in  sign.  The  middle  point  of  the 
■tring  [hen  remains  at  rest,  and  the  two  masses  are  always  to 
In!  fiicnd  on  a  straight  line  passing  through  it.  In  the  first  case 
-■-y  =  0.  and  in  the  second  3;  +  _i/  =  0;  so  that  x  —  y  and  x  +  y 
i-K  the  new  variables  which  must  be  assumed  in  order  to  reduce 
<he  Auctions  T  and  Y  simultaneously  to  a  sum  of  squares. 

For  example,  if  the  masses  be  so  attached  as  to  divide  the 
■Trin;;  into  three  equal  parts, 


2r=g    \ii  +  y)'  +  {x~yr\ 


-d). 


from  which  we  obtain  as  the  complete  solution. 


t  +  S) 


i,  as  usual,  the  constants  ..4,  a,  Ji,  0  are  to  be  determined  by 
J  circumstances. 

When  the  two  natural  periods  of  a  system  are  nearly 
I  phenomenon  of  intermittent  vibration  sometimes  pre- 
i»  luaimu:.    la  order  to  illustrate  this, 
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we  may  recur  to  the  string  loaded,  we  will  now  suppose,  with  tw| 
equal  masses  at  distances  from  its  ends  equal  to  one-fourth  of  H 
length.  If  the  middle  point  of  the  string  were  absolutely  fixec 
the  two  similar  systems  oa  either  aide  of  it  would  be  completel; 
independent,  or,  if  the  whole  be  considered  as  one  aystem,  the  tw 
periods  of  vibration  would  be  equal.  We  now  suppose  tha 
instead  of  being  absolutely  fixed,  the  middle  point  is  attached  t 
springs,  or  other  machinery,  destitute  of  inertia,  so  that  it  i 
capable  of  yielding  slightly.  The  reservation  as  to  inertia  is  t 
avoid  the  introduction  of  a  third  degree  of  freedom. 

From  the  symmetry  it  is  evident  that  the  fundamental  vibra 
tions  of  the  system  are  those  represented  hy  x-\-y  and 
Their  periods  are  slightly  different,  because,  on  account  of  the 
yielding  of  the  centre,  the  potential  energy  of  a  dispIacemeDt 
when  X  and  y  are  equal,  is  less  than  that  of  a  displacement 
when  X  and  y  are  opposite ;  whereas  the  kinetic  energies  i 
the  same  for  the  two  kinds  of  vibration.     In  the  solution 


x  +  y  = 


-(1), 


we  are  therefore  to  regard  n,  and  n^  as  nearly,  but  not  quite,  equal. 
Now  let  US  suppose  that  initially  x  and  x  vanish.     The  conditioi 


f     iJ  cos  /3  =  0  1 
l-H.,ifsin^  =  0  I 


which  give  approximately 


The  value  of  the  co-ordinate  x  is  here  approximately  ex* 
pressed  by  a  harmonic  term,  whose  amplitude,  being  proportional 
to  sin  \  (iia  —  ji])  t,  is  a  slowly  varying  harmonic  function  of  the- 
time.  The  vibrations  of  the  co-ordinates  are  therefore  intermittent, 
and  so  adjusted  that  each  amplitude  vanishes  at  the  moment  that 
the  other  is  at  its  maximum. 

This  phenomenon  may  be  prettily  shewn  by  a  tuning  fork  of 
very  low  pitch,  heavily  weighted  at  the  ends,  and  firmly  held  \tj; 
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ttviiag  the  stalk  into  a  massive  support.  When  the  fork  vibrates 
I  tlic  uormal  nmnner,  the  rigidity,  or  want  of  rigidity,  of  the 
Hk  does  not  c(rme  into  play ;  but  if  the  displacements  of  the  two 
s  bo  in  the  same  direction,  the  slight  yielding  of  the  stalk 
bib  a  small  change  of  period-  If  the  fork  be  excited  by  striking 
■  prong,  the  vibrations  are  intermittent,  and  appear  to  transfer 
ielvf.-9  backwards  and  forwards  between  the  prongs.  Unless, 
(■ever,  the  support  be  very  firm,  the  abnormal  vibration,  which 
wives  a  motion  of  the  centre  of  inertia,  is  soon  dissipated ;  and 
jo,  if  course,  the  vibration  appears  to  become  steady.  If  the 
i  be  merely  held  in  the  hand,  the  phenomenon  of  iutermittence 
e  obtained  at  all. 


115.  The  stretched  string  with  two  attached  nms.'jes  may  be 
lif^d  to  illustrate  some  general  principles.  For  example,  the  period 
'if  the  vibration  which  remains  poRsihle  when  one  mass  is  held 
>t  reitt.  ia  intermediate  between  the  two  free  periods.  Any  in- 
'ii'ase  in  either  load  depresses  the  pitch  of  both  the  natural 
'  i^iratiiMiS,  and  conversely.  If  the  new  load  be  situated  at  a  point 
■I  the  string  not  coiiiciding  with  the  places  where  the  other  loads 
in  attached,  nor  with  the  node  of  one  of  the  two  previously 
I'^ible  free  vibrations  (the  other  has  no  node),  the  effect  is  still 
■  prolong  both  the  periods  already  present.  With  regard  to  the 
■iini  finite  period,  which  becomes  possible  for  the  first  time  after 
!ii'  :ujdition  of  the  new  load,  it  must  be  regarded  as  derived  from 
■I'-  ijf  iiilinitely  small  magnitude,  of  which  an  indefinite  number 
"'■>y  be  supposed  to  form  part  of  the  system.  It  is  instructive 
'■■  'race  the  effect  of  the  introduction  of  a  new  load  and  its  gradual 
iiTiase  from  aero  to  infinity,  but  for  this  purpose  it  will  be 
:!"|>Ier  to  take  the  case  where  there  is  but  one  other.  At  the 
'iirnencement  there  is  one  finite  period  t,,  and  another  of  in- 
'tiNaimal  magnitude  tc  As  the  load  increases  r,  becomes  finite, 
I'i  both  T,  and  T,  continually  increase.  Let  «b  now  consider 
;  il  happens  when  the  load  becomes  very  great.  One  of  the 
nnds  is  necBBSarily  large  and  capable  of  growing  beyond  all 
lit.  The  other  must  approach  a  fixed  finite  limit.  The  first 
\  ■ligt  Ui  a  motion  in  which  the  larger  mass  vibrates  nearly  as 
;  ;he  othvr  were  absent ;  the  second  is  the  period  of  the  vibration 
B  Emsller  ma.ss,  taking  place  much  as  if  the  larger  were  fixed. 
[  since  T,  and  Tj  can  never  be  equal,  t,  must  be  always  the 
mjafo^tiuA  w  tlid  load  beoouw  coattaually  largsr. 
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it  is  Ti  that  increases  indefiaitelyi  SLiid  t,  that  approaches  a  fioi 
limit. 

We  DOW  pasis  to  the  consideration  of  forced  vibratione. 

116,  The  general  equations  for  a  system  of  twa  degrees  ofl 
freedom  including  friction  are 

(2yiD'+ffD+B)a^+uyi}=+yD  +  c)y=y\ * 

In  what  follows  we  shall  suppose  that   F  =  0,  and  that  X  = 
The  solution  for  y  is 

„^ (B~p'M  +  i0p)e"" 

If  the  connection  between  x  and  ^  be  of  a  loose  character,  tlq 
conetauts  M,  fi,  B  are  small,  so  that  the  term  (B  —  p'M  +ii 
in  the  denominator  may  in  general  be  neglected.  When  ' 
is  permissible,  the  co-ordinate  1/  is  the  same  as  if  x  had  been  pre- 
vented from  varying,  and  a  force  Y  had  been  introduced  whose 
magnitude  is  independent  of  ^.V,  7,  and  C.  But  if,  in  consequence 
of  an  approximate  isochronisrn  between  the  force  and  one  of  the 
motions  which  become  possible  when  a:  or  y  is  constrained  to  be 
zero,  either  A-p''L  +  iap  or  C-p'N+iyp  be  small,  then  the 
term  in  the  denominator  containing  the  coefficients  of  mutual 
influence  must  be  retained,  being  no  longer  relatively  unimportant ; 
and  the  solution  is  accordingly  of  a  more  complicated  character. 

Symmetry  shews  that  if  we  had  assumed  X  =  ii,  Y=e''^,  we 
should  have  found  the  same  value  for  x  Be  now  obtains  for  y.  This 
is  the  Reciprocal  Theorem  of  §  lOS  applied  lo  a  system  capable 
of  two  independent  motions.  The  siring  and  two  loads  may  a^ain 
be  referred  to  as  an  example. 

117.  So  far  for  an  imposed  force.     We  shall  next  suppose 
that  it  is  a  motiun  of  one  co-ordinate  (x  =  ^^)  thai  is  prescribed, 
while  K  =  0;  and  for  greater  simplicity  we  shall  conline  ouraelvi^l 
to  the  cat»e  where  ^  =  0.     The  value  of  y  is  H 

(B-Mp')^'' 

^~     C~Nff-^iyp 

Let  UB  now  inquire  into  the  reaction  of  this  1 
\    We  have 

I  ,jw.«i.,.-'«-y.'",. 


■ml 
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I^K  If  Che  real  and  imaginary  parts  of  the  coetBcient  of  e''"  be  re- 
spectively A'  and  ia'p,  we  may  put 

(MIjf  +  B}i/-Ay  +  a'i  (3), 

(B-Mp'Yt 

-{O-Sf'f  +  .fjf *  '• 

It  appears  that  the  effect  of  the  reaction  of  y  (over  and  above 
at  would  be  caused  by  holding  y  =  0)  is  represented  by  changing 
A  into  A  +A',  and  o  into  ct  +  a',  where  A'  and  a  have  the  above 
values,  and  b  therefore  equivalent  to  the  effect  of  an  alteration  in 
■  In.-  coefficients  of  spring  and  friction,  These  alterations,  however, 
II.-  not  eunstants,  hut  Junctions  of  the  period  of  the  motion  con- 
''mplaled,  whose  character  we  now  proceed  to  consider. 

Let  n  be  the  value  of  p  corresponding  to  the  natural  frictionless 
poriud  of  y  {x  being  maintained  at  zero);   so  that  (7— n'iF  =  0. 

■°      "'--^^^S;^.! ,,,. 

^^B  In  most  cases  with  which  we  are  practically  concerned  7  is 
^mall,  and  interest  centres  mainly  on  values  of  p  not  much  differ- 
■\%  from  n.  We  shall  accordingly  leave  out  of  account  the 
^^^riationa  of  the  positive  factor  (B  —  Mj^f,  and  in  the  small  term 
^^Bf,  fltibBtttute  for  p  its  approsimate  value  n.  When  p  is  not 
^^Hrij  equal  to  n,  the  term  in  question  is  of  no  importance. 
^^VAb  might  be  anticipated  trom  the  general  principle  of  work, 
^^Kb  always  positive.  Its  maximum  value  occurs  when  p  =  n 
^^^^riy,  and  is  then  proportional  to  I/7H',  which  varies  inversely 
^^^Bb  t-  This  might  not  have  been  expected  on  a  superticial  view 
^^^nhe  matter,  for.it  seems  rather  a  paradox  that,  the  greater  the 
^^^■tioa,  the  less  should  be  its  result.  But  it  must  be  remembered 
^^Bt  7  is  only  the  coefficient  of  friction,  and  that  when  7  is  small 
^^B  maximum  motion  is  so  much  increased  that  the  whole  work 
^^^kt  agaiii£t  friction  ia  greater  than  if  7  were  more  considerable. 
^^HSnt  the  point  of  most  interest  is  the  dependence  of  A'  on  p. 
^^^^  be  tcaa  than  n,  A' la  negative.     As;)  passes  through  the  value 
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n.  A'  vanishes,  and  chaoges  sign.  Wheu  A'  ia  negative,  the  i 
fluence  of  y  is  to  diminish  the  recovering  power  of  the  vibration  j 
and  we  see  that  thia  happens  when  the  forced  vibration  ia  slow* 
than  that  natural  to  y.  The  tendency  of  the  vibration  y  is  thii 
to  retard  the  vibration  x,  if  the  latter  be  already  the  slower,  ba 
to  accelerate  it,  if  it  be  already  the  more  rapid,  only  vanishing  i 
the  critical  case  of  perfect  isochroniym.  The  attempt  to  make 
vibrate  at  the  rate  determined  by  n  is  beset  with  a  peculia 
difBculty,  analogous  to  that  met  with  in  balancing  a  heav 
body  with  the  centre  of  gravity  above  the  support.  On  which 
ever  side  a  slight  departure  from  precision  of  adjustment  tna 
occur  the  influence  of  the  dependent  vibration  is  always  to  incre 
the  error.  Examples  of  the  instability  of  pitch  accompanjang 
strong  resonance  will  come  across  us  hereafter;  but  undoubtedt 
the  most  interestmg  application  of  the  results  of  this  section  is  t 
the  explanation  of  the  anomalous  refraction,  by  substance 
ing  a  very  marked  selective  absorption,  of  the  two  kinds  of  ligb 
situated  (in  a  normal  spectrum)  immediately  on  either  side  of  t 
absorption  band'.  It  was  observed  by  Christiauseu  and  Kund 
the  discoverers  of  thia  remarkable  phenomenon,  that  media  of  t 
kind  in  question  (for  example, ^(cAaine  in  alcoholic  solution)  refrai 

I  tlie   ray  immediately  below  the  absorption-band  abnormally  i 
w,  and   that  above  it  tn  defect.     If  we  suppose,  as  on  othi 

^  ^nunds  it  would  be  natural  to  do,  that  the  intense  absorption 
the  result  of  an  agreement  between  the  vibrations  of  the  kind  i 
light  affected,  and  some  vibration  proper  to  the  molecules  of  tl 
absorbing  agent,  our  theory  would  indicate  that  for  light  of  somi 
what  greater  period  the  effect  must  be  the  same  as  a  relaxation  > 
the  natural  elasticity  of  the  ether,  manifesting  itself  by  a  slow 
propagation  and  increased  refraction.  On  the  other  side  of  t 
absorption -band  its  influence  must  be  in  the  opposite  dire 
tion. 

In  order  to  trace  the  law  of  connection  between  A'  and  p, 
for  brevity,  771  =  0,   N(p'~n')  =  m,  so  that 


When  the  sign  of  x  is  changed.  A'  is  n^versod  with  it,  b«l  pi 
I  its  numerical  value.    When  ^=>0,  or  ±cc.  A'  vauiiihi 
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Fig,  18. 


Hence  the  origio  is  on  the  representative  carve  (Fig.  18),  and  the 
axis  of  J7  is  an  asymptote.  The  maximum  and  minimnm  values  of 
A'  occur  when  x  is  respectively  equal  to  +  a,  or  —  a ;  and  then 


3?-Va*        2a' 
The  corresponding  vahies  of  p  are  giv 


,.  (7). 


Hence,  the  smaller  the  value  of  a  or  7,  the  greater  will  be  the 
maximum  alteration  of  ./i,  and  the  corresponding  value  of  p  will 
approach  nearer  and  nearer  to  n.  It  may  be  well  to  repeat,  that  in 
the  optical  application  a  diminished  7  ia  attended  by  an  increased 
maximum  absorption.  When  the  adjustment  of  periods  is  such  as 
to  favour  A'  aa  much  as  possible,  the  corresponding  value  of  a  is 
one  half  of  its  e 
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TRANSVERSE   VIBRATIONS    OF    STRINGS. 

H8.  Amono  \-ibrating  bodies  there  lu-e  noue  that  occupy  i 
more  prominent  position  than  Stretched  Strings.  From 
earliest  times  they  have  been  employed  for  musical  purj: 
and  in  the  present  day  they  still  form  the  essential  parts  of  t>ra 
important  instruments  as  the  pianoforte  and  the  violin.  To  t 
mathematician  they  must  always  possess  a  peculiar  interest  as  t 
battle-field  on  which  were  fought  out  the  controversies  of  D'Aletn 
bert,  Eiiler,  Bernoulli  and  Lagrange,  relating  to  the  nature  of  t 
solutions  of  partial  differeiktial  equations.  To  the  student  4 
Acoustics  they  are  doubly  important.  In  consequence  of  the  0 
parative  simplicity  of  their  theory,  they  are  the  gn>und  on  wtlitA 
difficult  or  doubtful  questions,  such  as  those  relating  to  the  natui* 
of  simple  tones,  can  be  most  advantageously  faced ;  while 
fonn  of  a  Monochoi-d  or  Sonometer,  they  affonl  the  most  generally 
avulable  means  for  the  comparison  of  pitch. 

The  '  string "  of  Acoustics  is  a  perfectly  uniform  and  fiudbii 
filament  of  solid  matter  stretched  between  two  fised  points — 11 
fact  an  ideal  body,  never  actually  realized  in  practice,  thou^ 
closely  approximated  to  by  most  of  the  strings  employtMl  in  u 
We  shall  afterwards  see  how  to  take  account  of  any  small  devi 
tiuns  from  complete  flexibility  and  uniformity. 

The  vibrations  of  a  string  may  be  divided  into  two  distiDd 
classes,  which  are  practically  independent  of  one  nnothor,  if  t 
amplitudes  do  not  exceed  curtain  limits.  In  the  tiret  clas 
(ILsplucemonts  and  motions  of  the  particles  are  ttmifitwUnrU, . 
that  the  string  always  retains  its  Htraightneas,  The  potent 
energy  of  a  displacement  depends,  not  ou  the  whole  teoaton,  h 
on  the  char^ai  of  tension  which  occur  in  the  various  parta  of  I 
,    rtrlflg,  due  to  the  inureiwed  or  dimipUhed  eitenaoQ,    In  ordei 
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I   osltnitnte  it  we  muat  kuow  the  relation  between  the  extension  of 

.1  string  and  the  stretching  force.     The  approximate  law  (given  by 

Il«jke)  may  be  expressed  by  saying  that  the  extension  varies 

-i-iis  the  tension,  so   that  if  /  and  if'  denote  the  natural  and  the 

kptoetcbed  lengths  of  a  sti'ing.  and  T  the  tension, 

■  I    ~  E 


.  (1), 


where  £  is  a  constant,  depending  on  the  material  and  the  section, 
nhicb  may  be  interpreted  to  mean  the  tension  that  would  be 
necessary  to  stretch  tlie  string  to  twice  its  natural  length,  if  the 
lair  applied  to  so  great  extensions,  which,  in  general,  it  is  far 
from  doing. 

■ 

^^■110.  The  vibratioDB  of  the  second  kind  are  tranawrae ;  that  is 
^^^pny.  the  particles  of  the  string  move  sensibly  in  planes  perpen- 
^^■feaW  to  the  line  of  the  string.  In  this  case  the  potential  energy 
^^n  a  displacement  depends  upon  the  general  tension,  and  thu 
wSaall  variations  of  tension  accompanying  the  additional  stretching 
dnc  to  the  displacement  may  be  left  out  of  account.  It  is  here 
ossuini^d  that  the  stretching  due  to  the  motion  may  be  neglected 
in  comparison  with  that  to  which  the  string  is  already  subject  in 
■dta  position  of  equilibrium.  Once  assured  of  the  fulfilment  of  this 
^HBodition,  we  do  not.  in  the  investigation  of  transverse  vibrations, 
^^MUire  to  know  anything  further  of  the  law  of  extension. 
^^r  The  most  general  vibration  of  the  transverse,  or  lateral,  kind 
^^pay  "be  resolved,  as  we  shall  presently  prove,  into  two  sets  of 
^^Bmponent  normal  vibrations,  executed  in  perpendicular  planes. 
^^Binco  it  is  only  in  the  initial  circumstances  that  there  can  be  any 
^^■Kiuctiun,  pertinent  to  the  question,  between  one  plane  aud 
^^Hether,  it  is  sufficient  for  most  purposes  to  regard  the  motion  as 
^^^fcrely  cuufiued  to  a  single  plane  passing  thiMugh  the  line  of  the 

^^H  In  treating  of  the  theory  of  strings  it  is  usual  to  commence 
^^^Ki  two  particular  solutions  of  the  partial  differential  equation, 
^^^kesenting  the  transmis»on  of  waves  in  the  positive  and  nega- 
^^^fc  directions,  and  to  combine  these  in  such  a  manner  as  to  suit 
^^^B  case  of  a  Hnite  string,  whose  ends  are  maintained  at  res[  ; 
^^^Wier  of  the  tmlutions  taken  by  itself  being  consistent  with  the 
^^^Btetice  of  nvdes,  or  places  of  permanent  rest.  This  aspect  of  the 
^^^Bttia^^gr^l^ioi^f^.syad  we  shall  fully  consider  it;  but  it 
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seems  scarcely  desirable  to  found  the  solution  in  the  first  instai 
on  e,  property  so  peculiar  to  a  wniform  string  as  the  undisturli 
transmission  of  waves.  We  will  proceed  by  the  more  gene 
method  of  assuming  (in  conformity  with  what  was  proved  id  ) 
last  chapter)  that  the  motion  may  be  resolved  into  normal  co 
ponenta  of  the  harmonic  type,  and  determining  their  periods  s 
chamcter  by  the  special  conditions  of  the  system. 


Towai-ds  carrying  out  this  design  the  first  step  would  natni 
be  the  investigation  of  the  partial  differential  equation,  to  whi( 
the  motion  of  a  continuous  string  is  subject.    But  in  order 
throw  light  on  a  point,  which  it  is  most  important  to  uodoratao 
clearly, — the  connection  between  finite  and  infinite  freedom,  • 
the  passage  corresponding  thereto   between   arbitrary 
and  arbitrary  functions,  we  will  commence  by  following  a  s 
what  different  course. 


120.  In  Chapter  ill.  it  was  pointed  out  that  the  fiindamenl 
vibration  of  a  string  would  not  be  entirely  altered  in  characf 
if  the  mass  were  concentrated  at  the  middle  point.  Folio' 
out  this  idea,  we  see  that  if  the  whole  ^tiiug  were  divided  into 
number  of  small  parts  and  the  mass  of  each  concentrated  at 
centre,  we  might  by  sufficiently  multiplying  the  number  of  pu 
arrive  at  a  system,  still  of  finite  freedom,  but  capable  of  represvl 
ing  the  continuous  string  with  any  desired  accuracy,  ko  f»r 
least  as  the  lower  component  vibrations  are  concerned.  If  t 
analytical  solution  for  any  number  of  divisions  can  be  obtain* 
its  limit  will  give  the  result  con-esponding  to  a  uniform  strii 
This  is  the  method  followed  by  Lagrange. 

Let  /  be  the  length,  pi  the  whole  mass  of  the  string,  ao  tli 
p  denotes  the  mass  per  unit  lengt'h,  T,  the  tension. 


The  length  of  the  string  Lx  >lividi,il  into  m  -<■  1  equal  pwia  ( 
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At  the  m  pointa  of  dirisioa  equal  masses  (ft)  are  supposed  con- 
centrated, which  are  the  representatives  of  the  mass  of  the  por- 
tioDB  (a)  of  the  string,  which  they  severally  bisect.  The  mass  of 
each  terminal  portion  of  length  ^a  is  supposed  to  be  concentrated 
at  the  final  points.     On  this  understanding,  we  have 

<m+l)M  =  P?  (2). 

We  proceed  to  investigate  the  vibrations  of  a  string,  itself 
devoid  of  inertia,  but  loaded  at  each  of  m  points  equidistant 
(a)  from  themselves  and  from  the  ends,  with  a  mass  fi. 

If  -tfrj,  -^x V'in+i  denote  the  lateral  displacements  of  the 

loaded  points,  including  the  initial  and  final  points,  we  have  the 
following  expresEdons  for  T  and  V, 

y=i/*{t.'  +  ^.'+-  +  ^m+,  +  ^«4,} (3) 

M-ith  the  conditions  that  ^,  and  ^n,+,  vanish.     These  give  hy 
I^grange's  Method  the  m  equations  of  motion, 

BVi  +  -^^t     +  5^1     =  0  \ 

^,  +^f,      +5i^,      =0f   (5), 

27"                      T 
where  ^=^i)'  +  -',         B=--^ (C). 

Supposing  DOW  that  the  vibration  under  consideratioD  is  one 
of  normal  type,  we  assume  that  ^,,  ^fr.^,  &c.  are  all  proportional  to 
cos  (n(  —  e),  where  m  remains  to  be  determined.  A  and  B  may 
then  be  regarded  as  constants,  with  a  substitution  of  -  n"  for  ly. 

If  for  the  sake  of  brevity  we  put 

CA^B—i  +  '^f (7), 

the  determinantal  equation,  which  gives  the  values  of  n',  assumes 
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C,  1,  0,  0,  0.. 

1,  C,  1,  0,  0.. 

0,  1,  C,  1,  0.. 

0,  0,  1,  C,  1.. 

0,  0.  0.  1,  c 


Fi-om  this  equation  the  values  of  the  roots  migbt  be  fouJ 
It  may  be  pi-oved  that,  if  C  =  2cosd,  the  determinant  U  equivalq 
to  sin(m  +  1)  fi-i-eiQ  ^;  but  we  shall  attain  our  object  with  gre« 
ease  directly  from  (5)  by  acting  on  a  hint  derived  from  the 
results  relating  to  a  continuous  string,  and  assuming  for 
particular  tj-pe  of  vibration.     Thus  let  a  solution  be 


Psin(r-l);S   cos(it(-e)  

In    order   that   ^„ 


<9)J 


a   form   which   secures   that   t/t, 
vanish, 

where  s  is  an  integer.     Substituting  the  assumed  values  of  ^  iu 
the  equations  (5),  we  find  that  they  are  satisfied,  provided  that 

2Bcm&  +  A=Q  (Hi; 

so  that  the  value  of  »  in  terms  of  j3  is 


=  2  sin 


/9    /I 


.(12). 


A  normal  vibrtttion  is  thus  represented  by 


^r  =  PiAu 


(r-l)CT 


-.(U>.J 


where 


^s/l' 


■2(™  +  l) 


■("H 


and  P,,  u  denote  arbitraiy  constants  independent  of  tho  j^nel 
constitution  of  the  system.  The  m  admissible  valuus  of  m  i 
found  from  (14)  by  ascribing  t'l  s  in  succi^ssion  Uio  valuta  1,1 
3...m,  and  are  all  different.  If  we  take  B  =  m-\-\,  ^,  vauUtl 
so  Ihat  this  does  not  correapiitid  to  a  possible  vibration, 
values  of  «  gjvo  only  th«  namo  puriods  over  agiain.  If  m4>l  1 
even,  oiie  of  the  vtluca  of  n — tliat.  namely. 
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«  =  J(m4-1), — is  the  same  as  would  be  found  in  the  case  of  only 
a  single  load  (m  =  1).  The  interpretation  is  obvious.  In  the  kind 
of  vibration  considered  every  alternate  particle  remains  at  rest,  so 
that  the  intermediate  ones  really  move  as  though  they  were 
attached  to  the  centres  of  strings  of  length  2a,  fastened  at 
the  enda 

The  most  general  solution  is  found  by  putting  together  all  the 
possible  particular  solutions  of  normal  tjrpe 

^^  =  2       P, sin ^^       \^^  cos(w,t-€,) (15), 

and,  by  ascribing  suitable  values  to  the  arbitrary  constants,  can 
be  identified  with  the  vibration  resulting  from  arbitrary  initial 
circumstances. 

Let  X  denote  the  distance  of  the  particle  r  from  the  end  of  the 
string,  so  that  (r  — l)a  =  a?;  then  by  substituting  for  fi  and  a 
from  (1)  and  (2),  our  solution  may  be  written, 

■sjr{x)  =  P,svas  J-  cos(n,t  —  e,)  (16), 

2(m+l)     /?;    .         SIT  ,,„, 

"•=— T— V7'"'2(^^) (i'>- 

In  order  to  pass  to  the  case  of  a  continuous  string,  we  have 
only  to  put  m  infinite.  The  first  equation  retains  its  form,  and 
specifies  the  displacement  at  any  point  x.  The  limiting  form  of 
the  second  is  simply 


P 
whence  for  the  periodic  time, 


(19). 


The  periods  of  the  component  tones  are  thus  aliquot  parts  of 
that  of  the  gravest  of  the  series,  found  by  putting  5  =  1.  The 
whole  motion  is  in  all  cases  periodic ;  and  the  period  is  21  »J{plT^, 
This  statement,  however,  must  not  be  understood  as  excluding 
a  riiorter  period;  for  in  particular  cases  any  number  of  the 
loww  components  may  be  absent.    All  that  is  asserted  is  that  the 
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above-mentioned  interval  of  time  is  suficient  to  bring  about  a  com- 
plete recurrence.  We  defer  for  the  present  any  further  discussion 
of  the  important  formula  (19),  but  it  is  interesting  to  observe  the 
approach  to  a  limit  in  (17),  as  vi  is  made  successively  greater  and 
greater.  For  this  purpose  it  will  be  sufficient  to  take  the  gravest 
tone  for  which  s=l,  and  accordingly  to  trace  the  variation  of 
2  (m  + 1)   .  TT 

7r        ^'"^  2(1/14  !)■ 

The  following  are  a  series  of  a 
tioa  and  variable : — 


uultaneous  values  of  the  fuoo- 


It  will  be  seen  that  for  very  moderate  values  of  m  the  limit 
closely  approached.  Since  m,  is  the  number  of  (moveable)  loa 
the  case  m  =  \  corresponds  to  the  problem  investigated  inChapCi 
III.,  but  in  comparing  the  results  we  must  remember  that  we  thei 
supposed  the  whole  mass  of  the  string  tn  be  concentrated  at  th 
centre.  In  the  present  case  the  load  at  the  centre  is  only  half  a 
great;  the  remainder  being  supposed  concentrated  at  the  endS| 
where  it  is  without  effect. 


From  the  fact  that  oi 
initial  form  of  the  string  c 

^(x)=: 


solution  is  general,  it  followin  that  t 
1  be  represented  by 


(Pcose),  1 


•(20> 


And,  since  any  form  possible  for  the  string  at  all  may  I 
regarded  as  initial,  we  infer  that  any  finite  single  valued  fuuctii 
of  a;,  which  vanishes  nt  a;=0  and  ^  =  /.  can  be  expanded  with 
those  limits  in  a  series  of  sines  of  irxH  and  its  multiples, — wbii 
is  a  case  of  Fourier's  thtsorem.  We  shall  presently  tihew  haw  tl 
ore  general  form  can  be  deduced. 

121.     We  might  now  determine  the  constants  fur  &  cootinuw 
%  by  int«grAtion  as  in  §  ti3,  but  it  is  instructive  to  solre  tl 
Mem  iirtit  in  the  gtinernl  case  (ni  finite),  and  aflorwnrda 
I  to  tlie  limit.    The  initial  conditions  am 
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^(2tt)  =  ^,sin2-^  +A,Bmi' 


^ ( ma)  =  A,Binm-j-+A, sin  2m  - 


+  ...  +^,«9in  H 


.  +.<4„8in  2vi 


^Brliere,  for  brevity,  A,  =  P,oo&€,,  and  ^(o).  y^(2a) i^(ffia) 

^^He  the  initial  displacements  of  the  m  particles. 

^^  To  determine  any  constant  A„  multiply  the  first  equation  by 
na  (*mi,'0.  the  second  bj-  sin  (2stt'i/1),  &c.,  and  add  the  resnlts. 
Then,  by  Trigonometry,  iho  raefficients  of  all  the  constants,  except 
At,  vimiah,  while  that  of  j4,  =  ^(m  +  l)'.     Hence 


..  +  A„8in  V 


I   • 


"I 


A,= 


S      ^(ra)  sin  rs  -. 


..(1). 


i~r 


We  need  not  stay  here  to  write  down  the  values  of  B,  (equal 

■  /',  sin  «,)  as  dc]>ending  on  the  initial  velocities.    When  a  becomes 

LLjtinJtely  small,  m  under  the  sign  of  summation  ranges  by  iofi- 

nitesimal   steps  from  zero  to  I.     At  the  same  time  — - 

so  that  writing  ra  =  x,  a  =  ii^,  we  have  ultimately 

yl.-ffV  (')•:■>(-")'(«  (2). 

expri'sfiing  A,  in  terms  of  the  initial  displacements. 


lusli 


122.    We  will  now  investigate  independently  the  partial  differ- 

equatioD  governing  the  transverse  motion  of  a  perfectly 

;ible  string,  on  thi;  snppositions  (I)  that  the  magnitude  of  the 

tenaion  may  be  considered  constant,  (2)  that  the  square  of  the 

I  -litiation  of  any  part  of  the  string  to  its  initial  direction  may  he 

I -gl«ct«d.     As  before,  p  denotes  the  linear  density  at  any  point, 

jmkI  7",  is  the  constant  tension.     Let  rectangular  co-ordinates  be 

:eii  parallel,  and  perpendicular  to  the  string,  so  that  x  gives  the 

Luilibriam  and  x.  >/,  s  the  displaced  position  of  any  particle  at 

Th«  forces  acting  on  the  clement  dx  are  the  tensions  at 
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its  two  ends,  and  any  impressed  forces  Yp  dx,  Zp  dx.  By  D'AI 
bert's  Principle  these  form  an  equilibrating  ejistem  with 
reactions  agaiust  acceleration,  —  p  d^y/dt',  —  p  d'zjdl^.  At 
point  x  the  components  of  tension  are 


'da:' 


.dz 
'  dj:' 


if  the  squares  of  d}fjd,x,  dzjdx  be  neglected;  so  that  the  fiji 
acting  on  the  element  dx  arising  out  of  the  tension  are 


^■i(l)^.  ''i[%)^- 


Hence  for  the  equations  of  motion, 

dp      pda?'^  '    \ 

de      p  da^  I 

from  which  it  appears  that  the  dependent  variables  y  and  / 
altogether  independent  of  one  another. 

The  student  should  compare  these  equations  with  the  co 
spending  equations  of  finite  differences  in  §  120.  The  latter  i 
be  written 

Now  in  the  limit,  when  a  becomes  infinitely  small, 
while  p,  =  pa:  and  the  equation  assumes  ultimately  the  form 

agreeing  with  (Ij. 

In  like  manner  the  limiting  forms  of  (■'))  and  (4i  of  §  120  at 


•  a; 


di... 


=  "•■/©■' 


which  ma)'  aUo  be  proved  directly. 
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The  first  is  obvioua  from  the  de6niliuQ  of  T.  To  prove  the 
■"■(iDd.  it  ia  Buffieient  to  notice  that  the  potential  energy  iu  any 
'"iifigumtion    is   the   work   required   to    produce   the   necessary 

ti':tching  against  the  tension  T,.     Reckoning  from  the  configiira- 

I'Jiiuf  equilibrium,  we  have 

I      Jiid,so  far  as  the  third  power  of  -^ , 

\2i.  In  most  of  the  applications  that  we  shall  have  to  make, 
'he  density  p  is  constant,  there  are  no  impressed  forces,  and  the 
Motion  may  be  supposed  to  take  place  in  one  plane.  We  may 
iheu  conveniently  write 

T, 

i"- ('). 

■'"■i  li)e  differential  equation  IS  expresseil  by 

d{aty     da^ *■  '■ 

If  we  now   assume  that  y  varies  as  cos»io(,   our   equation 

g+-«-y=o w, 

"f  which  the  most  general  solution  is 

y(A  sin  f«ic+  (7cosmj;)co8  7»a(  (4). 

This,  however,  is  not  the  most  general  harmonic  motion  of 
■'1'-  period  in  question.     In  order  to  obtain  the  latter,  we  must 

y  =  y,  cos  Tnat  +  !/,  sin  mat (5), 

fr'/re  y, ,  y,  are  functions  of  x,  not  necessarily  the  same.  On 
i!l>stitution  in  (2)  it  appears  that  yiand  ^i  are  subject  to  equations 
'■  'im  form  (3),  so  that  finally 

i/  =  (A  mwmjj  +  C  COS  vix)  COS  viat  ] 

+  (Bs,m'mic  +  Dco»mx)&mmat\  ' 

I  •.>xpre«t>ioD  containing  four  arbitrary  constants.     For  any  con- 
g  ^^Xwijring  witliQut  iuterra^ion  the  tUffi^r- 
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entiat  equation,  this  Is  the  most  general  solutioD  possible,  uiic 
the  condition  that  the  motion  at  every  point  shall  be  aimi 
harmonic.  But  whenever  the  string  forma  part  of  a  aysU 
vibrating  freely  and  without  dissipation,  we  know  from  fora 
chapters  that  all  parts  are  simultaneously  in  the  same  pha 
which  requires  that 

A  :  B  =  C  :  D (7); 

and  then  the  most  general  vibration  of  simple  harmonic  type  ia 

y  =  (a  sin  Hia;  +  ^  cos  »?w:|  cos  {mat  — e) (8). 

124.  The  most  »mp!e  as  well  as  the  most  important  problt 
connected  with  our  present  subject  is  the  investigation  of  the  £ 
vibrations  of  a  finite  string  of  length  /  held  fast  at  both  its  e 
If  we  take  the  origin  of  a:  at  one  end.  the  terminal  conditicns  I 
that  when  x  =  0,  and  when  x=l,  y  vanishes  for  all  values  o( 
The  first  requires  that  in  (6)  of  g  123 

C=0,     X»  =  0 (1); 

and  the  second  that 

s\avil  =  0 (2), 

or  that  ml  =  sir,  where  s  is  an  integer.     We  learn  that  the  ( 
harmonic  vibrations  possible  are  such  as  make 

I *'J 

aud  then 


I       ^"•■"       I 


•(*] 


Now  we  know  a  priori  that  whatever  the  motion  may  i 
can  be  represented  as  a  sum  of  simple  harmonic  vibrations,  I 
we  therefore  conclude  that  the  most  general  solution  for  a  stri 
fixed  at  0  and  /,  is 

!/  =  ^^,  a'n  -^-  iA,ci>*-^  +  B.sitt-j~j (5] 

The   slowest  vibration   is   that   corresponding   to  *  = 
period  {tJ  is  given  by 


,.       V  r,  ■ 


The  other  compoiiituu  hnvc  periods  vhioh  are  eliqaot 
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"snthat.  ae  has  been  already  stated,  the  whole  motion  is  under  all 
ajtmnstiiDces  peiiodic  in  the  time  Ti.  The  sound  emitted  cod- 
■titules  in  general  a  muaical  note,  according  to  oni-  definition  of 
'bat  (enn,  whose  pitch  is  fixed  hy  t,,  the  period  of  its  gravest 
■'njipoiient.  It  may  happen,  however,  in  special  cases  that  the 
gravest  vibration  is  absent,  and  yet  that  the  whole  motion  ia  not 
I'^fiodic  in  any  shorter  time.  This  condition  of  things  occurs,  if 
.i,'  +  B,'  vanish,  while,  for  eitample,  A^+B^  and  A^-\-B^  are 
^nil«,  In  such  cases  the  sound  could  hardly  be  called  a  note; 
bin  it  usually  happens  in  practice  that,  when  the  gravest  tone  is 
ilveDt,  some  other  takes  its  place  in  the  character  of  fundamental, 
mill  the  «>uDd  still  constitutes  a  note  in  the  ordinary  sense, 
'himgh,  of  course,  of  elevated  pitch.  A  simple  case  is  when  all 
'I'-  odd  components  beginning  with  the  first  are  missing.  The 
"hylp  motion  is  then  periodic  in  the  time  ir,,  and  if  the  second 
-'■mponenC  be  present,  the  sound  presents  nothing  unusual. 

The  pitch  of  the  note  yielded  by  a  string  (6),  and  the  character 
I  the  fnndamental  vibration,  were  first  investigated  on  mechanical 
ii'inciples  by  Brook  Taylor  in  1715  ;  but  it  is  to  Daniel  Bernoulli 
ITo-'i)  that  we  owe  the  general  solution  contained  in  (.j).  He 
buiued  it.  as  we  have  done,  by  the  synthesis  of  particular 
■'■hitions,  permissible  in  ttccordance  with  his  Principle  of  the 
'  "Existence  of  Small  Motions.  In  his  time  the  generality  of  the 
'■  -ult  so  arrived  at  was  open  to  question  ;  in  fact,  it  was  the 
['uiioii  of  Euler,  and  also,  strangely  enough,  of  Lagrange',  that 
'■'>■'■  series  of  sines  in  (5)  was  not  capable  of  representing  an 
itjjtniry  function;  and  Bernoulli's  argument  on  the  other  side, 
-iwn  from  the  infinite  number  of  the  disposable  constants, 
i;is  certainly  inadequate'. 

Most  of  the  laws  embodied  in  Taylor's  formula  (6)  bad  been 
i.iacovered  experimentally  long  beforo  (1636)  by  Merseoue.     They 
r  be  stated  thus: — 


■Hm  Bl«in«in's  PartifUe  inferential  Gleichungtn.  §  7H- 

'  )r  Toung.  in  Iiih  mmioir  of  1800,  seems  to  hare  imilerstood  tbis  malter  quite 
Ha  >»ys.  ••  At  the  wme  tune,  as  M.  Bernoulli  hta  justly  observed.  «inta 
m  ta&j   be   inflDituly  approiimiiteJ,   b;  conaidering  its   ordinatea    as 
1  vf  lh«  ordinatvFi  ot  an  ioGiute  number  of  trochoids  of  different  magni- 
f  be  denionsltated  that  all  these  coniilitQent  onrveB  would  revert  to 
J  ilatr.  in  tbe  aune  time  that  a  similar  chard  bent  into  a  trocboidal 
d  {lerform  a  tingle  Tibralioo ;  and  this  is  in  some  respects  i 
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[i: 


(1)  For  a  given  string  and  a  given  teosion,  the  time  varies 
the  length. 

This  is  the  fundamental  principle  of  the  monuchord,  i 
appears  to  have  been  understood  by  the  ancients'. 

(2)  When  the  length  of  the  string  is  given,  the  time  van 
invereeiy  as  the  square  root  of  the  tension. 

(3)  Strings  of  the  same  length  and  tension  vibrate  in  tlm 
which  are  proportional  to  the  square  roots  of  the  linear  density. 

These  important  results  may  all  be  obtained  by  the  method 
dimensions,  if  it  be  assumed  that  t  depends  only  on  I,  p.  and  jT,, 

For,  if  the  units  of  length,  time  and  mass  be  denoted  i 
Hpectively  by  [L],  [T],  [M],  the  dimensions  of  these  symbols  a 
given  by 

l  =  [Ll    p  =  [.¥Z-'],     T.^lMLl^l 
and  thus  (see  §  52)  the  only  combination  of  them  capable  of  i 
presenting  a  time  is  jf',"^  .pi,l.    The  only  thing  left  undetermio 
is  the  numerical  factor. 

126.     Mersenne's  laws  are  exemplified  in  all  stringed  iostc 
meuts.     In  playing  the  viuEiu  different  notes  are  obtained  fro 
the   same  string  by  shortening  its  efficient  length.     In  tunil 
the  violin  or  the  pianoforte,  an  adjustment  of  pitch  is 
with  a.  constant  length  by  varying  the  tension ;  but  it  most 
remembered  that  p  is  not  quite  invariable. 

To  secure  a  prescribed  pitch  with  a  string  of  given  material,  il 
requisite  that  one  relation  only  be  satistied  between  the  length,  t 
thickness,  and  the  tension ;  but  in  practice  there  is  usually  no  gi 
latitude.     The  length  is  often  limited  by  considerations  of  c 
venience,  and  its  curtailment  cannot  always  be  compensated 
an  increase  of  thicknesR,  because,  if  the  tension  be  not  increaa 
proportionally   to   the    section,    there    is    a    loss    of    flexibtii 
while  if  the  tension  be  so  increased,  nothing  is  effected  towi 
lowering  the  pitch.     The  difBculty  is  avoided  in  the  lower  atrii 
of  the  pianoforte  and  violin  by  the  addition  of  a  ooil  of  fine  « 
whoae  effect  is  to  impart  inertia  without  too  much   i 
flexibility. 

'  ArlKlAll*  "knew  Uini  *  iiitwor  kuhonl  ot  itrinV    '       -'      --  <    -a 
which  ihi!  vibritliim<  iiei;u|iiWI  b  iIouIiIu  liaivi  ■' 
ilepmilid  on  the  proportions  of  iha  Unwa  o<'< 


B.]  mebsenne's  laws. 

F  For  quantitative  inveetigations  into  the  laws  M  Btnnge,  tfae 
bumeter  is  employed.  By  means  of  a  weight  hanging  over  a 
Iky,  a  catgut,  or  a  metallic  wire,  is  stretched  across  two  bridges 
ouQted  on  a  reNonance  case.  A  moveable  bridge,  whose  position 
■  estimated  by  a  scale  running  parallel  to  the  wire,  gives  the 
i  of  shortening  the  efficient  portion  of  the  wire  to  any 
1  extent.  The  vibrations  may  be  excited  by  plucking,  as 
Ithe  harp,  or  with  a  bow  (well  supplied  with  rosin),  as  in  the 

If  the  moveable  bridge  be  placed  half-way  between  the  fixed 
Kg, the  note  is  raised  an  octave;  when  the  string  is  reduced  to 
K-third,  the  note  obtained  is  the  twelfth. 


§  of  the  law  of  lengths,  Mersenne  determined  for  the 
ml  lime  the  frequencies  of  known  musical  notes.  He  adjusted  the 
f^h  of  a  string  until  its  note  was  one  of  assured  position  in  the 
nicfil  scale,  and  then  prolonged  it  under  the  same  tension  until 
*  vibratioDs  were  slow  enough  to  be  counted. 

For  experimental  purposes  it  is  convenient  to  have  two,  or 

^  strings  mounted  side  by  side,  and  to  vary  in  turn  their 

jths,  their  masses,  and  the  tensions  to  which  they  ai'C  subjected, 

i  in  order  that  two  strings  of  equal  length  may  yield  the 

RlDteTval  of  the  octave,  their  tensions  must  be  in  the  ratio  of  1  :  4, 

'^^  the  masses  be  the  same ;  or,  if  the  tensions  be  the  same,  the 

'"liases  must  be  in  the  reciprocal  ratio. 

The  sonometer  is  very  useful  for  the  numerical  determination 
t  pitch.  By  varying  the  tension,  the  string  is  tuned  to  unison 
'iih  A  fork,  or  other  standard  of  known  frequency,  and  then  by 
"ijustment  of  the  moveable  bridge,  the  length  of  the  string  ia 
ii-rmined.  which  vibrates  in  unison  with  any  note  proposed  for 
The  law  of  lengths  then  gives  the  means  of 
;  the  desired  comparison  of  frequencies. 

kutlter  application  by  Scheibler  to  the  determination  of 
!  pitch  is  important.  The  principle  is  the  same  aa  that 
1  in  Chapter  jii.,  and  the  method  depends  on  deducing 
lute  pitch  of  two  notes  from  a  knowledge  of  both  the 
i  the  difference  of  their  frequencies.  The  lengths  of  the 
r  string  when  in  unison  with  a  fork,  and  when  giving  with 

f  mwaured.    The  ratio  of  tiw 
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lengths  is  the  inverse  ratio  of  the  frequencies,  and  the  differeiw 
of  the  frequencies  is  four.  From  these  data  the  absolute  pitch  I 
the  fork  can  be  calculated. 

The  pitch  of  a  string   may  be   calculated   also  by  Taylor^ 
formula    from    the    mechanical    elements    of   the    system,   ba 
great  pi-ecautions  are  necessary  to  secure  accuracy.     The 
is  produced  by  a  weight,  whose  mass  (expressed  with  the 
unit  as  p)  may  be  called  P;  so  that  T,=gP,  where  5  = 
if  the  units  of  length  and  lime  be  the  foot  and  the  second, 
order  to  secure  that  the  whole  tension  acts  on  the   vibraCii 
segment,  no  bridge  must  be  iDterposed,  a  condition  only  to 
satisfied  by  suspending  the  string  vertically.     After  the  weight 
attached,  a  portion  of  the  string  is  isolated  by  clamping  it  fipu 
at  two  points,  and  the  length  is  measured.     The  mass  of  the  ui 
of  length  p  refers  to  the  stretched  state  of  the  string,  and  may 
found  indirectly  by  observing  the  elongation  due  to  a  teosu 
of  the  same  order  of  magnitude  as    T„  and   (Calculating  wl 
would  be   produced   by    7\   according   to   Hooke's   law,  aod 
weighing   a   known   length   of  the   string   in   its   normal   st< 
After  the  clamps  have  been  secured  great  care  is  required 
avoid  fluctuations  of  temperature,  which  would  seriously  intluei 
the  tension.     In  this  way  Seebeck  obtained  very  accurate  resultl 

126.  When  a  string  vibrates  in  its  gravest  normal  mode,  tl 
excursion  is  at  any  moment  proportional  to  sin  (tt^/Oi  increaaiii 
numerically  from  either  end  towards  the  centre ;  no  intermedial 
point  of  the  string  remains  permanently  at  rest.  But  it  is  othi 
wise  in  the  case  of  the  higher  noruial  components.  Thus,  if  t 
vibration  be  of  the  mode  exprussed  by 

.    STTX  /  .         Birat      r,    ■    svnt\ 
j  =  .u,— (^^.coa-p  +  ftM-^). 

the  excursion  is  proportional  to  sin  («ira://),  which  vanishes  at»- 
pointii,  dividing  the  string  into  m  equal  parts.     The^!  pi>ints  of 
motion  are  called  nodes,  and  may  evidently  be  touched  or  hi>l 
fhst  without  in  any  way  disturbing  the  vibration.     The  prodt 
tion  of '  harmonics '  by  lightly  touching  the  string  at  the  points 
aliquot  division  in  a   well-known  resoiinu!  of  the  violiaist. 
conipouont  modes  are  excluded  which  have  not  a  node  at 
point  touched;  so  that,  as  regards  pitch,  the  effect  is  the  sun 
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127.     The  constants,  which  occur  m  the  general  value  of  j/, 
toiA,  ilcpend  on  the  special  circumstances  of  the  viliratioo,  and 


y  be  exprtssed  in  terms  of  the  initial  values  of  y  and  y 

Putting  ( =  0.  we  find 

y.  =  <ir^.sin*y-:     y.^^'S^I'sB.sin"^  ... 

..(1). 

Multiplying  by  sin— ^ ,  and  integrating  from  0  to  /,  w 

e  obtain 

,       2 /■'      .    mtr  ,          „        if'..    STTX 

..(2). 

=«e  results  exemplify  Stokes'  law,  §  95  ;  for  that  part  of 

y,  which 

It  ['  .  . 


'(h; 


Jf  {Kuds  on  the  initial  velocities,  is 

— »-•     2  UTiE  STTUt    { 

«  =  2..  ,  sm  —r-    — 

•""  TrrM  ( 

aod  from  this  the  part  depending  on  initial  displacements  may 
be  inferred,  by  differentiating  with  respect  to  the  lime,  and 
Bubstiluting  y^  for  y^- 

When  the  condition  of  the  string  at  some  one  moment  is 
thoroughly  kiiowu,  these  formula  allow  us  to  calculate  the 
motioD  for  all  subsequent  time.  For  example,  let  the  string  be 
initially  al.  rest,  and  so  displaced  that  it  forms  two  sides  of  a 
trinngia     Then  fi,  =  0;  and 

Fig.  -20. 


integration. 

We  Bee  that  A,  vanishes,  if  sin  (sTrfc//)  =  0,  that  is,  if  there  be 
question  situated  at   P.     A   more 
subject  will  be  afforded  by  another 


Ejaode  of  the  component 
laise   inew  of  thi 


»  giv^^  pCflMlltly. 
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128.     In  the  expression  for  y  the  coefficients  of  sin  {atrxjl)  i 
the  normal  co-ordinates  of  Chapters  iv.  and  v.     We  will  deoi 
them  therefore  by  i^,.aa  that  the  configuration  and  motion  of  tl 
system  at  any  instant  are  defined  by  the  values  of  i^,  and 
according  to  the  equations 


Itrx 


y=^i8in-T-  +  ^jain  -p-|-,..  -|-^,aiu 


I 

T 


+  ^,Bin"^  +  ...-l-^,8in  -j- 


..(I). 


We  proceed  to  form  the  expressions  for  T  and  V.  and  the 
to  deduce  the  normal  equations  of  vibration. 


°  I) 


For  the  kinetic  energy, 


the    product  of  every  pair  of  terms  vanishing  by  the   genei 
property  of  normal  co-ordinates.     Hence 

(!> 


In  tike  manner, 


F 


.■(3). 


These  expressions  do  not  presuppose  any  purticular  motion,  eil 
natural,  or  otherwise;  but  we  may  apply  them  to  calculate 
whole  energy  of  a  string  vibrating  naturally,  as  follows: — If 
be  the  whole  mass  of  ihe  string  (p/),  and  its  equivalent  (o*^) 
substituted  for  T,,  we  find  for  the  sum  of  the  energies, 


sof^.and  J},of§126, 


YOUNGS  THEOREM. 


If  the  motioQ  be  not  confined  to  the  plane  of  xy,   we  have 
mrvly  tio add  the  energj'  of  the  vibrations  iji  the  perpendicular 


Lagrange's  method  gives  immediately  the  enuation  of  niobiou 


which  has  beeu  already  considered  in  §  66.     If  <^^  and  <^o  be  the 
iaioal  values  of  ^  and  i^,  the  general  solution  is 

,  siant 
9  =  9o  +  <po  cos  nt 


+j'„J/i«»<i-i')*<"' ('). 

"here  n  is  written  for  s-rrajl. 

By  definition  <t>,  is  auch  that  ^,  Bip,  reprcaenta  the  work  done 
'y  tte  impressed  forces  on  the  displacement  Btfi,.     Hence,  if  the 
^SuKt  acting  at  time  t  on  an  element  of  the  string  pdx  be  p  YJiC, 


*,-/VFsin 


..(8,. 


e  «r|iiatioiis  0,  is  a  linear  qnantity,  as  we  see  from  (1);  and 
■)■  therefore  a  force  of  the  ordinary  kind. 

I  129.  In  the  applications  that  we  have  to  make,  the  only 
JifegBed  force  will  be  supposed  to  act  in  the  immediate  neigh- 
(irhood  of  one  point  x  =  b,  and  may  nanally  be  reckoned  as 

nhole,  so  that 


=  sin 


\pYd.. 


.(1). 


If  the  point  of  application  of  the  force  coincide  with  a  node  of 
'fit'  mode  («),  *,  =0,  and  we  learn  that  the  force  is  altogether 
"itfioul  influence  on  the  component  in  question.  This  principle 
iif great  importance;  it  shews,  for  example,  that  if  a  string  be 
■  :  rest  in  its  position  of  equilibrium,  no  force  applied  at  its  centre, 
Ih^thcr  ill  the  form  of  plucking,  striking,  or  bowing,  can  generate 
iv  of  the  even  normal  components'.  If  after  the  operation  of 
;  furce,  its  point  of  application  be  damped,  aa  by  touching  it 

it  &  bonuoiiio  is  Dot  f;eiicrBted,  vbeD  one  ot  its  nodal 
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with  the  finger,  all  motion  must  forthwith  cease ;  for  those  com- 
pouents  which  have  not  a  node  at  the  point  in  question  are 
stopped  by  the  damping,  and  those  which  have,  are  absent  from 
the  beginning'.  More  generally,  by  damping  tiny  point  of  a 
sounding  string,  we  stop  all  the  component  vibrations  which  have 
not,  and  leave  entirely  unaffected  those  which  have  a  node  at  the 
point  touched. 

The  case  of  a  string  pulled  aside  at  one  point  and  afterwards 
let  go  from  rest  may  be  regarded  as  included  in  the  preceding 
statements.  The  complete  solution  may  be  obtained  thus.  Let. 
the  motion  commence  at  the  time  (  =  0;  from  which  moment 
^,  =  0.     The  value  of  0,  at  time  ( is 


I,  =  (0i)i)  cos  nt  +  -  (^,)ii  sin  nt 


•■(2), 


litial   values   of  the   quantitied 
L  the  problem  in  hand  (^,)„  =  Oj 


where  (^,)o,  (^»}o  denote  the 
affected  with  the  suffix  s.  Now 
and  (0,)o  is  determined  by 


if  y  denote  the  force  with  which  the  string  is  held  aside  at  the 
point  b.     Hence  at  time  t 


y  sin  —  cos  nt (4), 


andby  (l)of§128 


Ipn- 

^i^„   .    s-n-b 


Stras  cosn( 

'-1    IT- 


:ample 


where  n  =  8iTajL 

The  symmetry  of  the  expression  (.i)  in  x  and  6  is  an  i 
of  the  principle  of  §  107. 

The  problem  of  determining  the  subsequent  motion  of  a  string 
set  into  vibration  by  an  impulse  acting  at  the  point  &,  may  be 
treated  in  a  similar  manner.  Integrating  (6)  of  §  128  over  tbd 
duration  of  the  impulse,  we  find  ultimately,  with  the  same 
tion  as  before, 

(,(>,),-^--sm^F., 


sDBnea  when  the  point  which  ia  damped  is  at  ths  same 
e  Btring  as  the  point  of  eidtatian  is  from  the  other  end. 


INITIAL  CONDITIONS. 


!^  fr'rfl  be  denoted  bj  Fi.    At  the  same  time  (i^,)„  =  0,  so  that  by 


,.(6). 


21",  .^„.   .   mb  . 

J-iy^-.  "°T°    .      .. 

The  seriat  of  component  vibrations  is  lees  convergent  for  a  struck 
ifimi  for  a  plucked  string,  m  the  preceding  expressions  shew. 
Tlifl  reason  is  that  in  the  latter  case  the  initial  value  of  y  is 
iHiitiiiuous,  and  only  dyjdx  discontinuous,  while  in  the  former  it 
■  I  iiSL'lf  that  makes  a  sudden  spring.     See  §§  32,  101. 

Tlie  problem  of  a  string  set  in  motion  by  an  impnlse  may  also 
-  ...Iveti  by  the  general  fomultp  (7)  and  (8)  of  g  128.  The  force 
linds  the  string  at  rest  at  f  =  0,  and  acts  for  an  infinitely  short 
time  irma  ( =  0  to  ( =  t*.    Thus  (^,)„  and  {^,),  vanish,  and  (7) 

IM  reduces  to 
by  (8)  of  g  128 
ince,  as  before. 


=  ,"   sin  nt  I    <^,dt', 

Ip"  J  n 

.    sirb  C-.^,  ,.,       -    STrb 
im  -  -   I     1  at  =6111  -  - 


Ipn 


I',  sin  - 


siun(  (7). 


Hitherto  we  have  supposed  the  disturbing  force  to  be  concen- 

•ni«i  at  a  single  point.     If  it  be  distributed  over  a  distance  ^ 

"n  eii.her  side  of  b,  we  have  only  to  integrate  the  expressions  (6) 

I '  (7)  with  respect  to  b,  substituting,  for  example,  in  (7)  in  place 

)',siu(»w6y/), 

I        Y,  sin  - ,-  do. 

J  h-»  t 

f  be  constant  between  the  limits,  this  reduces  to 
«7r/9    .     eirb 


V  —  Bin  '^  a 


(8). 

1  to  render 


fhe  principal  effect  of  the  distribution  of  the  force 
lies  for  y  more  convergent. 

The  problem  which  will  next  engage  our  attention  is 
iif  the  pianoforte  wire.     Tlie  cause  of  the  vibration  is  here 
^^h  i^  project^  ^^ainst  the  atriug,  aud 
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[130. 


after  the  impact  rebouods.     But  we  should  not  be  jiisliRed  i 

asBumiog,  as  in  the  last  sectiuo,  that  the  mutual  action  uccupiet 

ao  short  a  time  that  its  duration  may  he  neglected.     Measured  hjf 

the  standards  of  ordinary  life  the  duration  of  the  contact  is  indee4 

very  small,  but  here  the  proper  comparison  is  with  the  natura] 

periods  of  the  string.     Now  the  hammers  used  to  strike  the  v 

of  a  pianoforte  are  covered  with  several  layers  of  cloth  for  t 

express  purpose  of  making  them  more  yielding,  with  the  eflfect' 

prolonging  the  contact.     The  rigorous  treatment  of  the  problei 

would  be  difficult,  and  the  solution,  when  obtained,  probably  t 

complicated  to  be  of  use ;  but  by  introducing  a  certmn  simplifio 

tion   Helraholtz   has   obtained   a   solution    representing   all 

essential  features  of  the  case.     He  remarks  that  since  the  acta 

yielding  of  the  string  must  bo  slight  in  comparison  with  that  ■ 

the  covering  of  the  hammer,  the  law  of  the  force  called  into  pli 

during  the  contact  must  be  nearly  the  same  as  if  the  string  \ 

absolutely  fixed,  in  which  case  the  force  would  vary  vcrj-  uearly  a 

a  circular  function.     We  shall  therefore  suppose  that  at  the  t 

( =  0,  when  there  are  neither  velocities  nor  displacements,  a  fbrael 

F  Bin  pt  begins  to  act  on  the  string  at  j:  =  6,  and  continues  throu^ 

half  a  period  of  the  circular  function,  that  is,  until  t  =  7r/p,  afttf 

which  the  string  is  once  more  free.     The  magnitude  of  p  i 

depend  on  the  mass  aud  elasticity  of  the  hammer,  but  not  to  any 

great  extent  on  the  velocity  with  which  it  strikes  the  string, 

The  required  solution  is  at  once  obtained  by  subi^titutitig  I 

4>,  in  the  general  formula  (7)  of  §  128  its  value  given  by 

.        „    .    »7r6    .        .  ... 

V,  =  F  am  -y-  am  pt (1), 


I 


the  rauge  of  the  integration  being   from   0   to   ir/p. 

(t>ir:p) 


We 


*^  f  sin  «((-(■)  sin /rf-df 


♦p  cos  „                 _, 
--,-  -,-;-   "...fan    ,-.siniii(-a-    (2) 

and  the  final  solution  for  y  becomes,  if  we  substitute  for  h  uu 
their  valacs, 


_i«pl-F 


■^pT 


I 
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^^■We  see  that  all  contponents  vanish  which  have  a  node  at  the 

^^Bit  of  excitement,  but  this  conclusion  does  not  depend  on  any 

^^^Bicular  Inw  of  force.     The  interest  of  the  present  solution  lies 

^^KUie  itiformfition  that  may  be  elicited  from  it  as  to  the  depend- 

■1CO  of  the  reaulling  vibrations  on  the  duration  of  contact-     If 

.i   denote  the  ratio  of  this  quantity  to  the  fuudamsntal  period  of 

!;i-  string  by  v.  so  that  f  =  7ra  :  2pl,  the  expression  for  the  ampti- 

I'lo  uf  the  component  a  ia 

»Fl     P  cos  isTTv)     .    STrb 
ir'T,- 7(1^4^')^^"  ~^■■ 


■.(i)■ 


_wm1 


We   fall  back  on  the  case  of  an  impulse  by  putting  i. 


=  0. 


=/:"' 


nptdt: 


When  V  is  finite,  those  compouents  disappear,  whose  periods 
*>*  j.  !■  ?"■-  of  the  duration  of  contact:  and  when  a  ia  very 
great,  the  serieB  converges  with  a''.  Some  allowance  must  also 
be  made  for  the  finite  breadth  of  the  hammer,  the  effect  of  which 
will  also  be  to  favour  the  convergence  of  the  series. 

The  laws  of  the  vibration  of  strings  may  be  verified,  at  least 
i-i  their  main  features,  by  optical  methods  of  observation — either 
.  it.h  the  vibration -microscope,  or  by  a  tracing  point  recording  the 
Kiiractcr  of  the  vibration  on  a  revolving  drum.  This  character 
dejjends  nn  two  things, — the  mode  of  excitement,  and  the  point 
wboee  motion  is  selected  for  observation.  Those  components  do 
not  appeal'  which  have  nodes  either  at  the  point  of  excitement,  or 
l!  the  point  of  obsen'ation.  The  former  are  not  generated,  and 
iip  latter  do  notmaDtfeHt  themselves.  Thus  the  simplest  motion 
-  obtained  by  plucking  the  string  at  the  centre,  and  observing 
mo  of  the  points  of  trisection,  or  vice  versa-  In  this  case  the 
iiat  hannouie  which  contaminates  the  purity  of  the  principal 
Tibmtion  is  the  fifth  component,  whose  intensity  is  usually  in- 
BScient  to  produce  nmch  disturbance. 

[The  d\-namical  theory  of  the  vibration  of  strings  may  be 
ibployed  to  tost  the  laws  of  hearing,  and  the  necessaiy  experi- 
tnt«  ure  easily  carried  out  upon  a  grand  pianoforte.  Ha\Tng 
i  K  string,  say  o,  from  its  damper  by  pressing  t)je  digital,  pluck 
Itjtt  uue-third  of  its  length.  According  to  Young's  theorem  the 
ipuneDt  vibrstioQ   ia   not  excited   then,  and  in  corre- 
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spondence  with  that  fact  the  ear  fails  to  detect  the  component 
A  slight  dispkcement  of  the  point  plucked  brings  g'  in  agai 
and  if  a  resonator  {g')  be  used  to  assist  the  ear,  it  is  only  wi 
difficulty  that  the  point  can  be  hit  with  such  precision  as  entin 
to  extinguish  the  tone.  Experiments  of  this  kind  shew  that  tt 
ear  analyst's  the  sound  of  a  string  into  precisely  the  same  ( 
stituents  as  are  found  by  sympathetic  resonance,  that  is,  int 
simple  tones,  according  to  Ohm's  definition  of  this  conceptia 
Such  experiments  are  also  well  adapted  to  shew  that  it  is  not  i 
mere  play  of  imagination  when  we  hear  overtones,  as  some  peofJ 
believe  it  is  on  hearing  thom  for  the  first  time'. 

If,  after  the  string  has  been  sounded  loudly  by  striking  I 
digital,  it  be  touched  with  the  finger  at  one  of  the  points 
trisection,  all  components  are  stopped  except  the  3rd,  6th,  Ac, 
that  these  are  left  isolated.  The  inexperienced  observer  is  usual] 
surprised  by  the  loudness  of  the  residual  sound,  and  begins 
appreciate  the  large  part  played  by  overtones.] 

131.  The  case  of  a  periodic  force  is  included  in  the  genen 
solution  of  §  128,  but  wo  prefer  to  follow  a  somewhat  diETeren 
method,  in  order  to  make  an  extension  in  another  direction.  W 
have  hitherto  taken  no  account  of  dissipative  forces,  but  we  wil 
now  suppose  that  the  motion  of  each  element  of  the  string 
resisted  by  a  force  proportional  to  its  velocity.  The  partial 
differential  equation  becomes 

df^     dt  dor- 


-  y... 


-(1), 


by  means  of  which  the  subject  may  be  treated.     But  it  is  stil 
simpler   to   avail   ourselves  of  the   results   of  the   last  chaptei 
remarking  that  in  the  present  case  the  dissipation -function  F 
of  the  Name  form  as  T.     In  fact 


F=ipKl.l^ 


..(2). 


where  0,,  0,....  are  the  normal  co-ordinates,  by  means  of  whii 
jf'  and  V  are  reduced  to  sums  of  squares.  The  equations 
motion  are  therefore  simply 
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19; 


ii*  form  afi  obtains  for  syateras  with  but  one  degree  < 

It    is    ooty   necessary   to   add   to   what   was   said   in 

in.,  that  since  «  is  independent  of  s,  the  natural  vibra^ 

bside  in  such  a  manner  that  the  amplitudes  maintain  the! 

values. 

periodic  forci-  Fcospt  act  at  a  single  point,  we  have 


_  2^9in  e 

IppK 


tan  6=    ' — ; 


n    ^     coa  {pt-()  . 


■■(6). 


among  the   natural   vibratioas   there   be   any   one  nearU 
JOU3  with  cos  pt,  then  a  large  vibration  of  that  type  i 
■d,  uolees  indeed  the  point  of  excitement  should  happen  ti 
r  a  Doda     In  the  case  of  exact  coincidence,  the  componeafl 
in  in  question  vanishes;  for  no  force  applied  at  a  node 
e  it,  under  the  present  law  of  friction,  which  however,  n 
;  remarked,  is  very  special  in  character.     If  there  be  i 
,  «  =  0,  and 

'?•*.  =  „.   -  ,81°    ,    cos;j( (7), 

would  make  the  vibration  infinite,  in  the  case  of  perfeo 

1;  unless  sin  (swb/l)  =  0. 
e  value  of  y  is  here,  as  usual. 


y=^6i 


27ra- 


Sttj; 


+  ^3in     .    +<fjsin    -=-  + 


..(S). 


The  preceding  solution  is  an  example   of  the   use   > 
co-ordinates  in  a  problem  of  forced  vibrations.     It  is  ( 
to  free  vibrations  that  ihey  are  more  especially  applicable, 
ley   may  generally   be   used   with   advantage    throughout, 
'er   the   system   after   the   operation   of  various    forces  i8_ 
«ly  left  to  itself.     Of  this  application  we  have  already  ) 
ea. 

lie  case  of  vibrations  due  to  periodic  forces,  one  advantagi 
IMe  of  normal  co-ordinates  is  the  facility  of  comparison  with 
[high  it  will  be  remewbered  is  the  theory 
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of  the  motion  on  the  supposition  that  the  inertia  of  the 
may  be  left  out  of  account.    If  the  value  of  the  normal 
<f>,  on  the  equilibrium  theory  be  A, cos pt.  then  the  actual 
will  be  given  by  the  equation 

'^•  =  ,i^^*"<^P' (1) 

60  that,  when  the  result  of  the  equilibrium  theory  ia  known 

can  readily  be  espressed  in  terms  of  the  normal  co-ordinates, 

true  eolution  with  the  effects  of  inertia  included  can  at  onca 

written  down. 

In  the  present  instance,  if  a  force  Fcospt  of  very  long  ] 

act  at  the  point  b  of  the  string,  the  result  of  the  equilibii 

theory',  in  accordance  with  which  the  string  would  at  any  mom 

consist  of  two  straight  portioDs,  will  be 

,    .      2F  .    mrb         ,  ., 

<f9.  =  ^-sui  -i-  oospt .- (1 

from  which  the  actual  result  for  all  values  of  ^  is  derived  by  sii 
writing  ()i'  -  p')  in  place  of  7i^. 

The  value  of  y  in  this  aud  similar  cases  njay  however 
expressed  in  finite  tenns,  and  the  difficulty  of  obtaining 
finite  expression  is  usually  no  greater  than  that  of  finding 
form  of  the  normal  functions  when  the  system  is  free.  Thu 
the  equation  of  motion 

suppose  that  I'  varies  as  cos  iriat  The  forced  vibration  will 
satisfy 

S-»'^=-i.>- (' 

If  }'=  0,  the  Investigation  of  the  normal  functions  requiTMI 
solution  of 

and  a  subsequent  determination  of  vi  to  suit  the  l>oiindftry 
ditious.  In  the  problem  of  forced  vibrations  m  is  givbo,  boi 
have  only  to  supplement  any  [wirticiilar  solutioti  of  <3)  ¥fith 
oomplemtintary  function  containing  two  arbitraiy  convtwita. 
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■dFUm  B&me  form  as  the  normal  functions ;  and  all  that  remaiDB  to 
[lefieeced  U  the  detemuDation  of  the  two  coostants  in  accordance 
I  the  prescribed  boiindarj'  conditions  which  the  complete 
UlitioQ  must  Batisfy.  Similar  considerations  apply  in  the  case 
KUiy  continuous  system. 

133.  If  a  periodic  force  be  applied  at  a  angle  point,  there  are 
two  distinct  problems  to  be  considered ;  the  first,  when  at  the 
point  x  =  b,  a  given  periodic  force  acts ;  the  second,  when  it  is  the 
actual  motion  of  the  point  6  that  is  obligatorj-.  But  it  will  be 
(.onveuient  to  treat  them  together. 

The  usual  differential  equation 


dP^     (it         da?- 


■■(1). 


^^  Batisfied  over  both  the  parts  into  which  the  string  is  divided  at 
b.  but  is  violated  in  crossing  from  one  to  the  other. 

In  order  to  allow  for  a  change  in  the  arbitrary  constants,  we 
iiust  therefore  assume  distinct  expressions  for  y,  and  afterwards 
hi.rwluce  the  two  conditions  which  must  be  satisfied  at  the  point 
1. 1" junction.     These  are 

(1)  That  there  is  no  discontinuous  change  in  the  value  of  i/ ; 

(2)  That  the  resultant  of  the  tensions  acting  at  b  balances  the 
impressed  force. 

Thus,  if  Fcmpl  be  the  force,  the  second  condition  gives 


T,A   ' 


+  ^cosp(  =  0.. 


-(2), 


iire  &{di//dx)  denotes  the  alteration  in  the  value  of  dyjda: 
itred  in  crossing  the  point  x=b  m  the  positive  direction. 
We  shall,  however,  find  it  advantageous  to  replace  mspi  by 
complex  exponential  e**",  and  finally  discard  the  imaginary 
;,  when  the  symbolical  solution  is  completed.  On  the  assump- 
tbat  y  varies  as  tf"',  the  differential  equation  becomes 

g+^  =  » («: 


ijiji  the  c 


up  lex  constant, 


ip,).. 
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The 


■  most  genera!  solutiou  of  (3)  consiste  of  two  ter^j 
portional  respectively  to  ainXic,  and  cosXir;  but  the  o 
be  eatialied  at  ji;=  0  shews  that  the  secoud  dues  not  c 
Henoe  if  -y  e**^  be  the  value  of  y  at  a;  =  6, 


y=i 


ainXi' 


-m, 


is  the  solution  applying  to  the  tirst  part  of  the  string  from  a* 
Xo  x  =  b.  In  like  manner  it  is  evident  that  for  the  second  part 
shall  have 

ainX(i— a;)   .^  ... 

y-i  .i^iT^f)'" « 

If  7  be  given,  these  equations  constitute  the  symbolical  soloti 
of  the  problem ;  but  if  it  be  the  force  that  is  given,  we  reqi 
further  to  know  the  relation  between  it  and  7. 


Differentiation  of  (5)  and  (6)  and  substitutioi 
analogous  to  (2)  gives 

_  F  sinXfi  sinX(i-fi) 


1  the  equatt 


Thus 


Xsin  Ai 


F 

from«. 

=  0  to 

F 
'J-T. 

»inX(i-«)  sinXl 
XBinXl 

from  x  =  l  to  ,1 


=  t 


These  equaUons  exemplify  the  general  law  of 
proved  in  the  latit  chapter ;  for  it  appears  that  the  motion 
due  to  the  force  at  6  is  the  same  as  would  have  been  found 
had  the  force  acted  at  s. 

In  discussing  the  solution  we  will  lake  first  the  case  in  « 
there  is  no  friction.  The  coefficient  k  is  then  zero ;  while 
real,  and  equal  to  p/ti.  The  real  part  of  the  solution,  correii[ 
ing  to  the  force  Fcospt,  is  found  by  simply  putting  fxna  pt  {«t 
in  (8),  but  it  secmit  scarcely  necessary  to  write  the  equations 
for  the  sake  of  so  small  a  change.  The  wanie  remark 
the  forced  motion  given  in  terms  of  7. 

it  iipiiears  that  the  motion  bouomes  infinite  ia  case  the  f 
'  Itenhiit'w  JwHMiiM,  p.  lai. 


iJDIO   FORCE  AT   ONE  POINT. 

I  With  one  of  the  natural  vibrations  of  the  entire 

mg.  unless  the  point  of  application  be  a  node ;  but  in  practice 

f  not  easy  to  arrange  that  a  string  shall  be  subject  to  a  force 

Bven  magnitude.     Perhaps  the  best  method  would  be  to  attach 

lall  mass  of  irou,  attracted  periodically  by  an  electro-uiaguet, 

«  coils  are  traversed  by  an  intermittent  current.     But  unless 

e  means  of  compensation  were  devised,  the  mass  would  have 

E  very  small  in  order  to  avoid  its  inertia  introducing  a  new 

■plication. 

r  Abetter  approximation  may  be  obtained  to  the  imposition  of 
lebligatory  motion.     A  massive  fork  of  low  pit<;h.  excited  by 
«■  or  sustained  in  permanent  operation  by  electro-magnetiara, 
nites  its  vibrations  in  approximate  independence  of  the  re- 
Eons  of  any  light  bodies  which  may  be  connected  with  it.     In 
r  therefore  to  subject  any  point  of  a  string  to  an  obligatory 
Urerae  motion,  it  is  only  necessary  to  attach  it  to  the  extremity 
leprong  of  such  a  fork,  whose  plane  of  vibration  is  perpendicular 
Ihe  length  of  the  string.     This  method  of  exhibiting  the  forced 
ntioDS  of  a  string  appears  to  have  been  first  used  by  Melde'. 
^Another  ai-rangement,  better  adapted  for  aural   observation, 
^W  beeu  employed  by  Helmholtz.     The  end  of  the  stalk  of  a 
!"werful  timing-lbrk,  set  into  vibration  with  a  bow.  or  otherwise, 
■^  pressed  against  the  string.     It  is  advisable  to  file  the  surface, 
^liich  comee  Into  contact  with  the  string,  into  a  suitable  (saddle- 
'li'ij-ed)  form,  the  better  to  prevent  slipping  and  jarring. 

Referring  to  (5)  we  see  that,  if  sin  \/t  vanished,  the  motion 
■cording  to  this  equation)  would  become  infinite,  which  may  be 
■  lii'-n  to  prove  that  in  the  case  contemplated,  the  motion  would 
illy  become  great, — so  great  that  corrections,  previously  insigni- 
'  ant,  rise  into  importance.  Now  sinXi  vanishes,  when  the  force 
ivochronous  with  one  of  the  natural  vibrations  of  the  first  part 
i  t  he  string,  supposed  to  be  held  fixed  at  0  and  6. 

When  a  fork  is  placed  on  the  string  of  a  monochord.  or  other 
-rroraent  properly  provided  with  a  sound-board,  it  is  easy  to 
"1  by  liial  the  places  of  maximum  resonance.  A  very  slight 
-jilacement  on  either  side  entails  a  considerable  falling  off  in  the 
rolume  of  the  sound.  The  points  thus  determined  divide  the 
',  into  a  number  of  equal  parts,  of  such  length  that  the 
1  note  of  any  one  of  them  (when  fixed  at  both  ends)  is 
!.  Am.  ell,  p.  IW.  K 
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the  aame  as  the  note  of  the  fork,  as  may  readily  he  verified, 
important  ^ipUcations  of  resonance  which  Helmholtz  has  made 
purify  a  simple  tone  from  extraneoos  accontpaDiment  will  occa 
our  attention  later. 

134.     RetDmiog  now  Co  the  general  case  where  X  is  com] 
we  have  to  extract  the  real  parts  from  (o),  <6),  (8)  of  §  133. 
this  purpose  the  sines  which  occur  as  hctois,  must  be  redooed 
the  form  Be".    Thus  let 


n^jE  =  R,^ 


•■in 


r 


with  a  like  notation  for  the  others.     From  (5)  §  133  we  shall 
obtain 

y  =  y^COS{pt  +  e^-€t) (2), 


'-R* 


from  a 


=  0  to  a 


and  from  (6)  §13 


=  ^fe^^(^  +  ^'-' 


from  x  =  b  to  x  =  l, 
corresponding  to  the  obligatory  motion  y  =  7C08pt  at  6. 
By  a  similar  process  from  (S)  §  133,  if 


we  should  obtaio 

T  itx  .  lit-l, 


s(p(  + 


from  i 


COS  I  pi +  «(_,  + €6- 


-  tan-'  (A''«)  ) 
=  0  toa:=6 

-  tan-'  (5/«)) 


from  x  =  b  to  x  =  t 


}-w 


corresponding  to  the  impressed  force  Fcmpt  at  6.    It  remains 
obtain  the  fortna  of  Rt.  £»,  &c. 

The  values  of  a  and  yS  are  determined  by 

o'-S'-^.      28;9=-^ , 

gd       sin  Xx  =  sin  ELT  cos  t^  +  cos  ar  sin  i$x 


■(S), 


..=..«  (^-±-^7— (^^^r-(«>- 


.(7). 
,  (8). 


This  eompletea  the  Bolution. 

If  ihe  friction  be  very  small,  the  expressions  may  be  simpU- 
■"■'I.    For  iDstance,  in  this  case,  to  a  sufficient  approximation, 

a=pla.      ff  =  -K/2a.       ^{tt^  +  ^)  =  p/a, 

i^  (b»'  +  e-P')  =  1,     4  ((^^  -  e-^')  =  -  KxI'U ; 

" 'liat,  corresponding  to  the  obligatory  motion  at  6  y  =  7C08pt,  the 
'■I'lilitude  of  the  motion  between  a;  =  0  and  x  =  h  is,  approximately 

,.(9), 


raii'C_4 


K-b^  ,  pb 
-j—icas'^— 
ia'         a 


■'iifli  becomes  great,  but  not  infinite,  when  siu  (pbia)  =  0,  or  the 
"inf'  of  application  is  a  node. 

if  the  imposed  force,  or  motion,  be  not  expressed  by  a  single 
"irionic  term,  it  must  Erst  be  resolved  into  such.  The  preceding 
■  'iiion  may  then  be  applied  to  each  component  separately,  and 

■  ■  results  added  together.  The  extension  to  the  case  of  more  than 
'  point  of  application  of  the  impressed  forces  is  also  obvious. 

'  ■  "btain  the  most  general  solution  satisfying  the  conditions,  the 
i')tssiou  for  the  natural  vibrations  must  also  be  added;  but 
■";  become  reduced  to  in^gnilicance  after  the  motion  has  been 
luugreas  for  a  sutlicient  time. 


The  law  of  friction  assumed  in  the  preceding  investigation  ia 
^l^aly  one  whose  results  can  be  easily  followed  deductively,  and 
^^bafficient  to  give  a  general  idea  of  the  eEfects  of  dissipative 
^^m  on  the  motion  of  a  string.  But  in  other  respects  the  con- 
-TiSf'us  drawn  from  it  possess  a  fictitious  simplicity,  depending  on 

:':ict  that  F — the  diHsipation-function — is  similar  in  form  to  T, 
•■  'uuitiBBjHSil^Jtifiip^  oo-ordin&l«a  indepeudeati  o(  web  q^jVl^. 


Id  almost  any  other  case  (for  example,  when  but  a  single  point  of 
the  string  is  retarded  by  friction)  there  are  no  normal  co-ordinates 
properly  so  called.  There  exist  indeed  elementary  types  of  vibra- 
tion into  which  the  motion  may  be  resolved,  and  which  are 
perfectly  independent,  but  these  are  essentially  different  in  cha- 
racter from  those  with  which  we  have  been  concerned  hitherto,  for 
the  various  parts  of  the  system  {as  affected  by  one  eleiueutaty 
vibration)  are  not  simultaneously  in  the  same  phase.  Special  coses 
excepted,  no  linear  transformation  of  the  co-ordinates  (with  real 
coefficients)  can  reduce  T,  F,  and  V  together  to  a  sum  of 
squares. 

If  we  suppose  that  the  string  has  no  inertia,  so  that  T 
J*  and  7"  may  then  be  reduced  to  sums  of  squares.     This  prob 
is  of  no  acoustical  importance,  but  it   is   interesting  as   being 
mathematically  analogous  to  that  of  the  conduction  and  radiation 
of  heat  in  a  bar  whose  ends  are  maintained  at  a  constant  tem- 
perature. 

136.  Thus  far  we  have  supposed  that  at  two  fixed  point! 
iE  =  0  and  x  =  l,  the  string  is  held  at  rest.  Since  absolute  fixilg 
cannot  be  attained  in  practice,  it  is  not  without  interest  to  inquili 
in  what  manner  the  vibrations  of  a  string  are  liable  to  be  modiiiei 
by  a  yielding  of  the  points  of  attachment ;  and  the  problem 
will  furnish  occasion  for  one  or  two  remarks  of  importance. 
For  the  sake  of  simplicity  we  shall  suppose  that  the  system  is 
symmetrical  with  reference  to  the  centre  of  the  string,  and  tha^ 
each  extremity  is  attached  to  a  mass  M  (treated  as  unestended  is 
space),  and  is  urged  by  a  spring  (/i)  towards  the  position  of  equi-- 
librium.  If  no  frictional  forces  act,  the  motion  is  necessarily 
resolvable  into  normal  vibrations.     Assume 


y  =  (asinww:+/3coBma:j«os(i?iai—  e).. 
The  conditions  at  the  ends  are  that 


0,    My  +  i^y  = 


..(1). 


a  _  ^  tan  ml  — a  _fi  —  Ma'i 
ff~  a  tanwi  +  /9  ~      VftTr 


-(2). 


..(3). 


EXTREMITIES  SUBJECT  TO  YIELDING. 


equutious,  eufficieDt  to  detenuiue  > 
muaxiag  the  latter  ratio,  we  find 


I  the  ratio  of  0  to  a. 


tan  ml  = 


A*). 


for  brevity  we  write  p  for 


^^~     ■ 

Equation  (3)  has  an  inflnito  number  of  routs,  which  may  be 
rnd  by  writing  tan  $  for  n,  so  that  tan  tnl  =  tan  2d,  and  the  resnlt 
widing  together  alt  the  corresponding  particular  solutions,  each 
its  two  arbitrary  constanta  a  and  e.  is  necessarily  the  most 
Beral  solution  of  which  the  problem  is  capable,  and  is  therefore 
equate  to  represent  the  motion  due  to  an  arbitrary  initial  dis- 
ibotiou  of  displacement  and  velocity.  We  infer  that  any  function 
tmay  be  expanded  between  a;  =  0  and  a:  =  i  in  a  series  of  terms 

^  (v,  sin  («,a;  +  cos  Hiiic)  +  if),  (i-j  sin  m^  +  cos  m^)  + (5), 

I,  HI,,  &c.  being  the  roots  of  (3)  and  Cj,  c,,  &c.  the  coiTesponding 
Ineg  of  V.  The  iiuantities  0i,  0„  &c.  are  the  normal  co-oi-dinates 
llie  system, 

From  the  symmetry  of  the  system  it  follows  that  in  each 
mal  vibration  the  value  of  y  is  numerically  the  same  at  points 
ally  distant  from  the  middle  of  the  string,  for  example,  at  the 
'  ends,  where  a:  =  0  and  x  =  l.  Hence  v,  sin  mj  +  cos  m,l  =  ±  1 , 
may  be  proved  also  from  (4). 

The  kinetic  energy  T  of  the  whole  motion  is  made  up  of  the 
^^firgy  of  the  string,  and  that  of  the  masses  M.     Thus 

I    +iJf  [0,  +  ^+,. .J'+iiT  [</.,((-,  sin  )n,(  + cos  m,0  +  ... 1''- 
m  by  the  characteristic  property  of  normal  co-ordinates,  terms 
■taitUDg  their  products  cannot  be  really  present  in  the  expi-es- 
k  for  T.  so  that 

I  p  j  (vr  sjam^  + cos  iHr^)  (v,siii  m^-+ cos  m^)dx 

fc- Jf + Jf(i',  sin  m,i+ cos  nUXi-,  Bin  711^4- cos  m^  =  0 (6), 

Euid  s  be  different. 

K^^^^^^  ;A4jiBt^t^  ^0^'  ^'^  determine  the  arbitrary  coa- 
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stants.  so  that  the  series  (5)  may  represeut  an  arbitraiy  funcK 
y.     Take  the  expression 

n 
pi   y{v, sin m^  +  cos mrc)dx  +  My,  +  Myi {v, sin vi,l  +  cos wi^...(l 

and  substitute  in  it  the  series  (5)  expressing  y.    The  result  is 
series  of  terms  of  the  type 

p  I   ^,{vr«iam,x  +  COS  m^x)  (ii,&mm^  +  <:osvi/c)dx 

+  M^  +  M^,  {vr  sin  vtfl  +  cos  mj.)  {v,  sin  m^  +  cos  mj.), 

all  of  which  vanish  by  (6),  except  the  one  for  which  r  =  «.    Hen 
<^a  is  equal  to  the  expression  (7)  divided  by 

p  I   (v,  sin  infl  +  cos  m^y  dx  +  M  +  M  {v,f(in  mj>  +  cos  mj,f. .  .(8), 

and  thus  the  coefficients  of  the  series  are  determined.  If  Jf « 
even  although  fi  be  finite,  the  process  is  of  course  much  stmpl 
but  the  unrestricted  problem  is  instructive.  So  much  strees 
often  laid  on  special  proofs  of  Fourier's  and  Laplace's  series, 
the  student  is  apt  to  acquire  too  contracted  a  view  of  the 
of  those  important  results  of  analysis. 

We  shall  now  shew  how  Fourier's  theorem  in  its  general  ft 
can  be  deduced  from  our  present  investigation.  Let  Af  =  0 ;  tl 
if  ^  =  00 ,  the  ends  of  the  string  are  fast,  and  the  equation 
termining  m  becomes  tan  ml  =  0,  or  nd  =  sw,  as  we  know  it  m 
bo.     In  this  case  the  aeries  for  y  becomes 


Sira; 


■  o; 


which  must  be  general  enough  to  represent  any  arbitrary  functai 
of  X,  vanishing  at  0  and  /,  between  those  limits.  But  now  supp 
that  fi  is  zero,  M  still  vanishing.  The  ends  of  the  string  may 
supposed  callable  of  sliding  on  two  smooth  rails  perpendicular 
its  length,  and  the  terminal  condition  is  the  vanishing  of  dyfi 
The  equation  in  m.  is  the  same  as  be/org;  and  wc  learn  that . 
function  y  whose  rate«  of  variation  vanish  nt  jv  =  0  and  x  =  l, 
be  expanded  in  a  Beries 


y'  =  B,oo8 


This  series  remains  unaffected  when  the  sign  of  n;  is  changed, 
and  the  first  series  merely  changes  sign  without  altering  its 
numerical  magnitude.  If  therefore  y'  be  an  even  function  of  x, 
(10)  represents  it  from  ~l  io  +  1.  And  in  the  same  way,  if  y  be 
an  odd  function  of  a:.  (9)  represents  it  between  the  same  limita 

Now,  whatever  function  of  x  0{a:)  may  be,  it  can  be  divided 
_  into  two  parts,  one  of  which  is  even,  and  the  other  odd,  thus : 

SO  that,  if  ^  (3;)  be  such  that  *  (-  0  =  0  (,+  0  and  0'  {-  0  =  ^'  (+  0. 
it  can  be  represented  between  the  limits  ±lhy  the  mixed  series 


^THbis 


'  I   -T"^—    ;    --.-"=    ( 


,.<11). 


series  is  periodic,  with  the  period  21.  If  therefore  0  (x) 
possess  the  same  property,  no  matter  what  in  other  respects  its 
character  may  be,  the  series  is  its  complete  equivalent.  This  is 
Fourier's  theorem'. 

We  now  proceed  to  examine  the  effects  of  a  slight  yielding  of 

le  supports,  in  the  case  of  a  string  whose  ends  are  approximately 

flxed.     The  quantity  v  may  be  great,  either  through  /i  or  through 

M.     We  shall  confine  ourselves  to  the  two  principal  cases,  (1) 

when  n  is  great  and  M  vanishes,  (2)  when  /i  vanishes  and  M  ia 

eat. 

In  the  first  case  v  =  ^  , 

tod  the  equation  in  m  is  approximately 

2         ITm 
tan  j«i  =  —  =  —  - — '— . 

Assume  ml  =  s-rr-i-j:,  where  x  is  small ;  then 

27',.  sir  .      ,  , 

X  =  tan  3:  = -. —    approximately, 

'"'="('-!!?) ^'^'- 

'  The  best  'B;Bt«m'  for  proving  Fourier's  theorem  from  dynamical  considera- 
tion! is  an  endleBB  chain  Btivtobed  round  »  emootb  cylinder  (^  139),  or  a  ttiin 
re-entraat  ooloinn  of  ait  enclosed  in  a  nag-ahaped  tube. 
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To  this  order  ui'  approximation  the  tonea  do  not  cease  to  foni 
a  harmonic  scale,  but  the  pitch  of  the  whole  is  slightly  lowered 
The  effect  of  the  yielding  ie  in  fiict  the  same  as  that  of  an  iocreas- 

'IT 

in  the  length  of  the  string  in  the  ratio  1  :  1  -f j  ,  as  mighi 

fit 

have  been  anticipated. 

The  result  is  othenvise  if /a  vanish,  while  M  is  great.     Here 

23", 
and  tan  ml  =  w-j-    approximately. 

Hence  mi  =  air  +  ,,  .,'—  (.13), 

Ma' .  STT 

The  effect  is  thus  equivalent  to  a  decrease  in  I  in  the  ratio 

1-1-     ^^^ 

and  consequently  there  is  a  rise  in  pitch,  the  rise  being  the 
greater  the  lower  the  component  tone.  It  might  be  thougtn 
that  any  kind  of  yielding  would  depres»  the  pitch  of  the  etrian 
but  the  preceding  investigation  shews  that  this  is  not  the  caflfl 
Whether  the  pitch  will  be  raised  or  lowered,  depends  on  tfl 
sign  of  v,  and  this  again  depends  on  whether  the  natural  note  fl 
the  mass  M  nrged  by  the  spring  /i  is  lower  or  higher  ihan  that  fl 
the  component  vibration  in  question.  H 

136.  The  problem  of  an  otherwise  uniform  string  i  iiiijiiiM 
a  finite  load  M  a.tic  =  b  can  be  solved  by  the  fonnul^  inveatigatJ 
in  §  133.  For,  if  the  foi'ce  F  cos  pt  be  dne  to  the  reaction  agatofl 
acceleration  of  the  mass  SI.  H 

F  =  yp'*M. (l)M 

which  combined  with  equation  (7)of  §  133  givea,  to  detennine  1^| 
possible  values  of  \  (or/)  :  a),  H 

«'.VXsiii  \b  sin  X  U  -  b)  =  r,wu  \l (3)ifl 

The  value  of  y  for  any  normal  vibiution  corresponding  to  X  ^| 
y^PsiaXx  sinXa-6)cos(flX(-()^ 

from  JF  =  0  to  a:  =  6 
J/  =  Pma\  (I  —  j:)  sin  \6  cos  (hM  ~  e) 
from  JT  =  ft  to  J*  =  ' 
where  P  and  c  arq  ajbitrarj-  coustaikt«. 


¥ 
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It  does  not  require  analysis  to  prove  that  any  normal  com- 
! " ments  which  have  a  node  at  the  point  of  attachment  are  un- 
.iirecltti  by  the  presence  of  the  load.  For  instance,  if  a  string  be 
ivcightcd  at  the  centre,  its  component  vibrations  of  even  orders 
i-(-inain  nnchanged,  while  all  the  odd  components  are  depressed  in 
pilch.  Advantage  may  sometimes  be  taken  of  this  effect  of  a 
lijad,  when  it  b  desired  for  any  purpose  to  disturb  the  harmonic 
relation  of  the  component  tones. 

If  J/"  be  very  great,  the  gravest  component  is  widely  sepa- 
rated in  pitch  from  all  the  othei-a.  We  will  take  the  case  when 
the  load  is  at  the  centre,  so  that  b  =  l  —  b  =  ^l.  The  equation  in 
X  then  becomes 

sm^.,^tan--y  =  0 (4). 

where  pt  :  M,  denoting  the  ratio  of  the  masses  of  the  string  and 
dit;  load,  is  a  small  quantity  which  may  be  calicci  a*.  The  Brst 
root  corresponding  to  the  tone  of  lowest  pitch  occurs  when  J\i  is 
1,  and  such  that 


LpDal 


{i\iy[l  -i  Hh'^y\  =«■'  nearly, 
whence  ^\l  =  a  (1  —  J  a'). 

and  the  ]>eriodic  time  is  given  by 


'-"vf  (- 


'*!■'«) <')■ 


The  second  term  constitutes  a  correction  t<i  the  rough  value 

ined  in  a  previous  chapter  (§  52),  by  neglecting  the  inertia  of 

i  string  altogether.     That  it  would  be   additive   might   have 

1  expected,  and  indeed  the  formula  as  it  stands  may  be  ob- 

tMDed  from  the  consideration  that  in  the  actual  vibration  the  two 

B  of  the  string  are  nearly  straight,  and  may  be  assumed  to  be 

ictly  BO  in  computing  the  kinetic  and  potential  energies,  with- 

mt  entwling  any  appreciable  error  in  the  calculated  period.     On 

is  mi{^H>sition  the  retention  of  the  inertia  of  the  string  increases 

e  Idnetic  energy  corresponding  to  a  given  velocity  of  the  load  in 

i  mtio  of  M  ;  M+i^pl,  which  leads  to  the  above  result.     This 

Lhod  has  indeed  the  advantage  in  one  respect,  as  it  might  be  ^ 

plied  when  p  is  not  uniform,  or  nearly  uniform.     All  that  i^| 

f  is  that  the  load  M  should  be  sufficiently  predominant. 


TIBftATlQSa  OF  SI&iSGS. 


th»  meamd  eompooan  d  the  mnng,—»  ribntMH  \tii\»ftmim 
the  lead.    The  note  after  die  fint  otcai  ~~ 

patrt;  lor  one  Mt  m  giTen  br  ^X/  =  .n-,  and  the  < 

imttij  hf  iXi-#w+-^,  in  which  the  i 

Tb«  two  types  of  TibnUioD  lor  «  =  1  are  Bhewn  io  the  figure. 

Kg.  Jl. 


^^ 


The  gcD^rol  fimiiula  (2)  may  also  be  applied  to  find  the  ef 
iif  a  Hnmll  load  on  the  pitch  of  the  various  components. 

137.     Actual   ntrings   and   wires   are    not    perfectly   flexjlil 
Thoy  oppoiK<  a  cerlaui  resistance  to  bending,  which  may  ba  dividt 
into  two  pnrtH,  producing  two  distinct  effects.     The  first  is  c 
risounly,  and  tthews  itself  by  damping  the  vibrations.     This  f 
producvH  no  Henaible  effect  on  the  periods.     The  second  is  c 
•iirTativii  in  its  character,  and  contributes  to  the  potential  ener 
of  tho  Kyiitem,  with  the  effect  of  tthortening  the  periods,     A  f 
plt'tii  investigation  cannot  conveniently  be  given  here,  but  the    ' 
coflft   which   in   roost   iuterestiug  in   its  application   to    musical 
inntrumenta,  admits  of  a  sufficiently  simple  troatnienl. 

Whvti  rigidity  is  taken  into  account,  somethiug  more  must  I 
•ptcilifid  with  respect  to  the  terminal  conditions  than  ibatl 
vanishua.    Two  cases  may  be  particularly  noted: — 

<i>     When  the  onde  are  damped,  so  that  d^/dx  =itnt  tht 
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When  the  terminal  directions  are  perfectly  free,  in  which 
-^y.  (fy,'d^  =  0. 

It  is  the  lattpr  which  we  propose  now  to  consider. 

If  there  were  no  rigidity,  the  type  of  vibration  would  be 


y  K  Bin 


satisfying  the  second  condition. 


The  eflfect  of  the  rigidity  might  be  slightly  to  disturb  the  type; 
'"11  whether  such  a  result  occur  or  not,  the  period  calculated 
imm  the  potential  and  kinetic  energies  on  the  supposition  that 
thit  tj'pe  remains  unaltered  is  necessarily  correct  as  far  as  the  first 
crier  of  small  quantities  (§  88). 

Now  the  potential  euei^y  due  to  the  stiffness  is  expressed  by 

^''=i^/:(g)"*« ")■ 

"hfire  B  ja  a  quantity  depending  on  the  nature  of  the  material 
^U'l  on  the  form  of  the  section  in  a  manner  that  we  are  not  now 
I'l^pared  to  enamine.  The  /i>nn  of  B  V  is  evident,  because  the  force 
■^■•iuia-d  to  bend  any  element  ds  is  proportional  to  ds,  and  to  the 
irnduiii  of  bending  already  efifected,  that  is  to  ds/p.  The  whole 
"ork  which  must  be  done  to  produce  a  curvature  1/p  in  da  is 
'*ierefore  proportional  to  rfs/p';  while  to  the  approximation  to 
«'hich  we  work  ds  =  dx,  and  \lp  =  d''yld3.*. 


I 


I  the  period  of  ^  is  given  by 


T). 


-A/f) «■ 

f  denote  what  the  period  would  become  if  the  string  were 

uwed  with  perfect  flexibility.     It  appeal's  that  the  etFect  of  the 

3  rapidly  with  the  order  of  the  component  vibra- 

I,  which  cease  to  belong  to  a  harmonic  scale.    However,  in  the 

fags  employed  in  music,  the  tension  is  usually  sutBcient  to 

e  the  influence  of  rigidity  to  insigniBcance. 

!  method  of  this  section  cannot  be  applied  without  modifi- 
I  to  the  other  case  of  terminal  condition,  namely,  when  the 
l^l^lamfed.    In  their  immediate  neighbourhood  the  type  of 
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vibration  most  ditfer  from  that  assumed  by  a  perfectly  flexit 
string  by  a  quantity,  which  is  no  loQger  small,  and  whose  sqna 
therefore  cannot  be  neglected.  We  shall  return  to  this  eubje 
when  treating  of  the  transverse  vibrations  of  rods. 


138.  There  is  one  problem  relating  to  the  vibrations  of  si 
which  we  have  not  yet  considered,  but  which  ia  of  some  practica 
interest,  namely,  the  character  of  the  motion  of  a  violin  (or  cello 
etring  under  the  action  of  the  bow.  In  this  problem  the  -modtii 
operandi  of  the  bow  is  not  suflficiently  understood  to  allow  us  to 
follow  exclusively  the  a  priori  method :  the  indications  of  theory 
must  be  supplemented  by  special  observation.  By  a  dexteroui 
combination  of  evidence  drawn  from  both  sources  Helmholtz  h 
succeeded  in  determining  the  principal  features  of  the  case,  but 
6ome  of  the  details  are  still  obiwure. 

Since  the  note  of  a  good  instrument,  well  handled,  it  musical^ 
we  infer  that  the  vibrations  are  strictly  periodic,  or  at  least  that! 
strict  periodicity  is  the  Ideal.  Moreover — and  this  is  very  import 
ant — the  note  elicited  by  the  bow  has  nearly,  or  quite,  the  a 
pitch  as  the  natural  note  of  the  string.  The  vibrations,  althougt) 
forced,  are  thus  in  some  sense  free.  They  are  wholly  dependenl 
for  tbeir  maintenance  on  the  energy  drawn  from  the  bow,  and  yd 
the  bow  does  not  determine,  or  even  sensibly  modify,  their  periods 
We  arc  reminded  of  the  self-acting  electrical  interrupter,  whosef 
motion  is  indeed  forced  in  the  technical  sense,  but  has  that  kin^ 
of  freedom  which  consists  in  determining  (wholly,  or  in  part)  undei 
what  influences  it  shall  come. 

But  it  does  not  at  once  follow  from  the  fact  that  the  string 
vibratee  with  its  natural  periods,  that  it  conforms  to  its  natural' 
types.     If  the  coefficients  of  the  Fourier  expansion 


'  I 


be  taken  as  the  independent  co-ordinates  by  which  the  configura- 
tion of  the  system  is  at  any  moment  defined,  we  know  that  when 
there  is  no  friction,  or  friction  such  that  Fx  T,  the  natural  vibra- 
tions are  expi-essed  by  making  each  co-ordinate  a  simple  harmonic 
(or  quasi-harmonic)  function  of  the  time;  while,  for  all  that  haa 
hitherto  appeared  to  the  contrary,  each  co-ordinate  in  the  present 
case  might  be  any  function  of  the  time  periodic  in  time  t.    But 


VIOLIN   STBINU.  '209 

l«  eiAiuination  will  shew  that  ihe  vibrattous  must  be  sensibly 
ra!  in  their  typee  as  well  ae  in  their  periods. 

e  force  exercised  by  the  bow  at  its  point  of  applicatioa  may 
r  le  eipreeaed  by 

r  =  ijl,.co8( — -  —  €,] ; 


\iA, 


■ordinate  <^,  is 


")■ 


■"  ihal  the  etfuation  of  motion  for  the  c 

I«^ing  the  point  of  application.  Each  of  the  component  parts  of 
I',  will  give  a  correBponding  term  of  its  own  period  iu  the  solu- 
'"D,  bat  the  one  whose  period  is  the  same  as  the  natural  period 
''  i,  will  rise  eiiormowsly  in  relative  importance.    Practically  then, 

Uiii  damping  be  small,  we  need  only  retain  thai,  part  of  (^. 

e,) ,  that  is  to  s 


"liich  depeods  on  A,  cob  i  — 


3  may  regard 


'"'  vibrritiona  as  natural  in  their  types. 

Another  material  fact,  supported  by  evidence  drawn  both  from 
''.m\n  and  aural  observation,  is  this,  All  component  vibrations 
I"'  ttbeent  which  have  a  node  at  the  point  of  excitation.  "In 
'I'Isr,  however,  to  extiugniah  these  tones,  it  is  necessary  that  the 
"incidence  of  the  point  of  applicatioa  of  the  bow  with  the  node 
'""lid  be  very  ea:act.  A  very  small  deviation  reproduces  the 
■iisflng  tones  with  considerable  strength'." 

Tii«  remainder  of  the  evidence  on  which  Hehnholtz'  theory 
'"-'«,  was  ciei-ivi?d  from  direct  observation  with  the  vibration- 
■ii'TOscope.  As  explained  in  Chapter  II.,  this  instrument  affords 
'  liew  of  the  curve  repi-osenting  the  motion  of  the  point  under 
'"iTvatiiin,  OB  it  would  be  seen  traced  on  the  surface  of  a  trans- 
'i'?nt  cylinder.  In  order  to  deduce  the  representative  curve  in 
-  ordinary  f'Jrm,  the  imagiuiiry  cylinder  must  be  conceived  to 
■'  'iiiriilli-d,  or  developed,  into  a  plane. 

The  ximplest  results  are  obtained  when  the  bow  is  applied  at  a 
■  !>■  lif  tmv  of  the  higher  components,  and  the  point  observed  is 
'  ijf  the  other  nodes  of  the  same  wj^atem.  If  the  bow  work 
9  as  to  draw  out  the  fundamental  tone  clearly  and  strongly. 
latativc  curve  is  that  shewn  in  figure  22 ;  where  the 

h^s  AvtttttUe*,  p.  iSl. 
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abscisstE!  correspond  to  the  time  (AB  being  a  complete  perioc 
and  the  ordiiiEites  represent  the  displacement.     The  remarkab 


TP" 


fact  is  disclosed  that  the  whole  period  t  may  be  divided  into  tw 
parts  To  and  t  — t,,,  during  each  of  which  the  velocity  of  th 
observed  point  ia  constant ;  but  the  velocities  to  and  fro  a 
general  unequal. 

We  have  now  to  represent  this  curve  by  a  series  of  harmuni 
terms.     If  the  origin  of  time  correspond  to  the  point  A 
AD  =  FC=f,   Fourier's  theorem  gives 


'To(t-t.) 


—•—  1    -    STTTo    .     2sn  {       T„\ 

£      -;Hiii sm  —  U-  s    


With  respect  to  the  value  of  To,  we  know  that  all  those  con 
ponents  of  y  must  vanish  for  which  sin  {sirx„!l)  =  0  (x„  being  tl 
point  of  observatiou),  because  under  the  cii-cumatancea  of  the  ca 
the  bow  cannot  generate  them.  There  ia  therefore  reason  1 
suppose  that  t,  :  t  =  ^, ;  t;  and  iu  fact  observation  proves  tha 
AG  :  CB  (in  the  figure)  is  equal  to  the  ratio  of  the  two  parts  inl 
which  the  string  is  divided  by  the  point  of  ob.'iervation. 

Now   the   free   vibrations   of  the   string  are   represented  i 

geoeral  by 

_•-■    .    sirx  {  ,  2sir(      „     .    2sTri} 

y=>._,  am  — ;-  Jii.cos  —  +ij-sin-     -\\ 

I     \  T  T    J 

Mid  this  at  the  point  jc  =  .Co  must  agree  with  (1).     For  conveuienc 
of  comparison,  we  may  write 


and  it  then  appears  that  C,  =  0. 


'('-!)■ 


Wc  find  also  to  determiDe  D, 

.      SWiCo      ,,  27T"  1      .       S-TTX, 

8111  —r-  .D,=  - ' — 7 ;  -, am  — i-  , 

I  Tr'Tg(T  — To)  S-  ( 

"Hence 

_        27T'       1 

-^'"tt't.Ct-t.)*' <''*' 

nilea«8in(strJ-V/)  =  0, 

in  the  case  reservet).  the  comparison  leaves  D,  undetermined, 
l"t  we  know  on  other  grounds  that  D,  then  vanishes.  However, 
for  the  sake  of  simplicity,  we  shall  suppose  for  the  present  that 
ftisalways  given  by  (2).  If  the  poiut  of  application  of  the  bow 
<ia  nut  coJucUIg  with  a  node  of  any  of  the  lower  components,  the 
BTM  committed  will  be  of  no  great  conse((uence. 

Oq  this  understanding  the  complete  solution  of  the  problem  is 

i'hf  nmplitudes  of  the  components  are  therefore  proportional  to  s*^, 
k  the  case  of  a  plucked  string  we  found  for  the  corresponding 
i'liiction  s-'sin{8Tr6/i),  which  is  somewhat  similar.  If  the  string 
'-^  plucked  at  the  middle,  the  even  components  vanish,  but  the 
"ii  ones  follow  the  same  law  as  obtains  for  a  violin  string.  The 
'■'|"ation  (3)  indicates  that  the  string  is  always  in  the  form  of  two 
■'"light  lines  meeting  at  an  angle.  In  order  more  conveniently 
'"  'hew  this,  let  us  change  the  origin  of  the  time,  and  the  constant 
■'"iltiplier,  so  that 

8P-1   .    sirai    .    2sTr( 

y-^^-f'^-r'"'-T <*' 

'  I'l  W  the  equation  expressing  the  form  of  the  string  at  any  time. 

Now  w«  know  (§  127)  that  the  equation  of  the  pair  of  lines 

l'"^fiiling  from  the  fixed  ends  of  the  string,  and  meeting  at  a 

h'iut  whose  co-ordinates  are  a,  0,  is 

2Bt'       ^  1    .    sira         »7Tx 
V  =  — ;— ?i  -  —  ,—-.  Sin  — ;-    sm  — r  . 

'hug at  the  time  (,  (4)  represents  such  a  pair  of  lines,  meeting  at 
'^i-  point  whose  co-ordinates  are  given  by 

»(l-a)     *'"^- 

nirtt  -      2s7r( 
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These  eqiiatioQa  iudicate  that  the  projectioD  on  the  axis  of  j 
of  the  point  of  intersection  naoves  uuiforroly  backwards 
forwards  between  x  =  0  and  s  =  1,  and  that  the  point  of  int* 
section  itself  is  situated  on  one  or  other  of  two  parabolic  t 
of  which  the  equilibrium  position  of  the  striog  is  a  comi&fl 
chord. 

Since  the  motion  of  the  string  as  thus  defined  by  that  of  t 
point  of  intersection  of  its  two  straight  parts,  has  no  < 
relation  to  x^  (the  point  of  observation),  it  follows  that,  accord 
to  these  equations,  the  same  kind  of  motion  might  be  observed  ■ 
any  other  point.  And  this  is  approximately  ti'ue.  But  the  t 
retical  result,  it  will  be  remembered,  was  only  obtained  bj  t 
suming  the  presence  in  certain  proportions  of  component  vihratio^ 
having  nodes  at  x,,  though  in  fact  their  absence  is  required  \ 
mechanical  laws.  The  presence  or  absence  of  these  components  I 
a  matter  of  indifference  when  a  node  is  the  point  of  observatiol 
but  not  in  any  other  case.  When  the  node  is  departed  from,  1} 
vibration  curve  shews  a  series  of  ripples,  due  to  the  absence  ^ 
the  components  in  question.  Some  further  details  will  be  found 
in  Helmboltz  and  Donkin. 

The  sustaining  power  of  the  bow  depends  upon  the  fact  that 
solid  friction  is  less  at  moderate  than  at  isniall  velocities,  so  thai 
when  the  part  of  the  string  acted  upon  is  moving  with  the  bow 
(not  improbably  at  the  same  velocity),  the  mutual  action  is  greau-r 
than  when  the  string  is  moving  in  the  opposite  direction  witli 
a  greater  relative  velocity,  The  accelerating  effect  iu  the  first 
part  of  the  motion  is  thus  not  entirely  neutralised  by  the  sub- 
sequent retardation,  and  an  outstanding  acceleration  remai 
cai>able  of  maintaining  the  vibi^ation  in  spite  of  othei*  Iohs«.-s  i 
energy.  A  curious  oftect  of  the  same  peculiarity  of  solid  frictioj 
has  been  observed  by  W.  Froude,  who  found  that  the  vibratiot 
of  a  pendulum  swinging  from  a  shaft  might  be  maintained  4 
even  increased  by  causing  the  shaft  to  rotate. 

[Another  case  in  which  the  vibrations  of  a  string  a 
tnincd  is  that  of  the  Aeolian  Harp.  It  has  often  been  siiggeald 
that  the  notion  of  the  wind  is  analogous  to  that  of  a  bow ;  but  tH 
analogy  is  disproved  by  the  observation'  that  the  vibrntianx  » 
executed  in  a  plane  trawmerse  to  the  direction  of  the  wind. 
Irtio  explanation  involves  hydro<lyuamical  theory  uol  jret  i 
velopcd.] 


139.  A  string  stretched  on  a  smooth  curved  surface  will  iu 
tquiUbriuin  He  along  a  geodesic  line,  and,  subject  to  certain  con- 
ditions of  stability,  will  vibrate  about  this  configuration,  if  dis- 
placed. The  sicnplest  case  that  can  be  pi-oposed  is  when  the 
surface  is  a  cylinder  of  any  form,  and  the  equilibrium  position 
of  the  string  is  perpendicular  to  the  generating  lines.  The  student 
will  easily  prove  that  the  motion  is  independent  of  the  curvature 

Kthe  cylinder,  and  that  the  vibrations  are  in  all  essential  respects 
)  same  as  if  the  surface  were  developed  into  a  plane.  The  case 
an  endless  string,  forming  a  necklace  round  the  cylinder,  is 
rthy  of  notice. 
In  order  to  illustrate  the  characteristic  features  of  this  cli 
)b1ema,  we  will  take  the  comparatively  simple  example  of  a 
string  stretched  on  the  surface  of  a  smooth  sphere,  and  tying, 
when  in  equilibrium,  along  a  great  circle.  The  co-ordinates  to 
jrhich  it  will  be  most  convenient  to  refer  the  system  are  the 
titude  8  measured  from  the  great  circle  aa  equator,  and  the 
IDgitude  0  measured  along  it.  If  the  radius  of  the  sphere  be  a, 
s  have 

T=  J  fp(«fl)>a <;,(.- ^^I'Jff'rf^ <1). 

The  extension  of  the  stnng  ia  denoted  by 


of 


/<*-«''« -«/(.%-')* 


"  '  "  {(#)'  +  "'■  4  -  '  ■  2  Q"  -  "2  ■  »pp"-™"='y- 


■i"^'/!©'-^'!"* <^)' 


If  the  ends  be  fixed 


'  CsmbriJup  UaUiemiitioal  Tripos  Eia 


[ISl 


0, 
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aDd  the  equation  of  virtual  velocities  is 

a'p  fete rf* - aT,  f  se ( j-^, 

whence,  since  Sd  is  arbitrary, 

-vs-^.g.*^) 

This  is  the  eiguatiun  of  motion. 
If  we  assume  6  oc  cospt.  we  get 

%.e.'^^0.o 

of  which  the  solution,  subject  to  the  condition  that 
with  <f>,  is 

«-j,i„|";?p-+i}V.c»fi 

The  remaining  condition  to  be  satisfied  is  that  d  vanishes  wb( 
a0  =  i,  or  ^  =  a,  if  a  =  Ija. 
This  gives 


..(5V 


P'  = 


where  m  is  an  integer. 

The  normal  fiinctioi 
straight  string,  via. 


cr-i)=^("r-i.) '«^ 


aro  thus  of  the  i 


e  =  At 


..(I). 


but  the  series  of  periods  is  different.     The  effect  of  the  curvat 
is  to  make  each  tone  graver  than   the  coiTesponding  tone  of 
straight  string.     If  a  >  tt,  one  at  least  of  the  values  of  jj*  is  atg 
tive,  indicating  that  the  corresponding  modes  are  unstable. 
a  =  tr,  px  is  zero,  the  string  being  of  the  same  length  in  the  di 
placed  position,  as  when  ^  =  0. 

A  similar  method  might  be  applied  to  calculate  the  luntion 
a  tftring  stretched  rouud  the  equator  of  any  sur&ce  of  revoli 
tion'. 

140.     The  approximate  solution  of  the  problem  for  a  vilimtil 
string  of  nearly  but  not  quite  uniform  longitudinal  dendty 
~  y  considered  iu  Chapter  IV.  §  91,  as  a  convenient  eiampte 


'[For 


.  mora  genscal  inMloiMit  o[  Uii*  qaMliun  »«•  Mldtall,  JItmnttr 
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he  general  theory  of  appruxiraately  simple  systems.  It  will  be 
iufficient  here  to  repeat  the  result.  If  the  density  be  /)„  +  Sp,  the 
period  T,  of  the  r""  component  vibration  is  given  by 

''^^n^^-ih^y^"'"  r^\ ^^^ 

f  the  irregularity  lake  the  form  of  a  small  load  of  mass  vi 
e  point  x  =  h,  the  formula  may  be  written 

Piese  values  of  t^  are  correct  as  far  as  the  first  power  of  the 
I  (juantitiea  Bp  and  vi.  and  give  the  means  of  calculating  a 
for  such  slight  departures   from    uniformity  as   must 
a  occur  in  practice, 

B  might  be  expected,  the  effect  of  a  small  load  vanishes  at 
!,  and  rises  to  a  maximum  at  the  points  midway  between 
rative  nodes.  When  it  is  desired  merely  to  make  a  rough 
RltnaU!  of  the  effective  density  of  a  nearly  uniform  string,  the 
f»nmila  indicates  that  attention  is  to  be  given  to  the  ueighbour- 
Wd  of  loops  rather  than  to  that  of  nodes. 

KFThe  effect  of  a  small  variation  of  density  upon  the  period  is 
^MBme  whether  it  occur  at  a  distance  x  from  one  cod  of  the 
■wg,  or  at  an  equal  distance  from  the  other  end.  The  mean 
"•rintiou  at  points  equidistant  from  the  centre  is  all  that  we  need 
^S^^d,  ttud  thus  no  generality  will  be  lost  if  we  suppose  that  the 
l&islty  remains  symmetrically  distributed  with  respect  to  the  centre. 
^■b  We  may  write 

I  r,.-t5f(.  +  ,,) m 

w      '''iLp.v-'"'  I  r <*>■ 

^BiB  e^iiiation  hp  may  be  expanded  from  0  U>  \l'\x\  the  series 

H     2p      A    ,    A         27r.t                .          ^-nrx  ,  ,.^ 

^B     ^  =  A^+Ai  cos— T-  +  ...  ^-  ArCaS'      -  + (o). 

m       ^-il't" '«• 


Accordingly, 


o^-A.-iA, 


..(8> 


TbiB  equation,  as  it  stands,  gives  the  chauges  in  period  i 
tenns  of  the  changes  of  density  supposed  to  be  known.  Ai 
it  shews  conversely  that  a  vaiiation  of  density  may  alwa^'s  1 
found  which  will  give  prescribed  arbitraiy  displacements  to  ■ 

the  periods.     This  is  a  point  of  some  interest. 

In  order  to  secure  a  reasonable  continuity  in  the  density,  it 
necessary  to  suppose  that  a,,  a,  ,..are  so  prescribed  thata,a8sum( 
ultimately  a  constant  value  when  r  is  increased  indetinitely. 
this  condition  be  satisfied,  we  may  take  A,  =  a«,  and  then  A ,  teD< 

to  zero  OS 


As  a  simple  example,  suppose  that  it  be  required  so  to  va 
the  density  of  a  string  that,  while  the  pitch  of  the  fiindamenl 
tone  is  displaced,  all  other  tones  shall  remain  unaltered.  Th 
conditions  give 


=  0. 


Accordingly 


Thus  by  (5) 


A^  =  A,=  .... 

A,=  -  2«,. 


5p/p„  =  -  2a,  cos  (27ra;/0.] 


I 


141.     The  differential  equation  determining  the  motion  of 

string,  whose  longitudinal  density  p  is  variable,  is 


„^_7.  ^ 


.  (1). 


'  ds? 

from  which,  if  we  assume  ]}  x  cospt,  we  obtain  to  determine  th( 
normal  functions 


d't, 


■  (2), 


where  v'  is  written  for  p'jT,.  This  equation  is  of  the  secoiH 
order  and  linear,  but  has  not  hitherto  been  solved  in  finite  t 
Considered  as  defining  the  curve  assumed  by  the  string  in  thi 
normal  mode  under  consideration,  it  determines  the  oiirvature  I 
any  point,  and  accordingly  embodies  a  rule  by  which  the  curv* 
can  be  constructed  graphically.  Thus  in  the  application  to  i 
string  fixed  at  both  ends,  if  we  start  from  either  end  at  an  arbitral) 


VABIABLK  -DENSITY.  217 

lination,  and  with  zero  curvature,  we  are  always  dii-ected  by  the 
ition  with   what  cunature  to  proceer],  and  in  this  way  we 
•  out  the  entire  curve. 

If  the  asiumed  value  of  i/*  be   right,  the   curve   will   cross 

I  tlf  aiis  uf  X  at  the  required  distance,  aud  the  law  of  vibration 

will  be  completely  determined.     If  v"  be  not  known,  different 

'lilies  may  be  tried  until   the  curve  ends  rightly;   a  sufficient 

I  l^proximatioD  to  the  value  of  v'  may  usually  be  arrived  at  by  a 

ClicuUtiuD  founded  on  an  assumed  type  (^  !jS,  90). 

Whether  the  longitudinal  density  be  uniform  or  not,  the 
I*riodic  time  of  any  simple  vibration  varies  cwtet-is  paribus  as  the 
^ILiare  root  of  the  density  and  inversely  as  the  square  root  of  the 
tension  under  which  the  motion  takes  place. 

The  converse  problem  of  detenniiiing  the  density,  when  the 

I    period  and  the  type  of  vibration  are  given,  ia  always  soluble.     For 

,    fti»  purpose  it  b  only  necessary  to  substitute  the  given  value  of  y, 

*"<!  of  its  second  differential  coefficient  in  equation  (2).     Unless 

^liL-  deiuiity  be  infinite,  the  extremities  of  a  string  are  points  of 

"-fo  curvature. 

When  a  given  string  is  shortened,  every  component  tone  is 
'iis«d  in  pitch.  For  the  new  state  of  things  may  be  regarded  as 
'"-'rived  from  the  old  by  introduction,  at  the  proposed  point  of 
'"'t"re,  of  a  spring  (without  inertia),  whose  stiffness  is  gradually 
'■"Teaaed  without  limit.  At  each  step  of  the  process  the  potential 
■li^Tgy  of  a  given  deformation  is  aiigmented.  and  therefore  (§  88) 
'1':' pitch  of  every  tone  is  raised.  In  like  manner  an  addition  to 
'it'  length  of  a  string  depresses  the  pitch,  even  though  the  added 
Mt  be  destitute  of  inertia. 

142.  Although  a  general  integration  of  equation  (2)  of  §  141 
_Li  tfcyond  our  powers,  we  may  apply  to  the  problem  some  of  the 
kny  interesting  properties  of  the  solution  of  the  linear  equation 
e  second  order,  which  have  been  demonstrated  by  MM.  Sturm 
I  liouville'.  It  is  inijiossible  in  this  work  to  give  anything 
\  a  complete  account  of  their  investigations ;  but  a  sketch,  in 
ich  the  leading  features  are  ineludcd.  may  be  found  interesting. 
[  will  throw  light  on  8i>me  [joints  connected  with  the  general 

n  Kterreil  to  in  the  text  nro  ooaWinecl  in  the  fltat  vulume  of 
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theory  of  the  vibrations  of  contimious  bodies.  I  have  not  tht 
it  necessary  to  adhere  very  closely  to  the  methods  adopted  ii 
original 


At  no  point  of  the  c 


e  satisfying  the  equation 


+  »^py  =  0., 


..{1 


can  both  y  and  dyldx  vanish  together.  By  succeasive  diffa 
tiations  of  (1)  it  is  easy  to  prove  that,  if  y  and  dyjdx  i 
simultaneously,  all  the  higher  differential  coefficients  d*y 
d^yjds^,  &c  must  also  vanish  at  the  same  point,  and  th«ra 
by  Taylor's  theorem  the  curve  must  coincide  with  the  axis  of  j 

Whatever  vaUie  be  ascribed  to  v',  the  curve  satisfying  (1 
ainuous,  being  concave  throughout  towards  the  axis  of  j 
p  is  everywhere  positive.  If  at  the  origin  y  vanish,  and  d> 
be  positive,  the  ordinate  will  remain  positive  for  all  values 
below  a  certain  limit  dependent  on  the  value  ascribed  1 
If  1^  be  very  small,  the  curvature  is  slight,  and  the  curve 
remain  on  the  positive  side  of  the  axis  for  a  great  distance, 
have  now  to  prove  that  as  v'  increases,  all  the  values  of  sc  wi 
satisfy  the  equation  ^  =  0  gradually  diminish  in  magnituda 

Lot  y'  be  the  oi-dinate  of  a  second  curve  satisfying  the  e 
tiou 

£+'■•"■-" (' 

as  well  as  the  couflition  that  y'  vanishes  at  the  ori^u,  and  le 
suppose  that  i-''  is  somewhat  greater  than  v'.  Multiplying  (2) 
y,  and  (1)  by  ;/.  subtracting,  and  integrating  with  respect  t 
between  the  limits  0  and  x,  we  obtain,  since  y  and  y'  both  rai 
with  X, 

^  dx 


!'T.-^dr 


=  (p' 


-'^)j  pyy'ii^  ■ 


If  we  further  suppose  that  x  corresponds  to  a  poiut  U 
y  vanishes,  and  that  the  difference  between  »/*  and  i^  is  vety 
we  )ret  ultiu]ately 

^'s-'"/.'"''^ < 


Thi>  right-hand  mi'mbcr  of  (4)  being  ( 


'utliilly  powtii 


a.]  Sturm's  toeorem. 

kher  dif/(ic  be  positive  or  negative,  y  is  already  of  the  a 

D  as  that  to  which  y  is  changing,  or  in  other  words,  the  value 

■x  for  which  t/'  vanishes  ia  less  than  that  for  which  y  vanishes. 

I  If  vfc  fix  our  attention  on  the   portion  of  the  curve  lying 

Rireeii  x  =  0  and  a:  =  l.  the  ordinate  continues  positive  through- 

A  i£  the  value  of  t^  increases,  until  a  certain  value  is  attained, 

i  will  call  f,*.     The  function  y  is  now  identical  in  form 

b  the  first  normal  function  w,  of  a  string  of  density  p  fixed 

■  0  and  I,  and  has  no  root  except  at  those  points.     As  v'  again 

,  the  first  root  moves  inwards  from  x  =  I  until,  when  a 

Rood  special  value  v^  is  attained,  the  curve  again  crosses  the 

It  at  the  point  x=^l,  and  then  represents  the  second  normal 

JKtion  n,.    This  fijnction  has  thus  one  internal  root,  and  one 

In  like   manner  corresponding  to  a  higher  value   c,"  we 

]  the  third  normal  function  u,  with  two  internal  roots,  and 

■Kl  The  n.'"  ftmctiou  w„  has  thus  exactly  «— 1  internal  roots,  and 

e  its  first  differential  coefiiciunt  never  vanishes  simultaneously 

Is  the  function,  it  changes  sign  each  time  a  root  is  passed. 

I  From  equation  (3)  it  appears  that  if  u,  and  u,  be  two  different 

il  functions. 


□  Ut  I'.  ({-•-■■ 


.  (5). 


I  A  beautiful  theorem  has  been  discovered  by  Sturm  relating 
f  the  number  of  the  roots  of  a  fimction  derived  by  addition 
0  a  finite  number  of  normal  fuuctiona  If  u,„  be  the  component 
'Slowest  order,  and  Un  the  component  of  highest  order,  the  function 

/(^)  =  ^„«„  +  0„^,,Wi+ +*««,. (6), 

'ibere  tfi^,  0m+i,  &c,  are  arbitrary  coefficients,  has  at  least  m  —  l 
Kifrnal  roots,  and  at  most  n  —  l  internal  roots.  The  extremities 
'  ^  =  0  and  at  x=l  correspond  of  course  to  roots  in  al!  cases. 
I  K<^  following  demonstration  bears  some  resemblance  to  that  given 
\  Liouville,  but  is  considerably  simpler,  and,  I  believe,  not  less 
i^'iiroua. 

If  W*'  suppo-ie  that  /(x)  has  exactly  fi  internal  i-oots  (any 

uiiIkt  of  which  may  be  equal),  the  derived  functiouy  (.r)  cannot 

harii  tew)  than  /i  + 1  internal  roots,  since  there  must  be  at  least 

>ot  ofy  (ic)  between  each  pair  of  consecutive  roots  ni/(x),  and 

Bvbcilb  number  of  roots  of  /(x)  concerned  is  /i  +  i.     In  like 
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besides  the  extremities,  which  thomselves  necei 

to  raots;  BO  that  in  passing  from  f(x)  to  f'(x)  it  is 

that  any  roots  can  be  lost.     Now 

/"  {x)  =  <!>„  uj'  +  0„^,  m",„^..  + +  0„  H„" 

a»  we  see  by  (1);   and  therefore,  since  p  is  always  positing' 
infer  that 

v,.' <t>,„u,«+  1''..+,  4>''-<"<«*i  + +  V^„«, .(8)1 

has  at  least  ^  root.?. 

Again,  since  (8)  is  an  expression  of  the  i^anie  form  as /I 
similar  rcasoQiDg  proves  that 


*'  </>.. "» 


has  at  least  ft  internal  roots ;  and  the  process  may  be 
to  any  extent.  In  this  way  we  obtain  a  scries  of  functiuut 
with  I*  internal  roots  at  least,  which  ditfer  from  the  origi 
function/(x)  by  the  continually  increasing  relative  imponano! 
the  components  of  the  higher  orders.  When  the  process  has  ba 
carried  sufficiently  far,  we  shall  arrive  at  a  function,  whose 
differs  as  little  as  we  plerase  from  that  of  the  normal  fuiictira 
highest  order,  viz.  u,,,  and  which  has  therefore  »  —  1  internal  ic 
It  follows  that,  since  no  roots  can  be  lust  in  passing  down 
series  of  functions,  the  number  of  internal  roots  of /(«)  c« 
exceed  w  —  1. 

The  other  half  of  the  theorem  is  proved  In  a  similar  BMl 
by  continuing  the  series  of  functions  backwards  from  ^(i). 
this  way  we  obtain 

lf>n.  "».  +  4>-+l  "".+1  + +  *™  "« 


arriving  at  last  at  a  function  sensibly  coincident  in  form  with 
nonnal  function  of  hweat  order,  viz.   u„,  and  having  then 
m  —  I  internal  roots.     Since  no  roots  can  be  ]o«t  in  passing  up 
series  from  this  function  to  /(x),  it  follows  that  /{a)  catiooi 
fewer  iDtenial  roots  than  m  -  I ;  but  it  must  be  undei 
any  number  of  thu  tn  —  I  roots  may  be  equal. 

We  will  DOW  prnve  that  /(j>  cannot  be  idfilitacallj 
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all  the  coefficients  0  vanish.  Suppose  that  <^r  is  not  zero. 
Multiply  (6)  by  pu^,  and  integrate  with  respect  to  x  between  the 
limits  0  and  I.     Then  by  (6) 


j    P1'r/(^)da:  =  lf)rj    pUr^dx    . 


■  (9); 


from  which,  since  the  integral  fu  the  right-hand  side  is  finite,  we 
see  that/(ir)  cannot  vanish  for  all  values  of  x  included  within  the 
range  of  integration. 

Lionville  has  made  use  of  Sturai's  theorem  to  shew  how  a 
series  of  normal  functions  may  be  compounded  so  as  to  have  an 
arbitrary  sign  at  all  points  lying  between  .t  =  0  and  a:  =  l.  His 
method  is  somewhat  as  follows. 

The  values  of  x  for  which  the  function  is  to  change  sign  being 
a,  b,  c,  ...,  quantities  which  without  loss  of  generality  we  may 
suppose  to  be  all  different,  let  us  consider  the  series  of  determi- 
nants, 

I   M,(o),  Mx)   I  «,(«).   »,(6).  1i,(^)  ■ 

,  "j((r),  "a (6),  Ut{x)    ,  &o. 

The  first  is  a  linear  function  of  tt,  («)  and  «,  {x),  and  by  Sturm's 
theorem  has  therefore  one  internal  root  at  most,  which  root  is 
evidently  a.  Moi-eover  the  determinant  is  not  identically  zero, 
since  the  coefficient  of  v^{x),  viz.  )(i((i),  does  not  vanish,  whatever 
be  the  value  of  a.  We  have  thus  obtained  a  function,  which 
changes  sign  at  an  arbitrary  point  a,  and  there  only  internally. 

The  second  determinant  vanishea  when  w=  a,  and  when  a'  =  6, 
and,  since  it  cjinnot  have  more  than  two  internal  roots,  it  changes 
sign,  when  x  passes  through  those  values,  and  there  only.  The 
coefficient  of  «,  (x)  is  the  value  assumed  by  the  first  determinant 
when  x  =  b,  and  is  therefore  finite.  Hence  the  second  determinant 
is  not  identically  zero. 

Similarly  the  third  determinant  in  the  series  vanishes  and 
iges  sign  when  x  =  a.  when  x  =  b.  and  when  x  =  c,  and  at  these 
itemal  points  onlj'.  The  coefficient  of  u,{x)  is  finite,  being  the 
value  of  the  second  determinant  when  x  =  c. 

It  is  evident  that  by  continuing  this  procesii  we  can  form 
functions  compounded  of  the  normal  functions,  which  shall  vanish 
and  change  sign  for  any  arbitrary  values  of  x.  and  not  elsewhere 
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internally;  or,  in  other  words,  we  can  form  a  function  wboee«j 
is  arbitrary  over  the  whole  range  from  a:  =  0  to  ir  =  /. 

On  this  theorem  Liouville  founds  his  demonstration  of  tl 
possibility  of  representing  an  arbitrary  function  between  x=<ilt 
x=lhy  a.  series  of  normal  functions.  If  we  assume  the  possililil 
of  tlie  expansion  and  take 

/(a;)=0,«,(i)  +  ^«,(a:)  +  ^«.t«)  + {10), 

the  necessary  values  of  <f>,,  tf)„  &c.  are  determined  by  (9),  audi 
find 

/(:.)  =  S|(..(x)jy«rW/Wd«r-|^'^VC^)d^} (lU 

If  the  aeries  on  the  right  be  denoted  by  F(x).  it  remuni  I 
establish  the  identity  of/(3:)  and  F(x). 

If  the  right-hand  member  of  (II)  be  multiplied  by  pu,(A)>t 
integrated  with  respect  to  m  from  a7  =  0  to  a:  =  f,  we  see  that 

I  ptir(x)F{x)d3:=l  pu,{ie)f{w)dx, 

or,  as  we  may  also  write  it, 

Jjf  (*■)-/(*■)!  P«.(a')dic-o im 

where  Ur(x)  is  any  norma!  function.     From  (12)  it  follows  that 
J'if(ir)-/(j-))14,«,(^)  +  J,»i,(a')  +  J,«,(a')+..-)p'i^  =  0...(l8), 

where  the  coefficients  ^i,  A^,  &c.  are  arbitrary. 

Now  if  F(x)  —f{x)  be  not  identically  zero,  it  will  be  powi 
so  to  choose  the  constants  jI,,  A^,  &c.  that  j^iM,  (a;)  + J,u,(*)  + 
has  throughout  the  same  sign  as  F{a:)—/(x),  in  wliich  casu  ov 
element  of  the  integi-al  would  be  positive,  and  equation  (13)  ot 
not  b(!  Inie.  It  follows  that  F(x)~f{a:)  cannot  differ  from  i 
or  that  the  series  of  normal  functions  forming  the  right-h 
member  of  (11)  is  identical  with/(x)  for  all  values  of*  from  » 
lo  x  =  l. 

The  argument  and  results  of  this  section  are  of  coune 
plicablc  to  the  particular  case  of  a  unifonn  »tri»g  fnr  which 
normal  functions  are  ctrcuhir. 

{As  a  particuW  cast:  of  variable  (i'Miitity  thu  suppointiiia  I 
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'  is  worthy   of  notice,  §   148  b.     In    the   notation   there 

m'+i  =  H'=;,V/r, (14), 

Ae  general  solution  is 

j,^^a^i«  +  Bj,(-,-.n (15) 

Klf  the  string  be  fixed  at  two  points,  whose  abscissae  x,,  x,  are 
fto  1,  the  frequency  equation  ia  r*'"=  1.  or 

"-i^i^Zy *""■ 

«  a  denotes  an  integer.     The  proper  frequencies  thus  depend 
Wy  upon  the  ratio  of  the  terminal  abscissa?.     By  supposing  j- 
'';i(ly  equal  to  unity  we  may  fall  back  upon  the  usual  formula 
!i4)  applicable  to  a  uniform  string. 

I  The  general  form  of  the  normal  function  is 
142  u.  The  points  where  the  string  remains  at  rest,  or  nodes, 
of  course  determined  by  the  roots  of  the  normal  functions, 
•hen  the  vibrations  are  free.  In  this  case  the  frequency  is  limited 
l'>  certain  definite  values ;  but  when  the  vibrations  are  forced,  they 
^Sj(  be  of  any  frequency,  and  it  becomes  possible  to  trace  the 
BKoii  of  the  nodal  points  aa  the  frequency  increases  continuously. 
Ptor  example,  suppose  that  the  imposed  force  acts  at  a  single 
pwnt  P  of  a  string  AB,  whose  density  may  be  variable,  So  long 
la  the  frequency  is  less  than  that  of  either  of  the  two  parts  AP, 
PB  (supposed  to  be  held  at  rest  at  both  extremities)  into  which 
tie  string  is  divided,  there  can  be  no  (interior)  node  (Q).  Other- 
irise,  that  part  of  the  string  AQ  between  the  node  Q  and  one 
iireraity  {A),  which  does  not   include  P,  would  be    vibrating 

■  .!y,  and  more  slowly  than  is  possible  for  the  longer  length  AP, 

■  liided  between  the  point  P  and  the  same  extremity.   When  the 
n^ijuency  is  raised,  so  as  to  coincide  with  the  smaller  of  those 

^r  to  AP,  PB,  say  AP,  a  node  enters  at  P  and  then  advances 
1  .4.     At  each  coincidence  of  the  frequency  with  one  of 

I  proper  to  the  whole  string  AB,  the  vibration  identifies  itself 
I  the  corresponding  free  vibration,  and  at  each  coincidence  with 

Bnencv  proper  to  4-f*i  or  BP,  a  new  node  appears  at  P,  and 
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advances  in  the  6rat  ctise  towards  A  and  iu  the  second  towaidi 
And  throughout  the  whole  sequence  of  events  all  the  nodes 
outwards  from  P  towards  A  or  B. 

Thus,  if  tlie  string  be  uniform  and  be  bisected  at  P,  there 
no  node  until  the  pitch  rises  to  the  octave  (cO  of  the  note  (c)of ' 
string.  At  thia  stage  two  nodes  enter  at  P,  and  move  outw« 
symmetrically.  When  ^'  is  reached,  the  mode  of  vibratiou  is  ti 
of  the  free  vibration  of  the  same  pitch,  and  the  nodes  are  At 
two  points  of  trisection.  At  c"  these  nodes  have  moved  outwa 
so  far  as  to  bisect  AP,  BP,  and  two  new  nodes  enter  at  P. 

143,  When  the  vibrations  of  a  string  are  not  confined  to  ( 
plane,  it  is  usually  most  convenient  to  resolve  them  into  two< 
executed  in  perpendicular  planes,  which  may  be  treated  iod 
pendently.  There  is,  however,  one  case  of  this  description 
a  passing  notice,  in  which  the  motion  is  most  easily  conceived  « 
treateti  without  resolution. 


Suppose  that 


..(I). 


=  v'(y' +*■')= si 


aod 


2  :  (/ =  tan  (2«7rt/T) 

shewing  that  the  whole  string  is  at  any  moment  in  one  [Jil 
which  revolves  uniformly,  and  that  each  particle  describes  a  ci) 
with  radius  sin  (sttxH).  In  fact,  the  whole  system  turns  wilk 
relative  displacement  about  its  position  of  equilibrium,  comploti 
each  revolution  in  the  time  t/s.  The  mechanics  of  Lbis  cua 
quite  aa  simple  as  when  the  motion  is  confined  to  un«  plAoe,  1 
rOKultant  of  the  tensions  acting  at  the  extremities  of  any  stu 
portion  of  the  string's  length  being  balanced  by  the  oentriAij 
forcK. 

144.     The  general  differential  cfjnation   for  a  nnifonn  «ini 


may  be  trauaformcd  by  a  change  of  variables  into 

2.-' '^>. 

where  u=x  —  at,v  =  x  +  at.     The  general  solution  of  (2)  is 

y~f(,u)  +  F(,)~f{!n-a.t)  +  F(a:  +  at) (3)', 

f,  F  being  two  arbitrary  functions. 

Let  us  consider  first  the  case  in  which  F  vanishes.  When 
t  has  any  particular  value,  the  equation 

y^f{a!-at) (4). 

expressing  the  relation  between  x  and  y,  represents  the  form  of  tht^ 
-string.  A  change  in  the  value  of  t  is  merely  equivalent  to  an 
alteration  in  the  origin  of  x,  so  that  (4)  indicates  that  a  certain 
form  is  propagated  along  the  string  with  unifonn  velocity  a  in  the 
jwsitive  direction.  Whatever  the  value  of  y  may  be  at  the  point 
I  and  at  the  time  (,  the  same  value  of  y  will  obtain  at  the  point 
'  +  u  Al  at  the  time  t  +  At. 

The  form  thus  perpetuated  may  be  any  whatever,  ho  long  as  it 
iloes  not  violate  the  restrictions  on  which  (1)  depends. 

When  the  motion  consists  of  the  propagation  of  a  wave  in  the 
positive  direction,  a  certain  relation  subsists  between  the  inclina- 
tion and  the  velocity  at  any  point.     Differentiating  (4)  we  find 

I—I <^^ 

Initially,  dyjdt  and  dyjdx  may  both  be  given  arbitrarily,  but  if 
the  above  relation  be  not  satisfied,  the  motion  cannot  be  repre- 
sented by  (4). 

In  a  similar  manner  the  equation 

y  =  F{^  +  at) (6) 

denotes  the  propagation  of  a  wave  in  the  negative  direction,  and 
the  relation  between  dy/dt  and  dyjdx  corresponding  to  (5)  is 

S=»l <'^ 

In  the  general  case  the  motion  consists  of  the  simultaneous 
propagation  of  two  waves  with  velocity  a,  the  one  in  the  positive. 

'  [Eqnations  (1)  and  (11)  ore  ilue  to  D'Ak'nibetl  (1750).] 
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and  the  other  iu  the  negative  direction ;  and  these  waves  ap' 
entirely  independent  of  one  another.  In  the  first  d^/dt  =  —  a  dyjd.r, 
and  in  the  second  dyjdt  =  a  dyjdx.  The  initial  values  of  dyjill 
and  dyjdx  must  be  conceived  to  be  divided  into  two  parts,  which 
Batisfy  respectively  the  relationn  (.5)  and  (7).  The  first  constitutos 
the  wave  which  will  advance  in  the  positive  direction  without 
change  of  form ;  the  second,  the  negative  wave.     Thus,  initially. 


/•M  +  ;-'(.i)- 


/'M-r(«)= 


dy      1 


\dy\ 
adt  J 


..(8), 


equations  which  determine  the  functions  /'  and  F'  for  all  vahies 
of  the  argument  from  a;  =  —  ootOiB=co,if  the  initial  values  ol 
dyjda;  and  dyldt  be  known. 

If  the  disturbance  be  originally  confined  to  a  finite  portion  of 
the  string,  the  positive  and  negative  waves  separate  after  the 
interval  of  time  required  for  each  to  traverse  half  the  disturbed 
portion. 

Fig.  33. 


Suppose,  for  example,  that  AB  is  the  part  initially  disturbed, 
A  point  P  on  the  positive  side  remains  at  rest  until  the  positive 
wave  has  travelled  from  A  to  P,  is  disturbed  during  the  passage 
of  the  wave,  and  ever  after  remains  at  rest.  The  negative  wave 
never  affects  P  at  all.  Similar  statements  apply,  mutatis  mutandia^ 
to  a  point  Q  on  the  negative  side  of  AB.  If  the  character  of  the 
original  disturbance  be  such  that  a  dyldx  —  dyjdt  vanishes  initialtyi 
there  is  no  positive  wave,  and  the  point  P  is  never  disturbed  at 
all;  and  i!  ady/dx  +  dy/dt  vanish  initially,  there  is  no  negative 
wave.  If  dyjdt  vanish  initially,  the  positive  and  the  negative 
wiives  arc  similar  and  equal,  and  then  neither  can  vanish.  In 
cases  where  either  wave  vanishes,  its  evanescence  may  be  con- 
sidered to  be  due  to  the  mutual  destruction  of  two  component 
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>  depeDduig  on  the  ioitial  disp (acorn eats,  and  the  othti 
initial  velocities.  Ou  the  one  side  tlieae  two  wave 
ad  on  the  other  they  destroy  oTie  another.  This  explain! 
erent  paxados,  that  P  can  fail  to  be  affected  sooner  or  late 
7  has  been  disturbed. 

I  subsequent  motion  of  a  string  that  is  initially  displat 

felocity,  may  be  readily  traced  by  graphical  methods. 
the  positive  and  the  negative  waves  are  equal,  it  is  only 
ry  Co  divide  the  ori^nal  disturbance  into  two  equal  parts, 
tloce  these,  one  to  the  right,  and  the  other  to  the  1 
1  a  space  equal  to  at,  and  then  to  recompound  them, 
resently  apply  this  method  to  the  case  of  a  plucked  strin| 
e  length. 

Vibrations  are  called  stationary,  when  the  motion  of  eaoB 
of  the  system  is  proportional  to  some  function  of  the  time! 
e  for  all  the  particles.     If  we  endeavour  to  satisfy 


••(1), 


only,  an( 


..(2), 


de       d^ 

imiDg  y  =  XT,  where  X  denotes  a  function  of  i 
itioD  of  t  only,  we  find 

1    d-T       Id-X        .    , 
TMSf'Xd^-"'    (»™»to»'). 

T=  A  cos  mat  +  B  sin  1)1x11 1 
X  =  C  coswt.T  +Dsmmx  \   

that  the  vibrations  must  be  simple  harmonic,  though  c 
J  period.     The  value  of  y  may  be  ivritten 

'  CM  {mat  —  e)  co8{ww!-a) 
Bce (nwri  +  wiic  —  €  —  a)  4- J  P  cos  (mat  —  ma:  —  e  +  a)...(3),   ■ 

[  that  the  most  general  kind  of  stationary  vibration  i 
itded  as  due  to  the  superposition  of  equal  progressive  v 

i  directions  of  propagation  are  opposed.     Conversely, 
ktionary  vibrations  may  combine  into  a  progressive  one. 

solution   ^=/(x  —  at)-i-F(x  +  at)   applies   in   the   first 
t   to  nn  infinite  string,  but  may  be  interpreted  so  as  to 
i&&  ^f-JthgiPfoWem  for  a  finite  string  in  certain 
■     *  Va— ^ 
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cases.  Let  us  suppose,  for  example,  that  the  atriug  terraiuatos  I 
at  ii!  =  0,  and  is  held  fast  there,  while  it  exteods  to  infiuity  iii 
the  positive  direction  only.  Now  so  long  as  the  point  a-  =  0 
actually  remains  at  rest,  it  is  a  matter  of  indifference  whether 
the  string  be  prolonged  on  the  negative  side  or  not.  We  art 
thus  led  to  regard  the  given  string  as  forming  part  of  one  douWv 
iniinite,  and  to  seek  whether  and  how  the  initial  displacements 
and  velocities  on  the  negative  side  can  be  taken,  so  that  on 
the  whole  there  shall  be  no  displacement  at  it.-  =  0  throughout  the 
subsequent  motion.  The  initial  values  of  tf  and  y  on  the  posilivt- 
side  determine  the  coiTcspondiug  parts  of  the  positive  and  negati>'i' 
waves,  into  which  we  know  that  the  whole  motion  can  be  resolved. 
The  former  has  no  influence  at  the  point  a  =  0.  On  the  negative 
side  the  positive  and  the  negative  waves  are  initially  at  our  dis- 
posal, but  with  the  latter  we  are  not  concerned.  The  problem  is 
to  determine  the  positive  wave  on  the  negative  side,  so  that  in 
conjunction  with  the  given  negative  wave  on  the  positive  side 
of  the  origin,  it  shall  leave  that  point  undisturbed. 

Let   OPQRS...   be  the  line  (of  any  form)  representing  the 
wave  in  OX,  which  advances  in  the  negative  direction.     It  i- 

Fi«.  U. 


evident  that  the  requirements  of  the  case  are  met  by  taking  c-i 
the  other  side  of  0  what  may  be  called  the  contrary  wave,  w  tliv 
0  is  the  geometrical  centre,  biseeting  everj'  chord  (such  :.     '   ' 
which  passes  through  it.     Analytically,  if  ,y=/{j')  is  th('  i 

of  OPQRS ,  -y=/(-<r)  is  the  equation  of  OP'Q  !.  ■ 

When  after  a  time  (  the  curves  are  shifted  ti>  the  ht> 
the  right  respectively  through  a   distance   at,   the  ct- 
mdiog   to  a;=0   are  necessarily  uqunl  and  i>pp"- 
refore  when  com|wundtid  give  zero  ri-!4uliaut  displacvuiutit. 
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1  y  supposing  that  the  negative  wave  moves  through  undisturbed, 
iiiit  that  a  positive  wave  at  the  same  time  emerges  from  0.  This 
.'  !!fcted  wave  may  at  any  time  be  found  from  its  parent  by  the 
lullowing  rule: 

Let  APQRS...  be  the  position  of  the  parent  wave.     Then  the 
reflected  wave  is  the  position  which  this  would  assume,  if  it  were 


turned  through  two  right  angles,  first  about  OX  as  an  axis  of 
rotation,  and  then  through  the  same  angle  about  OY.  In  other 
I'ords,  the  return  wave  is  the  image  of  APQRS  formed  by 
-iiccesaive  optical  reflection  in  OX  and  OY,  regarded  as  plane 
mirrors. 

The  same  result  may  ako  be  obtained  by  a  more  analytical 
process.     In  the  general  solution 

y=/(^-cF()  +  -F(*  +  at). 
t  he  functions /(^),  F{S!)  are  determiued  by  the  initial  circumstances 
for  all  positive  values  of  s.     The  condition  at  a;  =  0  requires  that 

/(-at)  +  F(at)  =  0 
fiT  all  positive  values  of  (,  or 

for  positive  values  of  s.  The  functions  /  and  F  are  thus  de- 
trfrnuDod  for  all  positive  values  of  x  and  t. 

There  is  now  no  difficulty  in  tracing  the  course  of  events  when 

r  'V  jjoints  of  the  string  .4  and  B  are  held  fast.     The  initial  dia- 

jrbaiice  in  Ali  divides  itself  into  positive  and  negative  waves, 

liich  are  reflected  backwards  and  forwards  between  the  fixed 

I iiiota,  changing   their  character  from  positive  to  negative,  and 

!  >f   vera^,  at  each  reflection.     After  an  even  number  of  reflec- 

t  original  form  and  molioa  u  qcoii.'^V^m^'j 
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recovered.  The  process  is  most  easily  followed  in  imi 
when  the  initial  disturbance  is  confined  to  a  small  part  of  I 
string,  more  particularly  when  its  character  is  such  as  to  give  i 
to  a  wave  propagated  in  one  direction  only.  The  pulse  travels  w 
uniform  velocity  (a)  to  and  fro  along  the  length  of  the  string,  i 
after  it  has  returned  a  second  time  to  its  starting  point  I 
original  condition  of  things  ia  exactly  restored,  The  period 
the  motion  is  thus  the  time  required  for  the  pulse  to  trawi 
the  length  of  the  string  twice,  or 

i-si/" (U 

The  same  law  evidently  holds  good  whatever  may  be  the  cl 
of  the  original  disturbance,  only  in  the  general  case  it 
happen  that  the  shortest  period  of  recurrence  is  some  aliquot 
of  T. 

146.     The  method  of  the  last  few  sections  may  be  advani 
ously  applied  to  the  case  of  a  plucked  string.     Since  the  ir 
velocity  vanishes,  half  of  the  displacement  belongs  to  the  posiu 
and  half  to  the  negative  wave.     The  manner  in  which  the  wa 
must  be  completed  so  as  to  produce  the  same  effect  as  the 
straint,  is  shewn  in  the  figure,  where  the  upper  curve  repref 


the  positive,  and  the  lower  the   negative  wave   in   their 
poeitiona.    In  order  to  find  the  configuration  of  the  string  at 
fitture  lime,  the  two  curvvx  must  \k  mipcrpoecd,  Afl«r  cbe  n] 
haa  been  sbiftwl  to  the  right  aiid  the  lower  to  the  left 
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L  Tbe  resTiltant  curve,  like  its  components,  ia  mude  up  of  straight 
A  mcccssioD  of  six  at  intervak  of  a  twelfth  of  the  period, 


■•hewing  the  course  of  the  vibration,  is  giveu  in  the  figure  (Fig.  27), 
lakea  from  Helmholtz.  From  G  the  string  goes  baclt  again  to  A 
ihrough  the  same  stages'. 

It  will  be  observed  that  the  inclination  of  the  string  at  the 
xdntfi  of  support  alternates  between  two  constant  values. 

I  147.  If  a  small  disturbance  be  made  at  the  time  t  at  the 
bt  JT  of  an  infinite  stretched  string,  the  effect  will  not  be  felt 

j  0  until  after  the  lapse  of  the  time  xja,  and  will  be  in  all 
e  same  as  if  a  like  disturbance  had  been  made  at 
i  point  x  +  ^x  at  time  ( —  Aic/a,     Suppose  that  similar  dla- 

irbanccB  are  communicated  to  the  string  at  intervals  of  time 
r  at  points  whose  distances  frum  0  increase  each  time  by  air, 
1  it  ia  evident  that  the  result  at  0  will  be  the  same  as  if  the 
nrbanccs  were  all  made  at  the  same  point,  provided  that  the 
B-interVAls  be  increased  from  t  to  t  +  £t.     This  remark  con- 
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tiiiiia  the  theory  of  the  alteration  of  pitch  due  to  niotioQ  oft 
source  of  disturbance ;  a  subject  which  will  come  uuder  our  not 
again  in  connection  with  aeritil  vibrations. 

148.  When  one  point  of  an  infinite  string  is  subject  to  a  (one 
vibration,  trains  of  waves  proceed  from  it  in  both  directioM  * 
cording  to  laws,  which  are  readily  investigated.  We  shall  supp 
that  the  origin  is  the  point  of  excitation,  the  string  being  ll 
subject  to  the  forced  motion  y  =  Ae^'* ;  and  it  will  be  sufScieat  I 
consider  the  positive  side.  If  the  motion  of  each  element  dti 
resisted  by  the  trictional  force  Kpyds,  the  differential  equation !■ 

rft"         dt         d^ 

or  since  y  x  e''", 

d'y      /i/cp     p'\        ., 

d^-[a-—a-)'-'-^!' 

if  for  brevity  we  write  V  for  the  coefficient  of  y. 
The  general  solution  is 

y=!C«-"  +  De+*»}c'>' 


..(8^ 


Now  since  y  is  supposed  to  vanish  at  an  infinite 
must  vanish,  if  the  real  part  of  X  be  taken  positive.     Let 

X  =  o  + 1^, 
where  a  is  positive. 

Then  the  solution  is 

y  =  Jfl-"**«*'p' 

or,  on  throwing  away  the  imaginary  part, 

y  =  ile-"   cos(pt~0ai)  

corresponding  to  the  forced  motion  at  the  origin 

y  =  A  cnapt 

An  arbitraiy  constant  may,  of  course,  be  add«<I  to  t. 
To  determine  a  and  ff,  we  have 


If  we  suppose  that  «  \a  small, 


d'  ■ 


ir/2(i     nearly, 


"('"-! 


^p 
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This  solution  shews  that  there  is  propagated  along  the  utriug 
a  wave,  whose  amplitude  slowly  diminishes  on  account  of  the 
exponential  factor.  If  «  =  0,  this  factor  disappears,  and  we  hare 
edmply 

>/  =  Acoa(^pt-'^j (9). 

This  result  stands  in  contradiction  to  the  general  law  that, 
when  there  is  no  friction,  the  forced  vibrations  of  a  system  (due 
to  a  single  iiimple  harmonic  force)  must  be  synchronous  in  phase 
throughout.  Accoi-ding  to  (9),  on  the  contrary,  the  phase  varies 
continuously  in  passing  from  one  point  to  another  along  the  string. 
The  fact  is,  that  we  are  not  at  liberty  to  suppose  k  =  0  m  (8), 
inasmuch  as  that  equation  was  obtained  on  the  a.ssumptioD  that 
the  real  part  of  X  in  (3)  is  positive,  and  not  zero.  However  long 
a  finite  string  may  be,  the  coefficient  of  friction  may  be  taken  so 
small  that  thfc  vibrations  are  not  damped  before  reaching  the 
further  end.  After  this  point  of  smallness,  reflected  waves  begin 
to  complicate  the  result,  and  when  the  friction  is  diminished 
indefinitely,  an  infinite  series  of  such  must  be  taken  into  account, 
and  would  give  a  resultant  motion  of  the  same  phase  throughout. 

This  problem  may  be  solved  for  a  string  whose  mass  is  supposed 
10  be  concentrated  at  equidistant  points,  by  the  method  of  §  120. 
The  co-ordinate  iff,  may  be  supposed  to  be  given  {=H^'"),  and 
it  will  be  found  that  the  system  of  equations  (5)  of  §  120  may  all 
be  satisfied  by  taking 

^.  =  ^'^ (10). 

where  ^  is  a  complex  constant  determined  by  a  quadratic  equa- 
tion. The  result  for  a  continuous  string  may  be  afterwards 
deduced. 

[In  the  notation  of  §  120  the  quadratic  equation  is 

B6--  +  Ae-\-B  =  Q   (11), 

where  A=-iip'+'   ',    B=~-' (12). 


The  roots  of  (11)  aj-e 

._-A±^(A^- 


-.(13). 


..(14). 
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a  condition  always  satisfied  in  passing  to  the  limit  where  «  BudH 
are  infinitely  small.  In  any  case  when  (14)  is  satisfied  t]^| 
modulus  of  0  is  unity,  so  that  (10)  represents  wave  prop^;atiuii.  H 

If,  however,  (li)  be  not  satisfied,  the  values  of  $  are  real.  Inl 
this  case  all  the  motions  are  in  the  same  phase,  and  no  ware  1 
is  propagated.     The  vibration  impressed  upon  ^i  is  imitated  npim  J 

a  reduced   scale  by  -^,,  t^, ,  with  amplitudes  which  fonuM 

geometrical  progression.  In  the  first  case  the  motion  is  p^| 
pagated  to  an  infinite  distance,  but  in  the  second  it  ia  practic^H 
confined  to  a  limited  region  roimd  the  source.]  ■ 

118  a.  So  long  as  the  conditions  of  §  144  are  satisfied,  fl 
positive,  or  a  negative,  wave  is  propagated  undisturbed.  S 
however  there  be  any  want  of  uniformity,  such  (for  example)  fl 
that  caused  by  a  load  attached  at  a  particular  point,  reflectii^| 
will  ensue  when  that  point  is  reached.  The  most  intexeeti^l 
problem  under  this  head  is  that  of  two  strings  of  diSer^| 
longitudinal  densities,  attached  to  one  another,  and  vibrati^l 
transversely  under  the  common  tension  T,.  Or.  if  we  regard  ^| 
string  as  single,  the  density  may  be  supposed  to  vary  (^H 
continuously  &om  one  uniform  value  (/>,)  to  another  (/>,).  ^M 
a,,  Oi  denote  the  corresponding  velocities  of  propagation,  ^M 

a."=7'./p„        a,'  =  7'./p,  (1}.I 

and  /*  =  a,K  =  VWp,) (!>■ 

The  conditions  to  be  satisfied  at  the  junction  of  the  two  fn^M 
are  (i)  the  continuity  of  the  displacement  t/,  and  (ii)  the  cootian^H 
of  dy/d-x.  If  the  two  parts  met  at  a  finite  angle,  an  iafinitoH 
small  element  at  the  junction  would  be  subject  to  a  finite  force.  V 

Let  us  suppose  that  a  positive  wave  of  harmonic  type,  travelliDi: 
in  the  first  part  (p,).  impinges  upon  the  second  (p,).  In  the  Inttc 
tht!  motion  will  bo  adequately  represented  by  a  positive  wavi 
but  in  the  former  wo  must  provide  for  a  negative  reflected  wavr 
Thus  we  may  take  for  the  two  parts  respectively 

y-//«*.».*-»+Ar«».».'*" (8), 

y=  i**--^ .(4), 
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I  The  conditions  at  the  junction  {x=  0)  give 

H  +  K  =  L  (6), 

kJI-k^K-hJ,   (7): 

s- ic;Tk,- ~  ,^1 '*'• 

Since  the  ratio  KjII  is  real,  we  may  auppoae  that  both 
i|ua&titic9  are  real ;   and  if  we  throw  away  the  imaginary  parts 

H   from  (3)  and  (4)  we  get  as  the  sohition  iu  terms  of  real  quantities 

^K  If  =  H  cos  ki(a,t  -  x)  +  K  coak,  (a,t  +  x) (9); 

^P  y  =  (H-i-K) cos  L;{a,t~x)    (10). 

II  The  ratio  of  amplitudes  of  the  reflected  and  the  incident 
waves  expressed  by  (8)  is  that  first  obtained  by  T.  Young  for 
the  corresponding  problem  in  Optics. 

148  b.  The  expression  for  the  intensity  of  reflection  established 
in  §  148  a  depends  upon  the  assumption  that  the  transition  from 
!  lie  one  density  to  the  other  is  sudden,  that  is  occupies  a  distance 
V  hich  is  small  in  comparison  with  a  wave  length.  If  the 
transition  be  gradual,  tbi?  reflection  may  be  expected  to  fall  off, 
and  in  the  limit  to  disappear  altogether. 

The  problem  of  gradual  transition  includes,  of  course,  that  of 

a  variable  medium,  and  would  in  genera!   be   encumbered  with 

great  difBcultiea     There   is,   however,  one   case   for   which   the 

solution   may  be   readily  expressed,  and   this   it  is  proposed  to 

^MMsider   in   the   present   section.     The   longitudiniil    density   is 

^^Bjposed   to  vary  as  the  inverse  sfjuare  of  the  abscissa.     If  i/, 

^^■oting  the  transverse  displacement  be  proportional  to  e'>^,  the 

^^Bation  which  it  must  satisfy  as  a  function  of  x,  is  (§  141), 

■  S-— » <■'■ 

^Hpere  n'  is  some  positive  constant,  of  the  nature  of  an  abstract 
^^b&ber. 

^^The  solution  of  (1)  is  y  =  Ax**^-"  +  Ba^-*"' (2). 

^»e  m'  =  «'-i  (3). 

^^Hlf  m  be  real,  that  is,  if  n  >  ^,  we  may  obtain,  by  supposing 
^^^LOt  M  a  final  solution  iu  real  (juaiitities, 
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which  reprpHenta  a  positive  progressive  wave,  in    many  nafn 
similar  to  those  propag&ted  in  uniform  media. 

Let  UB  now  suppose  that,  to  the  left  of  the  point  a:=Ji,  I 
vaiiable  medium  is  replaced  by  oue  of  uniform  constitution,' 
that  there  is  no  discoutiniiity  of  density  at  the  point  of  tnmstiD 
and  let  us  inquire  what  reflection  a  positive  progressive  wate 
the  uniform  medium  mil  undergo  on  arrival  at  the 
medium.  It  will  be  sufficient  to  consider  the  case  where 
real,  that  is,  where  the  change  of  dcusity  is  but  moderately  n^ 
no  negative  wave  in  the  vaiill 
Thus 


By   supposition,   tbei 
medium,  so  that  ^  =  0  u 


=  Bj^-' 


^  =  ii-im)Bart-^; 


and,  when  x  =  x„ 


dy  _ 

ydx 


The  general  solution  for  the  uniform  medium,  satisfying 
equation  d^^yjda?  +  «"a;,~^y=  0,  may  be  written 


y=^Ee      '"    +Ke       "    (6), 

fi'om  which,  when  ai  =  x„ 

dy  uiB-K 

yd^  X,  H  +  K   

In  equatioD  (6),  ff  reprusents  the  amplitude  of  the  indde 
positive   wave,   and   K   thf  amplitude  of  the  reflected  nt 
wave.     The   condition   to   be   satisfied  at  x  =  x,  is  cxpreased 


..c> 


dy 


)  and  (7).     Thus 


H     i  (n  +  m)  -  i 
which  gives,  in  symbolical  form,  the  ratio  of  the  reflected  to  I 
incident  vibration. 

Having  regard  to  (3),  we  may  writa  (8)  in  the  form 

K^      -I 

//^2(n  +  m)   ■ 

Hu  that  the  amplitude  of  the  reflected  wave  is  ^(n+ai)~* 
that  of  the  incident.     ThuH,  as  wn^  \jo  be  expected,  when 
are  great.  i.t.,  when  the  depaity  chanj 


m. 


..ji») 


r  in  tlie  nuii 
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medium,  there  is  but  little  reflection.  As  regards  phase,  the 
result  embodied  in  (9)  may  be  represented  by  supposing  that  the 
reflection  occurs  Q,t  x=^Xi,  and  involves  a  change  of  phase  amount- 
ing to  a  quarter  period. 

Passing  on  now  to  the  more  important  problem,  we  will 
suppose  that  the  variable  medium  extends  only  so  far  as  the  point 
x=^x^,  beyond  which  the  density  retains  uniformly  its  value  at 
that  point.  A  positive  wave  travelling  at  first  in  a  uniform 
medium  of  density  proportional  to  a?i~*,  passes  at  the  point  a;  =  a?, 
into  a  variable  medium  of  density  proportional  to  ar^,  and  again,  at 
the  point  x  =  x^^  into  a  uniform  medium  of  density  proportional  to 
xf^.  The  velocities  of  propagation  are  inversely  proportional  to 
the  square  roots  of  the  densities,  so  that,  if  fi  be  the  refractive 
index  between  the  extreme  media, 

/*=! (io>- 

The  thickness  {d)  of  the  layer  of  transition  is 

d  —  XfXi    (11). 

The  wave-lengths  in  the  two  media  are  given  by 

_  27rxi  __  2nrx^ 

A^i — —  ,  A-,  —     —  ; 

n  n 

so  that  n=^-^  =  ^— -^y-^-      (12). 

For  the  first  medium  we  take,  as  before, 

.   X-Xx  ^  .   X-Xx 

y  =  He      '»  ^Ke      *«       (6), 

giving,  when  a?  =  a?i, 

dy  _      inH  —  K inO  .^ 

ydx"      XiH^K  Xi     ^ 

if,  for  brevity,  we  write  0  for  „     -^ . 

For  the  variable  medium, 

y  = -4ar*+"«  +  5aTi-»''" (2), 

giving,  when  a:  =  a?i , 

ydx     ^^     '  ^a?,*'~  +  Bxr'"^  "        ^ 


/ 
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gives 

i  + 


Hence  the  condition  to  be  satisfied  at 


whence 


f^^  im  —  in&  —  J 

The  condition  to  be  satisfied  at  x  =  x^  may  be  deduced  from  (1 
by  siibatituting  x,  for  Xt,  putting  at  the  same  time  d  =  I  in  viit 
of  the  supposition  that  in  the  second  medium  there  is  no  oegati 
wave.     Hence,  equating  the  two  values  of  .d  :  J5,  we  get 


..(!♦) 


..(15) 


..(is: 


t  +  m  +  i 
aa  the  equation  from  which  the  reflected  wave  in  the  first  medi 
is  to  be  found.     Having  regard  to  (3).  we  get 

. _  Jf_- if  _ m  +  n  +  li  +  ^"- (i»  - n- Ji) 
H  +  K     in  +  n-Ji  +  ,»''-(m-»+J.) 

'""""  5=2(™H:»)  +  v«-(m_„)-- 

This  is  the  symbolical  solution.    To  interpret  it  in  real  quantit 
we  must  distinguish  the  cases  of  vi  real  and  Vi  imaginary.     If 
transition  be  not  too  sudden,  m  is  real,  and  (16)  may  be  writcua 
K  ^i  -  1  +  COS  (2jft  log  m)  +  i  sin  (2m  log  ^) 

ff  °  2  m  +  71  +  (w  -  ft)  cos  {2ni  log  /*)  +i(m-  n)  sin  (2wi  log ^ 
Thus  the  expression  for  the  ratio  of  the  intensities  of  the  refles 
urid  the  incident  waves  is,  after  reduction, 

an'  (m  log  ^) 


...(17 

gives 


+m»  +  Hin'(m  log^) 
If  VI  be  imaginary,  we  may  write  im  =  iri' ;  (16)  t 
the  ratio  of  intensities, 

()■"-;'-)■ 

Ifi'^' - /j.-^'Y+ mm''  

*tr,  if  we  introduce  the  notation  of  hyperbolic  trigonometiy  1 11 
sinh'(rjj'  log^) 


ainh' (m' log  ^)  +  ♦jw'' 
for  the'criUcal  value  »n  =0,  we  get,  from  (17>  o 
OogjO-^ 


(ID). 


(19 


-..(«J 


(IS) 


GRADUAL  TEANBITION. 


Tfaeae  expressions  allow  us  to  trace  tlie  effect  of  a  more  or 
-  gradual  transitioii  between  media  of  given  indices.  If  the 
ii'isition  be  absolutely  abrupt,  7i=0,  by  (12);  so  that  m'  =  i. 
1  this  case.  (18)  gives  us  (§  148  a)  Young's  well-known  formula 


mj- 


..(21). 


■Since increases  continually   from   x  =  0,   the   ratio    (19) 

increases  continually  from  to'  =  0  to  m'  =  J,  i.e.,  diminishes 
■■'ntinually  from  the  case  of  sudden  transition  m'  =  J,  when  its 
-liiie  is  (21),  to  the  critical  case  m  =0,  when  its  value  is  (20), 
-■fr  which  this  form  no  longer  holds  good.  When  m'  =  0,  n  =  J, 
'nrt.by(12),d  =  (X,-X,)/47r. 

When  H>i,  (17)  is  the  appropriate  form.  We  see  from  it 
ifiat  with  increasing  n  the  reflection  diminishes,  until  it  vanishes, 
> iiiQ  m log ^  =  TT,  \.e.  when 


f-i  +  T, 


..(22). 


'^  "h  a  still  more  gradual  transition  the  reflection  revives,  reaches 
■  iiaximum,  again  vanishes  when  m  log  n  =  Itt,  and  so  on'. 

148  c.  In  the  problem  of  connected  strings,  vibrating  under 
''"■  influence  of  tension  alone,  tbe  velocity  in  each  uniform  part  is 
'"tl'-petident  of  wave  length,  and  there  is  nothing  corresponding  to 
"ptical  dispersion.  This  state  of  things  will  be  departed  from  if 
'■■■c  introduce  tbe  consideration  of  stiffness,  and  it  may  be  of  interest 
'"  examine  in  a  simple  case  how  far  the  problem  of  reflection  is 
niereby  modiBed.  As  in  §148(1,  we  will  suppose  that  at  3:  =  (l 
''"5  density  changes  discontinuously  from  pi  to  p,,  but  that  now 
""^  vibratjons  of  the  second  part  occur  under  the  influence  of 
' 'i'«ible  8tiffhess.     The   differential  equation   applicable   in   this 

*  is.  §  188, 

""*'  =0, 


■(2). 


^t--%-% 

1  tj  vary  as  «• 

-^S- 

at.  if  y  vary 

OB.". 

^t'  +  a,*- 

«■- 
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Id  eousequeuce  of  the  stiffness  represented  by  j8*  the  velodtt' 
of  propagation  deviates  &om  a^,  and  must  be  found  from  (2). 
two  values  of  i:"  given  by  this  equation  are  real,  one  being  poai^ 
and  the  other  negative.     The  four  admissible  values  of  k  may  tl 
be  written  +  k\,  ±  ih-^,  -so  that  the  complete  solution  of  (1)  wUI  b 

y  =  Ae'*'^  +  Be-'^  +  Ce-'^+D^ (3U 

/j,,  kj  being  real  and  positive.     The  velocity  of  propagation  is  n/fl 

In  the  application  which  we  have  to  make  the  disturbanw  | 
the   imperfectly  flexible  second  part  is  due  to  a  positive  VM^ 
entering  it  from  the  first  part.     When  x  is  great  and  positive,  (J).l 
must  reduce  to  its  second  term.     Thus 

A^ii,   /)  =  0; 
and  we  aj'e  left  with 

y  =  Be-'^  +  Ce-^ (■*> 

This  holds  when  a:  is  positive.     When  x  is  negative.  oorrespoQC 
to  the  perfectly  flexible  first  part,  we  have 

y  =  ffe^.'-i.Ke^.' (G),| 

in  which  A,  =  n/a, (fi),l 

The  "  refractive  index  "  is  given  by 

M-Ji/j-. (n^ 

The  couditious  at  the  junction  are  first  the  continuity  of  y  a 
dy/dx.    Further,  d^yjdx^  iu  (4)  must  vanish  at  this  place,  ii 
as   curvature    implies  a  couple  (§  162),  and   this  could   Dot  I 
transmitted  by  the  firat  part.     Hence 

n  +  K  =  B+C (8X1 

lc,{H-l!)  =  kJi-ih,C («),| 

-i,'B  +  VC-0 (10).  I 

i_thyse  we  deduce 

B-K — tfr~ '  *i 

K     *,(t,-tj+a-,*,  ,,,., 

H~*a-i+t,)+it,t,  • '"'■1 


^f^ 
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nd  thence  for  the  intensity  of  reflection,  equal  to  Mod^.  (K/H), 

\/Ci  ~"  •''2/   "t"  "'I  "'s  I  "hi 


(^1  +  *,)'  +  A;,»A;,VAs' 


(13). 


If  the  second  part,  as  well  as  the  first,  be  perfectly  flexible, 
'  =  0,  A,  =  00 ,  and  we  fall  back  on  Young's  formula.  In  general, 
le  intensity  of  reflection  is  not  accurately  given  by  this  formula, 
ven  though  we  employ  therein  the  value  of  the  refi:uctive  index 
ppropriate  to  the  waves  actually  under  propagation. 


\^ 


CHAPTER   VII. 

LONOITUDINAL  AND  TORSIONAL    VrBKATlONS  OF   B^ 

149.  The  next  system  to  the  string  in  order  of  siinpli 
is  the  bar,  by  which  term  is  usually  undei-stood  in  AouustU 
ma^s  of  matter  of  uniform  substaoce  and  elongated  cylind 
form.  At  the  ends  the  cylinder  is  cut  off  by  plauea  perpendio 
to  the  generating  lines.  The  centres  of  inertia  of  the  trans* 
sections  lie  on  a  straight  line  which  is  called  the  anns. 

The  vibrations  of  a  bar  are  of  three  kinds — longitud 
torsional,  and  lateral,  Of  these  the  last  are  the  moat  imp(»1 
but  at  the  same  time  the  most  difficult  in  theory.  They 
considered  by  themselves  in  the  next  chapter,  and  will  onlj 
referred  to  here  so  far  as  is  necessary  for  comparison  and  oonti 
with  the  other  two  kinds  of  vibrations. 

Longitudinal  vibrations  are  those  in  which  the  axis  i 
unmoved,  while  the  transverse  sections  vibrate  to  and  fro  iii' 
direction  perpendicular  to   their  planes.     The   moving  powi 
the  resistance  offered  by  the  rod  to  extension  or  compreauon. 

One  peculiarity  of  this  class  of  vibrations  is  at  oove  t 
Since  the  force  necessary  to  produce  a  given  extension  in  b 
is  proportional  to  the  area  of  the  section,  while  the  mass  I 
moved  is  also  in  the  same  proportion,  it  follows  that  for  a  b 
given  length  and  material  the  periodic  tim^  and  the  mod 
vibration  are  independent  of  tho  area  and  of  the  form  itt 
transverse  section.  A  similar  law  obtains,  ax  ne  shall  pre 
sui-,  in  the  case  of  tur^ionit]  vibrations. 

It  is  otherwise  when  the  vibmlions  are  lateraL  Thi»  pwi 
times  nra  indeed  iudepi'ndent  of  the  thickness  of  the  bar  in 

Jot-itmcurrK-ndicular  to  the  Diane  of  fl 
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b  this  case,  viz.  ihc  resistance  to  bonding,  increases  more  rapidly 

1  the  thickness  in   that  plane,  and  therefore  an  increase  in 

accnnipanied  by  a  rise  of  pitch. 

In  the  case  of  longitudinal  and  lateral  vibrations,  the  mechan- 

»1  ftiDstants  concerned  are  the  density  of  the  material  and  the 

le  of  Young's  modulus.    For  small  extensions  (or  compressions) 

Jwke's  law.  according  to  which  the  tension  varies  as  the  extension, 

1  I .  ,      .-    ,         .       ■         ■     actual  length  —  natural  length 

■eliifi  good.     If  the  extension,  viz. .      i  >       .,    ^—  . 

1       °  natural  length 

jB  called  «,  we  have  T=qe,  where  q  is  Young's  modulus,  and  T 

I  the  tension  per  unit  area  necessary  to  produce  the  extension  e. 

loung'a  modulus  may  therefore  be  defined  as  the  force  which  would 

Ive  to  be  applied  to  a  bar  of  unit  section,  in  order  to  double  its 

Biglli,  if  Hooke's  law  continued  to  hold  good  for  so  groat  exten- 

b;  its  dimensions  are  accordingly  those  of  a  force  divided  by  an 


I  The  torsional  vibrations  depend  also  on  a  second  elastic  con- 
lot  fi,  whose   interpretati'in  will   be    considered   in   the   proper 


Although  in  theory  the  three  classes  of  vibrations,  depending 
c^.'iptu' lively  on  resistance  to  extension,  to  torsion,  and  to  tiexnre 

-in-  (jiiite  distinct,  and  independent  of  one  another  so  long  as  the 
'jiiiire»  of  the  strains  may  be  neglected,  yet  in  actual  experiments 

■'■■ith  bars  which  are  neither  uniform  in  material  nor  accurately 

■  ylindrical  iu  figure  it  is  often  found  impossible  to  excite  longi- 
ludinul  or  torsional  vibrations  without  the  accompaniment  of  some 
mensurc  of  lateral  motion.  In  bars  of  ordinary  dimensions  the 
;;rnviBt  lateral  motion  is  far  graver  than  the  gravest  longitudinal 

■  r  torsiimal  motion,  and  consequently  it  will  generally  happen  that 
\\-;  principal  tone  of  either  of  the  latter  kinds  agrees  more  or  leas 

.-  rfectly  in  pitch  with  some  overtone  of  the  former  kind.     Under 

ii-h    circumstances    the    regular    modes    of    vibrations    become 

mutable,  and  a  small  irregularity  may  produce  a  great  effect.    The 

ditlicitll-y  of  exciting  purely  longitudinal  vibrations  in  a  bar  is 

pailu*  to  that  of  getting  a  string  to  vibrate  in  one  plane. 

Ith  t}it»  explanation  we  may  proceed  to  consider  the  three 

A  o!  ribrnttons  indvpcndontty,  commencing  with  longitudinal 

,  which  will   in   fact   raise  no  mathematical   questions 
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150.  When  a  rod  is  stretched  by  a  force  parallel  to  its  length, 
the  stretching  ia  in  general  accompanied  by  lateral  contraction  in 
such  a  manner  that  the  augmentation  of  volume  ia  less  than  if 
the  displacement  of  every  particle  were  parallel  to  the  axis.  In  the 
case  of  a  short  rod  and  of  a  particle  situated  near  the  cylindrical 
boundary,  this  lateral  motion  would  be  compai-able  in  magnitude 
with  the  longitudinal  motion,  and  could  not  be  overlooked  without 
risk  of  considerable  error.  But  where  a  rod,  whose  length  is  greal 
in  pi-oportiou  to  the  linear  dimensions  of  its  section,  is  subject 
to  a  stretching  of  one  sign  throughout,  the  longitudinal  motion 
accumulates,  and  thus  in  the  case  of  ordinary  rods  vibrating 
longitudinally  in  the  graver  modes,  the  inertia  of  the  lateral 
motion  may  be  neglected.  Moreover  we  shall  see  later  how  a 
correction  may  be  introduced,  if  necessary. 

Let  w  be  the  distance  of  the  layer  of  particles  composing  any 
section  from  the  equilibrium  position  of  one  end,  when  the  rod 
ia  unstretched,  either  by  permanent  tensiou  or  as  the  result  of 
vibrations,  and  let  f  be  the  displacement,  bo  that  the  actual 
position  is  given  by  a:  +  f ,     The  equilibrium  and  actual  position 

of   a    neighbouring    layer    being    x+Sx,    x  +  Sx+^-i-  -^  S3:  re- 

spectively,  the  elongation  is  df/ttc,  and  thus,  if  T  be  the  tension 
per  unit  area  acting  across  the  section. 


"'-. 


-m 


Consider  now  the  forces  acting  on  the  slice  bounded  by  * 
and  x  +  Zx.  If  the  area  of  the  section  be  w,  the  tension  at  jb  is 
by  (1)  qad^ldx,  acting  in  the  negative  du-ection,  and  at  x-^Zx 
the  tension  is 

acting  in  the  positive  direction ;  and  thus 
due  to  the  action  of  the  adjoining  parts  is  c 


the  force  on  the  slice 
1  the  whole 


dj? 


ix. 


The  mass  of  the  element  is  pw  8.k,  if  p  be  the  original  density, 
and  therefore  if  X  be  the  accelerating  force  acting  on  it,  the 
ition  of  equilibrium  is 


X 


j_d?^_ 


..(2). 


lu  what  follows  we  shall  not  require  to  consider  the  operation 
bh  impressed  force,     To  find  the  equation  of  motion  we  have 

ooly  to  replace  X  by  the  reaction  against  acceleration  —  f,  and 

thus  if  17  :  /)  =  a',  we  have 

*f.a.ef 


..(3> 


^^^  This  equation  is  of  the  same  form  as  that  applicable  to  the 
f  transverse  displacements  of  a  stretched  string,  and  indicates  the 
undisturbed  prop^ution  of  waves  of  any  type  in  the  positive  and 
negative  directions.  The  velocity  a  is  relative  to  the  unstretched 
condition  of  the  bar ;  the  apparent  velocity  with  which  a  disturb- 
ance is  propagated  in  space  will  be  greater  in  the  ratio  of  the 
stretched  and  unstretched  lengths  of  any  portion  of  the  bar.  The 
distinction  is  material  only  in  the  case  of  permanent  tension. 

161.     For  the  actual  magnitude  of  the  velocity  of  propa^tion, 
we  have 

n=  =  5  :  p  -  f/w  :  pay, 

which  is  the  ratio  of  the  whole  tension  necessary  (according  to 
Hooke's  law)  to  double  the  length  of  the  bar  and  the  longitudinal 
density.  If  the  same  bar  were  stretched  with  total  tension  T, 
and  were  flexible,  the  velocity  of  propagation  of  waves  along  it 
would  be  -^{T :  pas).  In  order  then  that  the  velocity  might  be 
the  same  in  the  two  cases,  T  must  be  qa,  or,  in  other  words,  the 
tension  would  have  to  be  that  theoretically  necessary  in  order  to 
double  the  length.  The  tones  of  longitudinally  vibrating  rods 
are  thus  very  high  in  comparison  with  those  obtainable  from 
strings  of  comparable  length. 

In  the  case  of  steel  the  value  of  5  ia  about  22  x  IC  grammes 
weight  per  square  centimetre.  To  express  this  in  absolute  units 
of  force  on  the  c.  o.  s.'  system,  we  must  multiply  by  9B0.  In 
the  sajne  system  the  density  of  steel  (identical  with  its  specific 
■vity  referred  to  water)  is  7'8.     Hence  for  steel 


^a' 


.=^/^ 


I  X  22  X  10» 


■-  530,000 


approximately,  which  shews  that  the  velocity  of  sound  in  steel  is 
about  530,000  centimetres  per  second,  or  about  16  times  greater 


'  Centitnetre,  Gramme,  Seoond.     Thifl  ayatem  in 
A  Britiih  Aasociation.     Brit.  An.  IttpoTi.  1873. 
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ttuw  the  Teloctt)'  of  sound  in  air.     In  gUs  the  reloes!^  ii  ij 
the  aame  as  in  sieeL 

It  otight  to  be  mentioDed  that  tn  strictoeaB  the  valoe  of  q 
mined  hy  statical  expenmeDts  is  not  tbu  which  ought  to  be 
here.   Afl  in  the  case  of  gs^ies,  which  will  be  treated  in  ■  ml 
chapter,  the  rapid  alt«ratioDS  of  stat«  concerawt  in  tbe 
tion  ol  soond  are  attended  with  thenoal  effects, 
which  ii  to  increase  the  effective  Taltte  of  q  bevood 
froiD  ofaeervatioQs  on  extension  conducted  at  a  ooi 
ture.    Bat  the  data  are  not  precise  enough  to  make  this  eon 
of  any  consequence  in  the  case  of  solids. 

162.     The  solution  of  tbe  general  equation  for  the  loogit 
vibrations  of  ao  imlimited  bar,  namely 

being  thf  xame  aa  that  applicable  to  a  string,  need  not  be 
couiiidered  here. 

WhcQ  both  ends  of  a  bar  are  free,  there  is  of  course  nn 
nent  teoHJon,  and  at  the  ends  themselves  there  is  nn 
tctisioo.     The  condition  for  a  free  ead  is  therefore 


=  0. 


To  determine  the  normal  modes  of  inhmtion,  we  ntUAt  am 
that  f  varies  as  a  harmonic  function  of  the  time — coa 
as  a  function  of  x,  ^  must  satisfy 


;+»•{- 


of  nhich  tbu  complete  integral  is 

(  =  A  cos  lur  4  fisiiiTw 

whoro  A  and  B  arc  independent  of  x. 

Now  siuoc  d^jdx  vauishcs  always  when  j'  =  0,  we  ^l  B  ^0; 
again  aincc  d^jdv  vaniahes  whoD  x  =  l — the  natural  totigth  of 
bar,  sin  ti/  s  0,  which  ehuwo  that  n  is  of  tho  form 


BOTH    EXTREMITIES    FREE. 
Accordingly,  the  normal  modes  are  giveu  by  ecjuatioos  of  the 


m  which  of  course  au  arbitrary  constant  may  be  added  to  t,  if 
desired. 

The  complete  solution  for  a  bai'  with  both  ends  free  is  there- 
fore expressed  by 

f  =  2._^cos    ^    J.^(Cos-p  +  Bism  -p^ (6). 

where  A;  and  B,-  are  arbitrai-y  constants,  which  may  lie  determined 
in  the  usual  manner,  when  the  initial  values  of  ^  and  ^  are 
given. 

A  zero  value  of  i  is  admissible ;  it  gives  iv  term  representing  a 
dupiacement  f   constant  with  respect  both  to  space   and  time, 

and  amounting  in  fact  only  to  an  alteration  of  the  origin. 

The  period  of  the  gravest  component  in  (6)  corresponding  to 
1  =  1,  is  2lja.  which  is  the  time  occupied  by  a  disturbance  in 
travelling  twice  the  length  of  the  rod.  The  other  tones  found 
by  ascribing  integral  values  to  i  form  a  complete  harmonic  scale ; 
so  that  according  to  this  theory  the  note  given  by  a  rod  in 
longitudinal  vibration  would  be  in  all  cases  musical. 

In  the  gravest  mode  the  centre  of  the  rod,  where  ie  =  ^1,  is  a 
(lace  of  no  motion,  or  node ;  but  the  peiiodic  elongation  or  com- 
iression  d^jd-x  is  there  a  maximum. 

163.  The  case  of  a  bar  with  one  end  free  and  the  other  fixed 
may  be  deduced  from  the  general  solution  for  a  bar  with  both 
ends  free,  and  of  twice  the  length,  For  whatever  may  be  the 
initial  state  of  the  bar  free  at  a;  =  0  and  fixed  at  x  =  l,  such  dis- 
placements and  velocities  may  always  be  ascribed  to  the  sections 
of  a  bar  extending  from  0  to  2/  and  free  at  both  ends  a^  shall 
make  the  motions  of  the  parts  from  0  to  I  identical  in  the  two 
It  is  only  necessary  to  suppose  that  from  /  to  21  the  dis- 
^^lacements  and  velocities  are  initially  equal  and  opposite  to  those 
found  in  the  portion  from  0  to  2  at  an  equal  distance  from  the 
centre  a;  =  I.  Under  these  circumstances  the  centre  must  by 
the  symmetry  remain  at  rest  throughout  the  motion,  and  then  the 


1^ 
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portion  from  0  to  /  satiafiea  all  the  requireil  conditions.     We  < 
elude  that  the  vibrations  of  a  bar  free  at  one  end  and  tued  at 
other  are  identical  with  those  of  one  half  of  a  bar  of  twice  tbt 
length  of  which  both  ends  are  free,  the  latter  vibrating  only  in  thi 
uneven  modes,  obtained  by  making  i  in  succession  all  odd  in! 
The  tones  of  the  bar  still  belong  to  a  harmonic  scale,  but  tin 
even  tones  (octave,  &c.  of  the  fundamental)  are  wanting. 

The  period  of  the  gravest  tone  is  the  time  occupied  by  a  pul 
in  travelling /odr  times  the  length  of  the  bar,  , 

164.  When  both  ends  of  a  bar  are  fixed,  the  conditiooB 
be  satisfied  at  the  ends  are  that  the  value  of  f  is  to  be  invariab 
At  a:  =  0,  we  may  suppose  that  f  =  0.  At  je  =  Z,  f  is  a  snot 
constant  a,  which  is  zero  if  there  be  no  permanent  tension.  I 
dependeutly  of  the  vibrations  we  have  evidently  f  =  a;a-=-/,  u 
we  should  obtain  our  result  most  simply  by  assuming  this  tei 
at  once.  But  it  may  be  instructive  to  proceed  by  the  gena 
method. 

Assuming  that  as  a  function  of  the  time  f  varies  as 

A  cos  mil  +  B  sin  nat. 

we  see  that  as  a  function  of  x  it  must  satisfy 


</,i 


;  +  n'f  =  o, 


of  which  the  general  solution  is 

f  =  6^coSHa;  +  i)8infla (1>  1 

Bui  since  ^  vanishes  with  .r  for  all  values  of  (,  C  =  0.  and  thn 

we  may  write 

f  =  S  sin  iix  \A  cos  nat  >  B  sin  itat\. 

The  condition  &lx  =  l  now  gives 

£  sin  nl  \A  cos  nat  +  B  sin  nnV,  =  a. 

from  which  it  fnll^ws  that  for  everv  fiaite  admissiblt^  vain.'  of  « 


Mn"/  =  0.   or   «=. 
But  fur  ihc  £i-ru  vnluu  of  n,  wn  get 
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and  the  corresponding  term  in  ^  is 

^       .     .  sinrwp        x 

t  =  Ao  sin  nx^  a  — ;  =  a  r  • 

*  sinm        ^ 

The  complete  value  of  f  is  accordingly 

^        X     <^i-ao  .    wx  {  .         iirat      ^    •    ifrat]      .^v 
f  =  ay  +  ii.i  sm    .—  <Ai  cos  -j-  +  Bi  sm  — y-k..(2). 

The  series  of  tones  form  a  complete  harmonic  scale  (from 
which  however  any  of  the  members  may  be  missing  in  any 
actual  case  of  vibration),  and  the  period  of  the  gravest  com- 
ponent is  the  time  taken  by  a  pulse  to  travel  twice  the  length 
of  the  rod,  the  same  therefore  as  if  both  ends  were  free.  It 
must  be  observed  that  we  have  here  to  do  with  the  unstretched 
length  of  the  rod,  and  that  the  period  for  a  given  natural  length 
is  independent  of  the  permanent  tension. 

The  solution  of  the  problem  of  the  doubly  fixed  bar  in  the 
case  of  no  permanent  tension  might  also  be  derived  from  that 
of  a  doubly  free  bar  by  mere  differentiation  with  respect  to  x. 
For  in  the  latter  problem  d^/dx  satisfies  the  necessary  differential 
equation,  viz. 

d^ 


r. 

dt^\( 


\dx)  d^  \dx) ' 

inasmuch  as  ^  satisfies 

di'  ~    dx" 

m 

and  at  both  ends  d^/dx  vanishes.  Accordingly  d^/dx  in  this 
problem  satisfies  all  the  conditions  prescribed  for  f  in  the  case 
when  both  ends  are  fixed.  The  two  series  of  tones  are  thus 
identical. 

155.  The  effect  of  a  small  load  M  attached  to  any  point  of 
the  rod  is  readily  calculated  approximately,  as  it  is  sufficient 
to  assume  the  type  of  vibration  to  be  unaltered  (§  88).  We 
will  take  the  case  of  a  rod  fixed  at  ;r  =  0,  and  free  at  a?  =  Z.  The 
kinetic  energy  is  proportional  to 


Jo 


pwsm*      .  ax  -{--^Msm^ 


^^  ^^  4    (^  -^  pa>l  ^^^"  W  ' 


I 
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Since  the  potential  eneigy  is  iiDaltered,  we  see  \iy  the  prioS 
ciples  of  Chapter  iv.,  that  the  effect  of  the  Kmall  land  Jlf  »lfl 
distance  x  from  the  fixed  end  is  to  increase  the  period  of  Wm 

component  tones  in  the  ratio  M 

1:1+  — .  sin*  -^j  .  H 

The  small  quantity  M  :  poil  is  the  ratio  of  the  load  to  nl 
whole  mass  of  the  rod.  I 

If  the  load  be  attached  at  the  free  end,  sin' {i-nx 1 21)  =  i,taM 
the  eflfect  is  to  depress  the  pitch  of  everj-  tone  by  the  same  suafl 
interval.     It  will  be  remembered  that  t  is  here  an  muctoti  integer.  I 

If  the  point  of  attachment  of  Jtf  be  a  node  of  any  componcnH 
the  pitch  of  that  component  remains  unaltered  by  the  addition.    I 

166.  Another  problem  worth  notice  occurs  when  the  load  m 
the  free  end  is  great  in  comparison  with  the  mass  of  the  nu 
lu  this  case  we  may  assume  as  the  type  of  vibralion,  a  couditicd 
of  uniform  extension  along  the  length  of  the  rod.  J 

If  ^  be  the  displacement  of  the  load  M,  the  kinetic  energy  is  I 

2'=lJ/F  +  4F|V"^&-4F(Jl'  +  Jp»') (!)■  I 

The  tension  corresponding  to  the  displacement  f  is  9«£d 
and  thus  the  potential  energy  of  the  displacement  ts  J 

I'.'lf ml 

The  equation  of  motion  is  I 

and  if  ^xcuspf  I 

p>  =  Y^(M  +  iptal) (3)J 

The  con'ectiou  due  to  the  inertia  of  the  rod  ia  thus  equivald 
to  the  addition  to  iV  of  one-third  nf  the  inaas  of  the  rod.  ■ 

166  u.     So  long  BB  a  rod  or  a  wire  is  ntufnnn,  waves  of  lonl 

tudinal  vibratioD  arc  pfipagalcd  along  it  without  chaoffo  ot  ^rfl 

bat  any  interruption,  or  alteration  of  mpchanicjil  prT<pi!rttea,  ifl 

,    in  ganewl  give  rise  to  reflection.    If  two  utiifonn  wiro  bt  jahj 


1^560.] 
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the  problem  of  determining  the  reflection  at  the  junction  may  be 
conducted  as  in  §  148  a.  The  conditions  to  be  satisfied  at  the 
junction  are  (i)  the  continuity  of  ^,  and  (ii)  the  continuity  of 
qayd^/dx,  measuring  the  tension.  If  pi,  p^,  a)i,  ws,  Oi,  Og  denote 
the  volume  densities,  the  sections,  and  the  velocities  in  the  two 
wires,  the  ratio  of  the  reflected  to  the  incident  amplitude  is 
given  by 

H     pitDiOi -i- p2G>^a» 

The  reflection  vanishes,  or  the  incident  wave  is  propagated 
through  the  junction  without  loss,  if 

pitOiCti  =  p2(»>..a^ (2). 

This  result  illustrates  the  diflBculty  which  is  met  with  in  obtaining 
effective  transmission  of  sound  fix)m  air  to  metal,  or  from  metal  to 
air,  in  the  mechanical  telephone.  Thus  the  value  of  pa  is  about 
100,000  times  greater  in  the  case  of  steel  than  in  the  case  of  air. 

167.  Our  mathematical  discussion  of  longitudinal  vibrations 
may  close  with  an  estimate  of  the  error  involved  in  neglecting 
the  inertia  of  the  lateral  motion  of  the  parts  of  the  rod  not 
situated  on  the  axis.  If  the  ratio  of  lateral  contraction  to  longi- 
tudinal extension  be  denoted  by  fi,  the  lateral  displacement  of  a 
particle  distant  r  from  the  axis  will  be  fire  in  the  case  of  equili- 
brium, where  c  is  the  extension.  Although  in  strictness  this 
relation  will  be  modified  by  the  inertia  of  the  lateral  motion,  yet 
for  the  present  purpose  it  may  be  supposed  to  hold  good,  §  88. 

The  constant  |a  is  a  numerical  quantity,  lying  between  0  and  ^. 
If  fi  were  negative,  a  longitudinal  tension  would  produce  a  lateral 
swelling,  and  if  fi  were  greater  than  ^,  the  lateral  contraction 
would  be  great  enough  to  overbalance  the  elongation,  and  cause 
a  diminution  of  volume  on  the  whole.  The  latter  state  of  things 
would  be  inconsistent  with  stability,  and  the  former  can  scarcely 
be  possible  in  ordinary  solids.  At  one  time  it  was  supposed 
that  lA  was  necessarily  equal  to  ^,  so  that  there  was  only  one 
independent  elastic  constant,  but  experiments  have  since  shewn 
that  11  is  variable.  For  glass  and  brass  Wertheim  found  experi- 
mentally /A  =  ^. 

If  fi  denote  the  lateral  displacement  of  the  particle  distaut  r 
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(Tf>m  the  axis,  and  if  the  aecdoa  be  circaUr,  Uie  kioetie  encq] 
'iiic  to  the  l«t«ra]  moUoo  is  ^ 

Thufl  the  whole  kinetic  energy  is 

lu  the  caae  of  a  bar  free  at  both  ends,  we  have 


f  Kr 


dP  itr   .     iirx 

j^  K  -  -j-sin  -. -, 


iuhI  thiiM 

The  efii'cl,  iif  the  inertia  of  the  lateral  motiou  is  therefore 
inerea^io  the  jx-riiMJ  in  the  ratio 

'  ■  '  +     4     (■ 

Thia  correction  will  be  nearly  iuseoaible  for  the  graver  modes 
bBTB  of  ordinary  propurtionii  of  length  to  thickness. 

[A   more   complete  solution  of  the  problem  of  the  preset 
section  ham  bi-en  givi'ii  by  Puchharamer',  who  applies  the  geoiiii 
eqiiationn  for  an  elastic  solid  to  the  case  of  an  iuBnilely  extends 
cylinder  of  circular  section.    The  result  for  longitudinal  vibratii 
ao  far  aa  the  term  in  !■"/(',  Is  in  agreement  with  that  above  del 
minoiL    A  mmilar  investigation  has  also  been  published  by  CI 
who  has  oIho  treated  the  more  general  i|uestioii'  in  which  I 
cylimlrioal  section  is  not  restricted  to  bo  circular.] 

168.  Esporiniciita  on  tougitudinal  vibmlions  may  ba  tu 
with  Dtda  of  deal  or  of  fflass.  The  vibrations  are  excited 
frii^titm  §  ISH,  with  a  wot  cloth  in  the  casp  of  gluss ;  but  for  tnc 
or  wooiien  rods  it  i*  necessary-  to  use  leather  chArg(.-d  with  powdes 
n«in.  "  The  longitudinal  vibniUoua  of  a  piauofortt.-  string  may 
9Xritcd  by  f^'ntly  rubbing  it  longitndioally  with  a  [aeoe  *d  ' 
nibber,  and  thowe  of  a  >-iolin  string  by  pliuring  the  bowl  "" 
ncrocw  the  string,  uid  moving  it  along  the  string 
;h>'  -^i-u  {'.liiit  .<r  th.  1»^  u[Mu  tbvsiriag. 
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■•  If  thw  peg  of  the  violin  be  turned  ao  as  to  alter  the  pitch  of 
111-'  lateral  ^-ibralions  very  considerably,  it  will  be  found  that  the 
liu-h  of  the  loD^tudinal  vibrations  has  altered  veiy  slightly.  The 
u-son  of  this  is  that  in  the  case  of  the  lateral  vibrations  the 
liungi-  of  velocity  of  wave-transmission  depends  chiefly  on  the 
iiiiuge  of  ten.sion,  which  is  considerable.  But  in  the  case  of  the 
ijgitudiual  vibrations,  the  change  of  velocity  of  wave- trans mis- 
-i  ill  depends  upon  the  change  of  estension,  which  is  comparatively 
■::-ht'." 

In  Savart's  experiments  on  longitudinal  vibrations,  a  peculiar 

■ 'Und.  called  by  him  a  "son  rauqiie,"  was  occasionally  observed, 

■.hose  pilch  was  an  octave  below  that  of  the  longitudinal  vibni- 

liun.     Accoi-ding  to  Terquem'  the  cause  of  this  sound  is  a  trana- 

\L-ree   vibration,   whose    appearance    is   due   to   an   approximate 

iiijreenient  between  its  own  period  arid  that  of  the  sub-octave  of 

■\i<.'   longitudinal   vibration   §68i.     If  this  view  be  con-ect,  the 

lii'iionaenon  would  be  one  of  the  second  order,  probably  referable 

^U;  the  fact  that  longitudinal  compression  of  a  bar  tends  to  produce 

Hjttvature. 

^^f  159.  The  second  clas.'i  of  vibrations,  called  toi-sional,  which 
depend  on  the  resistance  opposed  to  twisting,  is  of  very  small 
importance.  A  solid  or  hollow  cylindrical  rod  of  circular  section 
rnay  be  twisted  by  suitable  forces,  applied  at  the  ends,  in  such  a 
"';inDer  that  each  transverse  section  remains  in  its  own  plane. 
'  ut  if  the  section  be  not  cii-culai-,  the  effect  of  a  twist  is  of  a 
iiMre  complicated  character,  the  twist  being  necessarily  attended 
by  a  warping  of  the  layers  of  matter  originally  composing  the 
normal  sections.  Although  the  effects  of  the  warping  might  pro- 
iily  be  determined  in  any  particular  case  if  it  were  worth 
;  shall  confine  ourselves  here  to  the  case  of  a  circular 
^on,  when  there  is  no  motion  parallel  to  the  axis  of  the  rod.. 
The  force  with  which  twisting  is  resisted  depends  upon  an 
l;istic  constant  different  trom  q,  called  the  rigidity.  If  we  de- 
uoto  it  by  rt,  the  relation  between  q,  n,  and  /t  may  be  written 

•Hf^  +  l) *'^- 


norma 
LWbly 
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In  the  case  of  ;t  = 


shewing  that  n  lies  between  ^q  and  ^q. 

Let  lis  now  suppose  that  we  have  to  do  with  a  nxl  iu  tlie  fiim 
of  a  thin  tube  of  radius  r  and  thickness  dr,  and  let  0  denote  tii 
angular  (iisplaeenient  of  any  section,  distant  x  from  the  origii 
The  rate  of  twist  at  x  is  represented  by  dff/dx,  and  the  shear  of  tbi 
material  composing  the  pipe  by  rd6jdx.  The  opposing  force  p 
unit  of  area  is  nrddldx;  and  since  the  area  is  lirrdr,  the  motneul 
round  the  axis  is 

Inirr'  dr  -j- . 

Thus  the  force  of  restitution  acting  on  the  slice  tir  has  I 
moment 


(6^' 


Now  the  moment  of  inertia  of  the  slice  under  constdentai 
is  Ztrrdr.dx.p.r',  and  therefore  the  equation  of  motion  Assam 
the  form 

P-dt^=''d.^ (2> 

Since  this  is  independent  of  r,  the  same  equation  applies  to 
cylinder  of  finite  thickness  or  to  one  solid  throughout. 

The  velocity  of  wave  propagation   is  -^(n/p),  and   the  whoh 
theorj' is  precisely  similar  to  that  of  longitudinal  vibrations,  tti4 
condition  for  a  free  end  being  dO/dx  =  0,  and  for  a  fised  end  8 
or,  if  a  permanent  twist  be  contemplated,  0  =  constant. 

The  velocity  of  longitudinal  vibrations  is  to  that  of  torajpiu 
vibnitions  in  the  ratio  ijq  :  V"  or  v'(2  +  2^) :  I,  The  saue  r 
applies  to  the  frequencies  of  vibration  for  ban  of  e<{iial  longt 
vibrating  in  corresponding  modes  under  correajmnding  tcruiini 
conditions.     If  /i  =  J,  the  ratio  of  freiiueiicies  would  be 

Vv:  Vn  =  v'8;%/3  =  l-83. 
corresponding  to  an  interval  rather  great«c  Uiaa  a  fifth. 
In  any  caae  the  ratio  of  fi'cqueucies  must  He  between 
v'2  :  1  =  1-4U,    and  <^/»:l  =  1-732. 

Longitudinal  and  tonuonal  vibrations  wrrv  firat  investigated 
Cbladtu. 
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LATERAL   VIBRATIONS   OF   BARS. 

160.  In  the  preseut  chapter  we  shall  consider  the  lateral 
vibniiions  of  thiu  elastic  rods,  which  in  their  natural  conditi'in  ai'e 
straight  Next  to  those  of  strings,  this  class  of  vibrations  is  per- 
haps the  most  amenable  to  theoretical  and  experimental  treatment. 
There  is  difficulty  sufficient  to  bring  into  prominence  some  im- 
potfuit  points  connected  with  the  general  theory,  which  the  fami- 
liarity of  the  reader  with  circular  functions  may  lead  him  to  paas 
oTer  too  lightly  in  the  application  to  strings;  while  at  the  same 
time  the  difficulties  of  analysis  are  not  such  as  to  engross  attention 
which  should  be  devoted  to  general  mathematical  and  physical 
principles. 

Daniel  Bernoulli'  seems  to  have  been  the  first  who  attacked 
the  problem.  Euler,  Riccati,  Poiason.  Cauchy,  and  more  recently 
Strehlke*.  Liasajous*.  and  A.  Seebeck*  are  foremost  among  those 

Khave  advanced  uur  knowledge  of  it. 
61.     The  problem  divides  itself  into  two  parts,  according  to 
tlie  presence,  or  absence,  of  a  permanent  longitudinal   tension. 
The  conaideratiou  of  permanent  tension  entails  additional  compli- 
.'jitioQ,  and   is   of  interest   only  in  its   application   to  stretched 
.i[igH,  whose   stiffness,   though   small,  cannot   be   neglected   al- 
J.  tbcr.     Our  iitteutiou  will  therefore  be  given  principally  to  the 
exlremi,-   cases,   (1)   when    there   is   no   permanent   tension, 
■rbcQ  the  tension  is  the  chief  agent  in  the  vibration. 

t.  4fd.  Petrop.  t.  xui.  *  Pogs.  Ann.  Bd.  xxtii.  p.  .^U5,  Ihh:), 

1.  CUhhV  (3),  »i.  386,  1850. 
tdlanjrm  <<-   Vath.   Vh-ji.   CUitie  li.   K,   Siicla.    aodUcha/t  d.   H'itini- 
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With  rcnpoct  to  the  seutiou  of  the  rod,  we  shall 
une  prini-'iptil  axis  Hen  id  the  plnoe  of  vibratiun,  so  that  Uw 
at  pvory  part  lukaa  placo  in  a  dircctiou  of  inaximum  or  m 
(or  Hl.utiDiiary)  flcxural  rigidity.  For  example,  the  surfoci!  «f  li 
rod  may  bo  out!  of  revolution,  onch  section  being  circular,  tliiM^ 
nut  nGcuHiarily  of  constant  radius.  Under  these  circumstanM t 
pitti<Dtinl  oni.>i'gy  of  the  bending  for  each  element  of  length  utp 
jMrtionnl  to  thu  sijuare  of  the  curvature  multiplied  by  a  qiuidi 
dopftiding  on  tho  material  of  the  rod,  and  on  the  moment 
ini'rtiu  of  thu  tmuHverse  section  about  an  axis  through  its  cenin 
inertia  perpendicular  to  the  plane  of  bending.  If  w  be  the* 
of  thu  Miction,  k'o)  ita  moment  of  inertia,  q  Young's  mo^lulus,  dt' 
nleniunt  of  length,  and  dV  the  corresponding  potential  eneifj 
n  ciiivatnri'  I  -r  Ji  of  the  axis  of  the  i-od, 

dV-i;^^^   » 

Tliiii  rosult  is  rt^adily  obtained  by  considering  the  extenuoa 
thtt  vuriouH  tilnnients  of  which  the  bar  may  be  supposed  to 
made  ii]>.     Let  •;  he  the  distance  from  the  axis  of  the  projecb 
on  tho  plane  of  bending  of  a  filameDt  of  section  dw.    Then 
length  of  iho  filament  is  altered  by  the  bending  in  the  rauo 

It  being  the  nuliuK  of  cnrvalurt'.  Thus  on  the  side  of  the  axis 
which  (f  ix  )M»itiv<.\  vit,  on  tho  outvard  side,  a  filament  is  extendi 
whiU'  on  llt{<  other  xidc  of  the  aiis  there  is  compreflsion.  ' 
iitm^  UPMiewHn-  to  pniduci-  the  extension  filR  ia  gr/lR.dmhy 
definition  of  Young's  moalubis;  and  thus  tb«  whole  oonple 
which  the  bending  is  nwsted  amouuls  to 

if  w  be  the  ari'A  of  the  Mcctitko  nod  x  it«  radiiin  ttf  Q-mlion  at* 
It  line  thmugh  the  nxix.  and  perjieuilieuW  to  tbfi  phuie  of 
The  luiglo  of  bending  eorrmpoutliug  to  a  length  uf  axis  dt  a  Jt-i 
^  thus  the  w**rk  r\<qu)rMi  to  boDd  da  l->  enrx-alurf  1  -^fi, 

e  the  mta-  is  half  lh«  jftud  raliw  of  the  coupii*. 

[For  a   tDOCv   <Mmpl«t«  diacunion  of  the   l^fttitB>cr  of  | 
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foregoing  method  of  calculation  the  reader  must  be  referred  to 
works  upon  the  Theory  of  Elasticity.  The  question  of  lateral 
vibrations  has  been  specially  treated  by  Pochhammer*  on  the 
basis  of  the  general  equations.] 

For  a  circular  section  k  is  one-half  the  radius. 

That  the  potential  energy  of  the  bending  would  be  proportional, 
ccBteris  paribus,  to  the  square  of  the  curvature,  is  evident  before- 
hand.    If  we  call  the  coeflBcient  B,  we  may  take 


=i/5 


da 


or,  in  view  of  the  approximate  straightness, 

d'y 


=*/-© 


dx (2), 


in  which  y  is  the  lateral  displacement  of  that  point  on  the  axis  of 
the  rod  whose  abscissa,  measured  parallel  to  the  undisturbed  posi- 
tion, is  X.  In  the  case  of  a  rod  whose  sections  are  similar  and 
similarly  situated  i?  is  a  constant,  and  may  be  removed  from  under 
the  integral  sign. 

The  kinetic  energy  of  the  moving  rod  is  derived  partly  from 
the  motion  of  translation,  parallel  to  y,  of  the  elements  composing 
it,  and  partly  from  the  rotation  of  the  same  elements  about  axes 
through  their  centres  of  inertia  perpendicular  to  the  plane  of  vibra- 
tion.    The  former  part  is  expressed  by 

ijptoy'dx (3), 

if  p  denote  the  volume-density.  To  e^jpress  the  latter  part,  we  have 
only  to  observe  that  the  angular  displacement  of  the  element  dx  is 
dy/dx,  and  therefore  its  angular  velocity  d^y/dt  dx.  The  square  of 
this  quantity  must  be  multiplied  by  half  the  moment  of  inertia  of 
the  element,  that  is,  by  ^/c^pay  dx.     We  thus  obtain 

T=^1^jpcoy^dx  +  iJK^pa>[^^^Jdx (4). 

1  Crelle,  Bd.  81,  1876. 
B.  17 


/ 
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162.  In  order  to  form  the  equation  of  motion  we  inari 
ouraiiives  of  the  principle  of  virtual  velocities.  If  for  simpliaty 
confine  ourselves  to  the  case  of  uniform  section,  we  have 


'/^"if*' 


■^st-^s^^+^/g**-- 


...(«. 


where  the  terms  free  from  the  integral  sign  are  to  be  taken 
the  limits.  This  expression  includes  only  the  internal  foron 
to  the  bending.  In  what  follows  we  shall  suppose  that  there 
no  forces  acting  fi^m  without,  or  rather  none  that  do  work  i 
the  system.  A  force  of  constraint,  such  as  that  necessary  to 
any  point  of  the  bar  at  rest,  need  not  be  regarded,  as  it  doM 
work  and  therefore  cannot  appear  in  the  equation  of  virtual 
cities. 

The  virtual  moment  of  the  accelerations  is 


=/' 


-(S- 


''rfi4)*' 


r  +  po)i^  i 


Thus  the  variational  equation  of  motion  ia 


fr 


d>!/\ 


ii/dx 


^-S^ 


;£.)+]-- 


dedx         dift 


8j,  =  0., 


..(3 


in  which  the  terms  free  from  the  integral  sign  are  to  be 
between  the  limits.     From  this  we  derive  as  the  et)uation  M 
satisfied  at  all  points  of  the  length  of  the  bar 


"g-KS 

-•■ct)-"' 

while  at 

each  end 

"fJK^D-H 

Sk-'>2]'''0-- 

or.ifwe 

intro<Iuce  tho  value  of  B 

viz.  7«'o»,  nud  wriw  qfp  *  ft* 

fc 

2^-2- 

-^*-''- 

And  for  each  end 


"S*©- 


..gU,.0  . 


Id  these  equations  b  expresses  the  velocity  of  transmission  of 
longitudinal  waves, 

The  condition  (5)  to  be  satistied  at  th«  ends  assumes  different 
forma  according  to  the  circumstances  of  the  case.  It  is  possible  to 
conceive  a  constraint  of  such  a  nature  that  the  ratio  i(dyjdx)  :  Sp 
has  a  prescribed  finite  value.  The  second  boundary  condition  is 
then  obtained  from  (5)  by  introduction  of  this  ratio.  But  in  all 
the  cases  that  we  shall  have  to  consider,  there  is  either  no  constraint 
or  the  constraint  is  such  that  either  S  (dyjdx)  or  S^  vanishes,  and 
then  the  boundary  conditions  take  the  form 


0., 


■■(«)■ 


We  must  now  distinguish  the  special  cases  that  may  arise.  If 
in  end  be  free,  By  and  ^  {dyjdx)  are  both  arbitrary,  and  the 
conditions  become 

tl,«         *?--(,.'^».o ,n 


the  first  of  which  may  be  regarded  as  expressing  that  no  couple 
acts  at  the  free  end,  and  the  second  that  no  force  acts. 

If  the  direction  at  the  end  be  free,  but  the  end  itself  be  con- 
."ttrained  to  remain  at  rest  by  the  action  of  an  applied  force  of  the 
necessary  magnitude,  in  which  case  for  want  of  a  better  word  the 
rod  is  said  to  be  supported,  the  conditions  ai-e 


t,;/  = 


..(8), 


by  which  (5)  is  satisfied, 

A  third  case  arises  when  an  extremity  is  constrained  to  main- 
tain its  direction  by  an  applied  couple  of  the  necessary  magnitude. 
but  is  free  to  take  any  position.     We  have  then 


\dxj       '         dfdj: 


F,.*y_ 


.(0). 
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Fourthly,    the    extremity   may    be    consti-aiuod   both 
position  aod  direction,  in  which  case  the  rod  is  said  to  be  clomd 
The  conditions  are  plainly 


=  0. 


5,V  =  0- 


•  im 


Of  these  four  cases  the  first  and  the  last  are  the  mow 
important ;  the  third  we  shall  omit  to  cousider,  as  there  an 
no  experimental  means  by  which  the  contemplated  constrsiot 
could  be  realized.  Even  with  this  simplification  a  con-siderablo 
variety  of  problems  remain  for  discussion,  aa  either  end  of  the 
bar  may  be  free,  clamped  or  supported,  but  the  complicatioii 
thence  arising  is  not  so  great  as  might  have  been  expecl 
We  shall  find  that  different  cises  may  be  treated  to;^ 
aud  that  the  solution  for  one  case  may  sometimes  be  deri' 
immediately  from  that  of  another. 

In  experimenting  on  the  ribrations  of  bars,  the  conditkl 
for  a  clamped  end  may  he  realized  with  the  aid   of  a  vice  / 
maeaive  construction.     In  the  case  of  a  free  end  there  is  of  a 
no  difficulty  so  far  as  the  end  itself  is  concerned ;  but .  when  b 
ends  are  free,  a  question  arises  as  to  how  the  weight  of  the  h 
is  to  be  supported.     In   order   to   interfere   with    the   vibrsttlj 
as  little  as  possible,  the  supports  must  be  confined  to  the  neiil 
bourhood  of  the  nodal  points.     It  is  sometimes  sufficient  mer 
to  lay  the  bar  on  bridges,  or  to  pass  a  loop  of  string  round  theh 
and  draw  it  tight  by  screws  attached  to  its  ends.    For  morv  e 
purposes  it  would  perhaps  be  preferable  to  carry  the  weighs  1 
the  bar  on  a  pin  traversing  a  hole  drilled  through  the  Biiddl 
the  thickness  in  the  plane  of  vibration. 

When  an  end  is  to  be  "supported,*  it  may  be  pressed  i 
contact  with  a  fixed  plate  whosti  plane  is  perpendicular  to  I 
length  of  the  bar. 

163.     Before  proceeding  further  we  shall  introduce  s  mp- 
position,  which  will  greatly  simplify  the  analysis,  withont  ?;  t-t,,i'! 
interfering  with  the  valui"  of  the  solution.     We  whall  asspin,. 
the  terms  depending  on  the  angular  motion  of  the  Brit...!,.  ,,! 
Uio   liar  may   be   ncglcrted,    which   amonuta   to   Kupposiiig 
inertia  •>(  each   !K>ction   concentrated   at   ila  centrv.     Wo 
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ertia,  and  shall   prove   that  under  ordinary  circumstances  it  is 
small.     The  equation  of  motion  now  becomes 

S^-»-^'-» «• 

and  the  boundary  conditions  for  a  free  end 

The  next  step  in  conformity  with  the  general  plan  will  be 
the  assumption  of  the  harmonic  form  of  y.  We  may  conveniently 
take 


y  =  wcos  (Ti^^i'O  (3), 


where  I  is  the  length  of  the  bar,  and  7n  is  an  abstract  number, 
whose  value  has  to  be  determined.  Substituting  in  (1),  we 
obtain 

d^=y« ^*>- 

If  «  =  a^w*/^  be  a  solution,  we  see  that  p  is  one  of  the  fourth 
roots  of  unity,  viz.  +1,  —1,  +i,  —  i;  so  that  the  complete 
solution  is 

tt  =  ilcosm|+5sinm^+(7e^''  +  De"*^/' (4a), 

containing  four  arbitrary  constants. 

[The  simplest  case  occurs  when  the  motion  is  strictly  periodic 
with  respect  to  a?,  C  and  D  vanishing.  If  X  be  the  wave-length 
and  T  the  period  of  the  vibration,  we  have 

Is? 
so  that  T  =  7r   -, (46).] 

In  the  case  of  a  finite  rod  we  have  still  to  satisfy  the  four 
boundary  cx)nditions, — two  for  each  end.  These  determine  the 
ratios  A  :  B  :  C  :  D,  and  furnish  besides  an  equation  which  m 
must  satisfy.  Thus  a  series  of  particular  values  of  m  are  alone 
admissible,  and  for  each  m  the  corresponding  u  is  determined  in 
everything  except  a  constant  multiplier.  We  shall  distinguish  the 
different  functions  u  belonging  to  the  same  system  by  suffixes. 


T 
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The  value  of  y  eit  auy  time  may  be  expanded  in  a  series  of 
the  functions  v  (^  92,  93).  If  <^,  0,.  &c.  be  the  normal  00- 
ordintttes,  we  have 

y  =  ^,u,  +  ^j!(,j+ (5). 

ail  J  T  =  \p<->  J(i>,  Hi +  i^j», +  .-.)' rf* 

=  ipwUf  (i(,'rij.-  +  <^,'U/(tc+...l  (0), 

We  are  fully  justified  in  asserting  at  this  stage  that  each 
iulegiated  product  of  the  functions  vanishes,  and  therefore  the 
process  of  the  following  section  need  not  be  regarded  as  more 
than  a  verification.  It  is  however  required  in  order  to  determine 
the  value  of  the  integrated  squares. 

164.  Let  w,„,  ![,„■  denote  two  of  the  noimal  functions  cor- 
responding respectively  to  m  and  m'.     Then 

d<r*        I*  ^'"  itr*         /* 

or,   if    dashes   indicate   differentiation    with    respect   to   {mxH), 
(m'xjt). 

If  we  subtract  equations  (1)  after  multiplying  them  by  u,,, 
Un  respectively,  and  then  integrate  over  the  length  of  the  bar, 
we  have 

d'u„-  d'Mn' 


=  -7r«.-' 0)- 


d'  u„,'  d'ii„     du„-  d'a^     dti^  d*  ««■ 


..(St. 


(/«•        dm    dt^       da;    da?    ' 
the  integrated  terms  being  taken  between  the  limits. 

Now  whether  the  end  in  question  be  cbim]>ed,  support«d,  or 
free',   each   term   vanishes  on  account   of  one   or   other  of  iu 

'  The  reader  should  obacrre  th^t  tlie  eases  here  ipeciflGct  aiv  imrlinulai,  1 
that  llje  right-huid  mBmlMt  of  (S)  vtuiiHlm*.  iitorldtd  Umi 


.lit    d^    ill  ' 

Tbew  DOiidltioiji  tucluilK,  (Or  inatsnoc  tbe  owe  of  a  rod  wIkih  mit  I*  a 
tawanii  Hi  pontioo  cA  aqsUibriam  hj  ■  torn*  |)roportlonal  to  Itin  di>|>Ui 


CONJUGATE  PROPERTY. 


.^tors.  We  may  therefore  conclude  that,  if  u,„,  «„-  refer  to  two 
les  of  vibratiou  (correspondiug  of  course  to  the  same  terminal 
iditions)  of  which  a  rod  is  capable,  then 


^to 
bod< 
Hwnd 


J  dj^  da? 


i  the  eijuutitjo  m  question  is 

n  (d^ud'V   ,  r.     J  n  /-v 

^idxi  &*'  +  '■" J'""''-'' (»)• 


«/£S^ 


provided  m  and  m'  be  different. 

The  attentive  reader  will  perceive  that  in  the  process  just 
luUowed,  we  have  in  fact  retraced  the  §teps  by  which  the  funda- 
Qiental  differential  equation  was  itself  proved  in  §  1G2.  It  is  the 
original  variational  equation  that  has  the  moat  inmiediate  con- 
nection with  the  conjugate  property.     If  we  denote  i/hy  u  and  Sy 

Kidt 

^H     Suppose  now  that  »  relates  to  a  normal  component  vibration. 
^Eb  that  a  +  n'u  =  0,  where  n  is  some  constant ;  then 

^^*    By  similar  reasoning,  if  t-  be  a  normal  function,  and  u  represent 
any  displacement  possible  to  the  system, 

^H      We  conclude  that  if  u  and  v  be  both  nonnal  functions,  which 

^Hotre  different  periods, 

H  juvd.r.  =  0 (6); 

^^nd  this  pi-oof  is  evidently  as  direct  and  general   as  could  be 

^H  The  reader  may  iavestigate  the  formula  corresponding  to  (6), 
^^nen  the  term  representing  the  rotatory  inertia  is  retained. 
^H  By  means  of  ((i)  we  may  verify  that  the  admissible  values  of  n' 
^^B  real  For  if  n'  were  complex,  and  u  =  a  +  i/3  were  a  normal 
^^Hctiun,  then  a- iff,  the  conjugate  of  u,  would  be  a  normal 
^^^ktioi^lso.  correi^nding  to  the  conjugate  of  n',  and  then  the 
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product  of  the  two  fuQctions,  being  a  sum  of  afumres,  would 
vanish,  when  integrated'. 

If  ill  (3)  m  and  »i'  be  the  same,  the  equation  becomes  id 
Ideally  true,  and  we  cannot  at  once  infer  the  value  of  /u,,' 
We  must  take  m'  equal  to  m  +  8m,  and  trace  the  limiting  form 
the  equation  as  Sm  tends  to  vanish.  [It  should  be  observed  tl 
the  function  m,„+i,„  is  not  a  normal  function  of  the  system ;  il 
supposed  to  be  derived  from  w,„  by  variation  of  in  in  (4a)  §  Ii 
tbe  coefficients  A.B.C.D  being  retained  constant.]     In  this  n 


4ffi' r 


d_^ _du^     tfu  d_da _^  d  (Cm 
dm  da.'      dm  da^     da?  dm,  dx     dx  dm  d^  ' 
the  right-hand  side  being  taken  between  the  limits. 
■V  du     m   ,   .  du      X   ,   . 

ax      t  dm      I 

and  thus 


■tnt'  i" 


?dx  = 


I' 


f 


t' 


■f..'..-  +  t<«'T- 


I  which  «""  = 
4m 


^  that 


>dx  =  3uti" 


2mj: 


between  the  limits. 

Now  whether  an  end  be  clamped,  supported,  or  fi-ee, 
M«"'  =  0,  u'«"  =  0. 

and  thus,  if  we  take  the  origin  of  x  at  one  end  of  the  rod. 


!?^4 


(«'-2«'m"' +  «"')[ 


=  n(«'-2H'«"'  +  i("'>^, (8).| 

The  form  of  our  integral  i«  independent  of  the  terminal  a 
ditign  at  x  =  0.  If  the  end  x  =  l  he  free.  «"  and  it'"  vAniah,  a 
accordingly 

'  Tl.i«  mi'thnd  it.  I  bdiewi.  Jo*  to  PtilMOii, 
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H  to  say,  for  a  rod  with  one  end  free  the  meiiu  value  uf  u^  is 
ttac-fotirth  of  the  terminal  value,  and  that  whether  the  other  end 
be  clamped,  supported,  or  free. 

Again,  if  we  suppose  that  the  rod  is  clamped  ai  x  =  l,  u  and  n' 
vanish,  and  ^8)  gives 


j\'dx  =  il[u"{l}]\ 


Since  this  must  hold  good  whatever  be  the  terminal  condition  at 
ihe  other  end,  we  see  that  for  a  rod,  one  end  of  which  ia  fixed  and 
the  other  free, 

Lj'M'£ij)  =  J/!*'{&eeend)  =  ifu"'((ixedend). 
ng  that  in  this  case  W  at  the  free  end  is  the  same  as  u"'  at 
the  clamped  end. 

The  annejied  table  gives  the  values  of  four  times  the  mean  of  m' 
HI  the  different  cases. 


clamped,  free 

m'  (fi^ee  end),  or  m'"  (clamped  end) 

«>  (fr«e  end) 

u"'  (clamped  end) 

-  2u'u"'  (supported  end)  =  2m" 

u'  (free  end),  or  -  2m' «"'  (supported  end) 

«'"  (clamped  end),  or  -  2w' «'"  (supported  end) 

clamped,  clamped  ... 
iupported,  supporWd 
sBpported,  free  

By  the  introdnction  of  these  values  the  expression  fur  T 
itasumes  a  simpler  form.  In  the  case,  for  example,  of  a  clainped- 
free  or  a  tree-fi«e  rod, 


?'-f=  ».'«.■(')+■*.'«•/(')+ -1 (1(1), 

» the  end  x  =  l  is  supposed  to  be  free. 


I 

^^■166.     A  similar  method  may  be  applied   to  investigate  the 

^Mraes  of  Jvf'dx,  and  ju"''dx.     In  the  derivation  of  equation  (T)  of 

the  preceding  section  nothiug  was  assumed  beyond  the  truth  of 

=«^and  since  this  equation  is  ttjuaily  true  aims 
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r  the  derived  functions,  we  are  at  liberty  to  replace  u  by  u'  i 
Tins 


^7""- 


I 


B  between  the  limits,  since  the  term  v  u"  vanishes  in  all  thw6 
For  a  free-free  rod 


=  6  («»■), +  m  (»■"),.. 


..(1). 


for,  H8  we  shall  see,  the  values  of  »  u'  must  be  equal  aud  oppoota 
at  the  two  ends.  Whether  u  be  positive  or  negative  at  9* 
u  u  is  positive. 

For  a  rod  which  is  clamped  at  a:  =  0  aud  free  at  a-  =  / 

4m  (*' 

J-  I  ?4'=ftc  =  3  (uw')i  +  mK,''  +  (u" !('")„. 

[  We  have  already  seen  that  «„"  =  ±  wj :  and  it  may  be  \mvii 
from  the  fonnule  of  §  173  that 

M„"'  _  %,"  _  C08  wi  +  cosh  Wi 
«/      W|       sin  m  aiah  m  ' 

.„  that  ''ff}  .  _(«2ii+i;»lLI')'  =  .  1^] 

Thus  *J"j'«''(ir  =  2(W),  +  mii/' ^8^ 

a  result  that  we  shall  have  occaaion  to  uae  later. 

By  applyiug  the  same  equation  to  the  e^'aluation  of  iN'^fta', 


^"faV,  =  3»".'+^«-=-2 
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Companog  thia  with  (8)  §  164,  we  see  that 

[M"'(iF  =  |w»(tF (3), 

hatever  th&  terminal  conditions  may  be. 

The  same  result  may  be  arrived  at  more  directly  by  integratiDg 
y  parts  the  equation 

166.     We  may  now  form  the  expression  for  V  in  terms  of  the 
ormal  co-ordinates. 

-'^-{™,'*'/",-ifa  +  <n,'*.'/»,"ifa  +  -..} (1). 

f  the  functions  u  be  those  proper  to  a  rod  free  at  a;  =  ^,  this  expres- 
ion  reduces  to 


'[»,(0?*,=+»«.'K(0?«^*+-l (2)- 


r 

In  any  case  the  equations  of  motion  are  of  the  form 


/„,-rf.+,  +  '^'"  »..'/..■<!.■*.*,. 


rid,  since  4»,S0,  is  by  definition  the  work  done  by  the  impressed 
>rces  during  the  displacement  B^„ 


*i  =  I  Yu,pwdx .. 


:'  Ypwdx  be  the  lateral  force  acting  on  the  element  of  mass  pwda:. 
f  there  be  no  impressed  forces,  the  equation  reduces  to 


6»«'m,' 


^  =  0. 


B  we  know  it  ought  to  do. 
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167.  The  significaQce  of  the  reduction  of  the  iuCef 
/it'cir  to  dependence  on  the  terminal  values  of  the  fiinctign  M 
itti  derivatives  may  be  placed  in  a  clearer  light  by  the  foUowi] 
line  of  argument.  To  fix  the  ideas,  consider  the  caise  of 
rod  clamped  at  d!  =  U,  and  free  at  x  =  I,  vibrating  in  the  norm 
mode  expressed  by  u.  If  a  small  addition  Al  be  made  to  t 
rod  at  the  free  end,  the  form  of  u  (considered  as  a  function 
x)  is  changed,  but,  in  accordance  with  the  general  princip 
established  in  Chapter  iv,  {§  88),  we  may  calculate  the  peril 
under  the  altered  oircuniBtancoa  without  allowance  for  the  chaoj 
of  type,  if  we  are  content  to  neglect  the  square  of  the  chaog 
In  consequence  of  the  straightnesa  of  the  rod  at  the  place  wha 
the  addition  is  made,  there  is  no  alteration  in  the  potentii 
energy,  and  therefore  the  alteration  of  period  depends  entirelj 
on  the  variation  of  T.     This  quantity  is  increaned  in  the  ratio 


j  u'dx  :   I  ' 


II' dx. 


1:1  + 


ui'Al 

which  is  also  the  ratio  in  which  the  square  of  the  peritHl 
augmented,  Now,  as  we  shall  see  presently,  the  actual  peW 
varies  as  /',  and  therefore  the  change  in  the  square  of  the  peria 
is  in  the  ratio 

1:1+  ^MjL 
A  comparison  of  the  two  ratios  shews  that 

iif  :   \iCdx  =  4i  :  t. 

The  above  reasoning  is  not  insisted  upon  as  a  demonstratio 
but  it  serves  at  least  to  explain  the  reduction  of  which  the  in* 
tegral  is  susceptible.  Other  cases  in  which  such  integrals  occur 
may  be  treated  in  a  similar  manner,  but  it  would  often  requiR 
care  to  predict  vnth  ceitainty  what  arnouut  of  discontinuity  in  tl 
varit'd  typo  might  be  admitted  without  passing  out  t>t  the  r 
of  the  principle  on  which  the  argnraeut  depends.  The  i 
may,  if  he  pleases,  examine  the  case  of  a  Hiring  in  the  mid 
of  which  a  small  piece  in  inturpolMk-d. 

168.     In  treating  problems  relating  to  vtbmliona  tlie  i 
cuiinte  has  been  to  det«*rmtne  in  the  firet  place  the  fomtti  of  C 
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types,  and  afterwards  to  investigate  the  integral  formulae  by 
means  of  which  the  particular  solutions  may  be  combined  to 
suit  arbitrary  initial  circumstances.  I  have  preferred  to  follow 
a  different  order,  the  better  to  bring  out  the  generality  of  the 
method,  which  does  not  depend  upon  a  knowledge  of  the  normal 
functions.  In  pursuance  of  the  same  plan,  I  shall  now  investigate 
the  connection  of  the  arbitrary  constants  with  the  initial  circum- 
stances, and  solve  one  or  two  problems  analogous  to  those  treated 
under  the  head  of  Strings. 

The  general  value  of  y  may  be  written 

y  =  (Ai  cos  -^  m^H  +  Bi  sin  ^ m{'t]  u^ 

+  f ilj cos -^  m^^t  +  B2 sin  -^  m^Hj  w- 

+ (1), 

so  that  initially 

yo  =  -4it^  +  ^ait2  + (2), 

fcb 
yo  =  -p  {wii»-BiWi  +  7?l2«5,tfa  +  ...}     (3). 

If  we  multiply  (2)  by  w^  and  integrate  over  the  length  of  the 
rod,  we  get 

jyoiirdx  =  Arjur^dw (4), 

and  similarly  from  (3) 

-rjyoUrdx=mr^Brju/dx  (5), 

formulae  which  determine  the  arbitrary  constants  Ar,  Br. 

It  must  be  observed  that  we  do  not  need  to  prove  analytically 
the  possibility  of  the  expansion  expressed  by  (1).  If  all  the 
particular  solutions  are  included,  (1)  necessarily  represents  the 
most  general  vibration  possible,  and  may  therefore  be  adapted 
to  represent  any  admissible  initial  state. 

Let  us  now  suppose  that  the  rod  is  originally  at  rest,  in  its 
position  of  equilibrium,  and  is  set  in  motion  by  a  blow  which 
imparts  velocity  to  a  small  portion  of  it.  Initially,  that  is,  at 
the  moment  when  the  rod  becomes  free,  yo  =  0,  and  y©  differs  from 
zero  only  in  the  neighbourhood  of  one  point  (a?  =  c). 


'/ 
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From  (4)  it  appears  that  the  coefficients  A  vanish,  and  ( 
(5)  that 


Brj.M^^^^aA':>f'j.<it. 


Catling  jy„pa>dx,  the  whole  momentum  of  the  blow,    T,  we 
have 


".-nr-      ,f  .J  (6). 


and  for  the  tinal  solution 


PF  fu,(c)u,(a:)   .    /Kb     ,\ 


In  adapting  this  result  to  the  case  of  a  rod  free  at  37  =  /,  n 
may  replace 

JiVrfa;     by     if[«,(0]". 

If  the  blow  be  applied  at  a  node  of  one  of  the  normal  c 
ponents,  that  component  is  missing  in  the  resulting  motion.    TI 
present  calculation  is  but  a  particular  case  of  the  iuveatigatioj 
of  §  101. 

169.     As  another  example  we   may  take  the  case  of  a  I 
which  is  initially  at  rest  but  deflected  from  its  natural  positi«ni 
by  a  lateral  force  acting  at  ^'  =  c.     Under  these  circumstanod 
the  coefficients  B  vanioh,  and  the  others  are  given  by  (i),  §  I6ii.  I 

Now 
and  on  integrating  by  parts 


I':- 


d'Ur,     _       d'Ur        dy,    ^Ur 

dar*    ^~^'  d^~  dx   ~3^ 

(fy.  dur     rf-y.  r'  dVv.    T~ 

which  tho  u-nnit  frue  from  the  intugr&l  sign  tuna  io  be  ttkm 
between  tb?  limitu;  by  the  nature  of  Uie  case  y,  a 
same  terminal  conditiona  tw  dow  ty,  aad  thna  all  iheaa  \ 


69.1 
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j'."''-'^-^.!^-!/'''^'''"^- 


Pi 


■..iuieh  at  both  limits.  If  the  external  force  initially  applied 
.1  t.he  element  dx  be  ViUc.  the  equation  of  equilibrium  of  the 
j.ui-pive'! 

'»-*£:•='' m. 

iiid  accordingly 

_h 

If  we  now  suppose  that  the  initial  displacement  is  due  to 
a  force  applied  in  the  immediate  neighbourhood  of  the  point 
jf  =  c,  we  have 

\',.„,dt-  ''';}■''' .  Ird^c. 

jn  pvit'o'm,*  J 

and  for  the  complete  value  of  y  at  time  (, 

,,  =  V  f    f'tt,<c)»,(a7)     ^_  Kb „, 

"  [THr'lc'b^iptatlr'dlS 

In  deriving  the  above  expression  we  have  not  hitherto  made 
any  special  assumptions  as  to  the  conditions  at  the  ends,  but 
if  we  now  confine  ourselves  to  the  caae  of  a  bar  which  is  clamped 
■M  x  =  0  and  free  B.t  x  =  l,  we  may  replace 


"•'}/ 


Frf«  . 


Jvit    by    ii  K  (')]'■ 


vir-t\fYd^ 


.(3). 


If  we  suppose  further  that  the  force  to  which  the  initial  deflection 
lei  due  acts  at  the  end,  so  that  c  =  l,  we  get 

he 


•ijr<L 


When  ( =  0,  this  equation  must  represent  the  initial  displace- 
In  cases  of  this  kind  a  difGculty  may  present  itself  an 
3  how  it  is  possible  for  the  series,  every  tenn  of  which  satisfies 
the  condition  j/"'=-0,  to  represent  an  initial  displacement  in 
which  this  condition  is  violated.  The  fact  is,  that  after  triple 
differentiation  with  respect  to  x,  the  series  no  longer  converges 
=  I,  and  accordingly  the  value  of  y'"  ia  not  to  be  arrived 
i  by  making  the  differentiations  first  and  summing  the  terms 
wards.  The  truth  of  this  statement  will  be  apparent  if 
I  consider  a  point  distant  dl  from  the  end,  and  replace 


'"y-rfO   by  w'"(0- 


''10(«, 
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in  which  u"  (I)  ia  equal  to 

For  the  solution  of  the  present  problem  by  normal  oo-oniins 
the  reader  is  referred  to  §  101. 

170,  The  forms  of  the  normal  functions  in  the  varioiis  [ 
ticular  cases  are  to  be  obtained  by  determining  the  ratios  of 
four  constants  in  the  general  solution  of 

If  for  the  sake  of  brevity  x  be  written  for  (wi.c/0,  the  soUiti 
may  be  put  into  the  form 

u  =  A  (cos a;'  +  cosh 3.'')+  B(co8«'  -cosh  a;') 

+  C(sinic'  +  sinha;')  +  i>(8ina:'-sinhj:'> (I) 

where  cosh  a:  and  sinh  x  are  the  hyperbolic  coune  and  sine  < 
defined  by  the  equations 

cmhT  =  l{^  +  e-').     Binhar  =  J(e'-ff-') (2) 

I  have  followed  the  usual  notation,  though  the  introdnctioi 
a  special  symbol  might  very  well  be  dispensed  with,  since 

cosh  x  =  cos  ir,     sinh  ^  =  —  i  sin  i[i7 {S] 

where  t  =  V(—  1 )  •  "I'ltl  then  the  connection  between  the  fortDtili 
circular  and  hyperbolic  trigonometry  would  be  more  apparent, 
rutea  for  differentiation  are  expressed  in  the  equations 

d 


-=-  cosh  a:  —  sinh  x, 
ax 

-   cosh  X  =  cosh  X, 


dm 


sinh  a:  =  cosh  a' 


In  differentiating  (l)any  nu 
jnund  functiouB  as  there  occur 
only  one  of  them  which  doea  not  vantah  with  d  is 
whose  value  is  then  2. 

Let  us  take  tintt  the  case  in 
d'Hida.^  and  d^u',dj^  vanish  with 
that 

n^  A  tco8rt:'  +  ci>»hai*)  +  (/(ainir'  +  ainhjr"^...i 


iber  of  times,  the  same  four 
continually  repruducnd. 


hicli  both  ends  are  free 
,  it  follows  that  U~Q, 


k?|i*i 


(5), 
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We  have  still  to  satisfy  the  necessary  conditions  when  a?  =  /,  or 
«'  =  m.     These  give 

A  (-  cos  m  4-  cosh  m)+  C  (-  sin  m  +  sinh  m)  =  0 
A  (     sin  m -h sinh  m)  +  (7(—  cosm  +  cosh  m)  =  0 

^uations  whose  compatibility  requires  that 

(cosh  m  —  cos  my  =  sinh*  m  —  sin*  m, 

Or  in  virtue  of  the  relation 

cosh'm  — 8inh*m  =  l '. (6), 

cosm  coshm  =  l (7). 

This  is  the  equation  whose  roots  are  the  admissible  values  of  m. 
If  (7)  be  satisfied,  the  two  ratios  o{  A  :  C  given  in  (5)  are  equal, 
and  either  of  them  may  be  substituted  in  (4).  The  constant  multi- 
plier being  omitted,  we  have  for  the  normal  function 

u  =  (sm m  —  smh  m)  kcos  -t-  +  cosh  -y  > 

—  (cos m  —  cosh m)  -jsin    , — hsinh-^V (8), 

or,  if  we  prefer  it, 

u  =  (cos  m  —  cosh  m)  -{cos  -j-  +  cosh  -y 


(9) ; 


+  (sin  m  +  sinh  m)  jsin  -j-  +  sinh  -v  1 

and  the  simple  harmonic  component  of  this  tjrpe  is  expressed  by 

y=Pucos^^m»i+e)  (10). 

171.     The  frequency  of  the  vibration  is  •  — ^m*,  in  which  6  is 

a  velocity  depending  only  on  the  material  of  which  the  bar  is 
formed,  and  m  is  an  abstract  number.  Hence  for  a  given  material 
and  mode  of  vibration  the  frequency  varies  directly  as  k — the 
radius  of  gyration  of  the  section  about  an  axis  perpendicular  to  the 
plane  of  bending — and  inversely  as  the  square  of  the  length.  These 
results  might  have  been  anticipated  by  the  argument  from  dimen- 
sions, if  it  were  considered  that  the  frequency  is  necessarily 
detennined  by  the  value  of  l,  together  with  that  of  xb — the 
only  quantity  depending  on  space,  time  and  mass,  which  occurs  iu 
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the  differential  equation.  If  everything  coucerning  a  bar  be  giveu, 
except  its  absolute  magnitude,  the  frequency  varies  inversely  a.' 
the  linear  dimension. 

These  laws  find  an  important  application  in  the  case  of  tuning- 
forkfi,  whose  prongs  vibrate  as  rods,  fixed  at  the  ends  where  they 
join  the  stalk,  and  free  at  the  other  ends.  Thus  the  period  of  vibra- 
tion of  forks  of  the  same  material  and  shape  varies  as  the  linear 
dimension.  The  period  will  be  approximately  independent  of  the 
thickness  perpendicular  to  the  plane  of  bending,  but  will  varj- 
inversely  with  the  thickness  in  the  plane  of  bending.  When  the 
thickness  is  given,  the  period  is  as  the  square  of  the  length. 

In  oi'der  to  lower  the  pitch  of  a  fork  we  may,  for  temporary 
purpose.*!,  load  the  ends  of  the  prongs  with  soft  wax,  or  file  away 
the  metal  near  the  base,  thereby  weakening  the  spring.  To  raise 
the  pitch,  the  ends  of  the  prongs,  which  act  by  inertia,  may  be 
filed. 

The  value  of  b  attains  its  maximum  in  the  ease  of  steel,  for 
which  it  amounts  to  about  5237  metres  per  second.  For  brass 
the  velocity  would  be  less  in  about  the  ratio  15  :  1,  so  that  a 
tuning-fork  made  of  brass  would  be  about  a  fifth  lower  in  pitch 
than  if  the  material  were  steel. 

[For  the  design  of  steel  vibrators  and  for  rough  determinations 
of  frequency,  especially  when  below  the  limit  of  hearing,  the 
theoretical  formula  is  often  convenient.  If  the  section  of  the  bar 
be  rectangular  and  of  thickness  ( in  the  plane  of  vibration.  A*"  =  .jfjf ; 
and  then  with  the  above  value  of  b,  and  the  values  of  m  given 
later,  we  get  as  applicable  to  the  gravest  mode 

(clamped-free)  frequency  =  84590  t/f, 
(free-free)  frequency         =  538400  f/f, 
C  and  (  being  expressed  in  centimetres. 

The  first  of  these  may  be  used  to  calculate  the  pitch  of  steel 

tuning-forks. 

The  lateral  vibrations  of  a  bar  may  be  excited  by  a  blow,  aa 
when  a  tuning-fork  is  struck  against  a  pad.  This  method  is  alea 
employed  for  the  harmonicon,  in  which  strips  of  metal  or  glass  are 
supported  at  the  nodes,  in  such  a  manner  that  the  free  vibrations 
are  but  little  impeded.    A  frictiunal  maintenance  may  be  obtained 
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Htb  a  bow.  or  by  the  action  of  the  wetted  fingei-s  upon  a  alender 
rod  nf  glass  suitably  attached.  The  electro-magnetic  maintenance 
of  forks  has  been  already  considered,  §  fl4F.  It  may  be  applied  with 
equal  facility  to  the  case  of  metal  bars,  or  even  to  that  of 
wooden  planks  carrying  iron  armatures,  free  at  both  ends  and 
supported  at  the  nodes.  The  maintenance  by  a  stream  of  wind 
of  the  vibrations  of  harmonium  and   organ   reeds  may  also   be 

Kferred  to. 
The  sound  of  a  bar  vibrating  laterally  may  be  reinforced  by  a 
itably  tuned  resonator,  which  may  be  placed  under  the  middle 
portion  or  under  one  end.  On  this  principle  dinner  gongs  have 
been  constructed,  embracing  one  octave  or  more  of  the  diatonic 
scale.] 

172.  The  solution  for  the  ai'te  when  both  end^  are  clamped 
may  be  immediately  derived  from  the  preceding  by  a  double  dil- 
ferentialton.  Since  y  satisfies  at  both  ends  the  terminal  con- 
ditions 


2-.  £-. 


r  that  y  satisfies 


0, 


tiich  are  the  conditions  for  a  clumped  end.  Moreover  the  general 
intial  ei^uation  is  also  satisfied  by  y".  Thus  we  may  take, 
bitting  a  constant  multiplier,  as  before, 

II  ~  (sin  m  —  ainh  m)  [cos  x'  —  cosh  *■') 

—  (cos  m  —  cosh  m)  [sina:'  — sinh-c') (1), 

while  m  is  given  by  the  same  equation  as  before,  nam  ely, 

cos  VI  cosh  m  =  l (2 ). 

We  conclude  that  the  component  tones  have  the  same  pitch  in  the 
two  cases. 

In  each  case  there  are  four  systems  of  points  determined  by 
the  evanescence  of  y  and  its  derivatives,  Where  y  vanishes,  there 
is  a  node ;  where  y'  vanishes,  a  loop,  or  place  of  maximum  displace- 
ment; where  y"  vanishes,  a  point  of  inflection;  and  where  y"' 
vanishes,  a  place  of  maximum  curvature.  Where  there  are  in  the  first 
case(£ree-free)point8of  inflection  and  of  maximum  curvature,  there 
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are  in  the  second  ( c la ni|ied -clamped)  nodes  and  loops 
and  vice  ver»d,  points  of  inflection  and  of  maximum  curraton 
a  doubly-clamped  rod  coirespond  to  node^and  loops  uf  and 
ends  are  free. 

173.     We  will  now  consider  the  vibrations  of  a  rod  clam] 
ie  =  0,  and  free  at  x  =  l.     Reveiting  to  the  general  iot^td 
§  170,  we  set!  that  A  and  C  vanish  in  \Trtue  of  the  condition 
a;  3  0,  80  that 

«  =  B{cosa;'  — cosher') -I- iJ(sina;'-sinh  ic') {I 

The  remaining  conditions  at  x  =  l  give 

B(    cos  in  +  cosh  m)  +  D  (sin  vi  +  sioh  m)  =  0  ) 
B  (—  sin  m  +  sinh  vi)  +  D  (cos  m  +  cosh  m)  =  0  1  ' 

whence,  omitting  the  constant  multiplier, 

,  .       ,    -  .     ,  (      mx        ,  vix] 
u  =  (8iujrt  +  amnm)<coa    ; — cosn-.-  ■ 

,      ,  (  .    nix      .   ,  nw)  ,, 

—  (cos m-t- cosh  m)  jsm  -     —  smh  -.--> (1 


where  m  must  be  a  root  of 

cosni  cosh  wi  +  1  =0 .(< 


The  periods  of  the  component  tones  in  the  present  probten 
thus  different  from,  though,  as  we  shall  see  pnisenlly,  Deari] 
lated  to,  those  of  a  rod  both  whose  ends  ai-e  damped,  or  free. 

If  the  value  of  m  in  (2)  or  (3)  be  differentiated  twice,  (b 
ault  (u")  satisHes  of  course  the  fundamental  differential  uqua 
At  fl;  =  0,   d'u"ldaf,  d'ii"jdaf  vanish,  but  at  w  =  l    u"  aud  rfn' 
vanivh.     The  function  it"  is  therefore  applicable  to  a  rod  cl 
at  I  and  free  at  0,  proving  that  the  ]K)int«  "f  infloctioD 
maximum  curvntui'e  in  the  original  curve  aro  at  ihu  mxaa 
(fam  the  clamped  end,  as  the  nodes  and  loops  r«0])cc4ivi 
from  the  free  end. 
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174  In  default  of  tables  of  the  hyperbolic  cosine  or  its  loga- 
rithm, the  admissible  values  of  m  may  be  calculated  as  follows. 
Taking  first  the  equation 

cosm  cosh  m  =  l (1), 

"^e  see  that  m,  when  large,  must  approximate  in  value  to 
^(2i-|-l)7r,  %  being  an  integer.     If  we  assume 

m  =  i(2t  +  l)7r-(-l)*)8 (2), 

^  will  be  positive  and  comparatively  small  in  magnitude. 

Substituting  in  (1),  we  find 

cot  J/8  =  6^  =  e*<^^>'  6~<"-^>^ ; 

or,  if  e*<»+i>»  be  called  a, 

atani^  =  e<-^y^ (3), 

an  equation  which  may  be  solved  by  successive  approximation  after 
expanding  tan^yS  and  e<"*)*^  in  ascending  powers  of  the  small 
quantity  13.     The  result  is 


^      2     ,    ,,,4      34      ,     ,,,112 


a 


O' 


3a' 


Sa* 


•WS 


which  is  sufficiently  accurate,  even  when  i=  1. 

By  calculation 

j3i  =  -0179666  -  -0003228  +  0000082  -  0000002  =  0176518. 

A,  A>  Ai  A  are  found  still  more  easily.  After  A  the  first  term  of 
the  series  gives  fi  correctly  as  far  as  six  significant  figures.  The 
table  contains  the  value  of  j3,  the  angle  whose  circular  measure  is 
A  and  the  value  of  sin  ^j3,  which  will  be  required  further  on. 

Free-Free  Bar. 


1 

1 

/s. 

p  expressed  in  degrees, 
minates,  and  seconds. 

sing. 

1 

2 
3 

4 
5 

10-»  X  -176518 
10-»  X  -777010 
10-*  X  -335505 
10-»  X  -144989 
10-'  X  -626556 

V  0'  40"-94 
2'  40"-2699 
6"-92029 
-299062 
•0129237 

10-«  X  -88258 
10-»  X  -38850 
10-*  X  -16775 
10-«  X  -72494 
10-'  X  -31328 

1  This  prooaM  is  lomewhat  simikr  to  that  adopted  l^  Stiehlke. 
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The  values  oi'm  which  satisty  (1)  are 

»,F,=  4-7123890 +  ^.=  47300408 
m,=  7-8539«10-A=  7-85320+6 
m,  =  10-9955743  +  ff,  =  10-9950078 
ni,  =  14-137l6(ii>  -  jS,  =  14137Iti55 
m,  =  17-2787596  +  fi,=  17-2787596 
after  which  m  =  i(2i'  + 1)  tt  to  eeven  decimal  places. 
We  will  now  consider  the  roots  of  thi?  equation 

C08JH   C08h?»  =  — 1     

[Assuming 


,..(i; 


wc  have 


=  cot  ia,-  =  e""~'''.( 
or  a  tan  ^ai+i  =  e"'""^- 

a  having  the  value  previously  defined. 
Thus,  as  in  (4), 


(-l)'Ki ifl 

'  X 


^- (-')', 


34 


(-1)' 


112  , 


«<+,  being  appro^vvitely  equal  to  yS,-. 
The  values  calculated  from  (8)  are 

a,  =  10-^  X  -1 82979.     a.  =  10"*  x  -335527. 
a,  =  10-' X  775804.     o,  =  10-' x '144989. 
after  which  the  difleience  between  oj+i  and  j8(  does  not  ap] 
The  value  of  a,  may  be  obtained  by  trial  and  error  fi 
equation 

log,„ cot  ift,  - -6821882  -  -43429448  o 
and  will  be  found  to  be 

a,  =  -3043077. 
Another  method  by  which  m,  may  be  obtained  dud 
given  presently. 

The  values  of  vi,  which  oatisfy  (3).  are 

»«.=.  1 -.1707963  + a,  =  1-875104 
»(,=  4  7123890-0,=  4694098 
H(,=  7-85398ie  +  a,  =  7854757 
wi.  =  10-9953743  -  a.  =  10-995541 
w(,=  14-1371069  + a,  =  14137168 
TO.  =  17-2787596  -  o, «  17-27875& , 
I  Thu  ukkulmiun  iil  Hit  rout*  of  |C)  flinw  in  tlu  Ant  adltlaB 
r,  wluDh  fau  l<«ea  pointed  oat  hj  Uncohill  {Untk.  UttK,  1 
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after  which  m  =  J  (2i  —  1)  tt  sensibly.  The  frequencies  are  propor- 
tional to  rri^y  and  are  therefore  for  the  higher  tones  neai'ly  in  the 
ratio  of  the  squares  of  the  odd  numbers.  However,  in  the  case  of 
overtones  of  very  high  order,  the  pitch  may  be  slightly  disturbed 
by  the  rotatory  inertia,  whose  eflfect  is  here  neglected. 

176.  Since  the  component  vibrations  of  a  system,  not  subject 
to  dissipation,  are  necessarily  of  the  harmonic  type,  all  the  values 
of  m',  which  satisfy 

cosm  coshm=  ±  1 (1), 

must  be  real.  We  see  further  that,  if  m  be  a  root,  so  are  also 
—  m,  m  V(—  1),  —  rn\/('- 1).  Hence,  taking  first  the  lower  sign,  we 
have 

2(c«)smcoshm+l)=l-j2  +  ^2;^- 


=(^-S)('-£)^ » 


If  we  take  the  logarithms  of  both  sides,  expand,  and  equate  co- 
efficients, we  get 

2  — =  r^;      2— T  =  -5i-Q^5    ^ (3)- 

w*     12  m®     12'    Bo  ^ 

This  is  for  a  clamped-free  rod. 

From  the  known  value  of  2m~^',  the  value  of  roi  may  be  derived 
with  the  aid  of  approximate  values  of  Tn,,  m,, We  find 

2m-»  =  006547621, 

and  mf^  =  -000004242 

mr*  =  000000069 

mr*  =  000000005, 

whence  ?nj-«  =  006543305 

giving  Wi    =  '1875104,     as  before. 

In  like  manner,  if  both  ends  of  the  bar  be  clamped  or  free, 

12..3o  \       m//  \        m«V 

11 
whence  2  — ;  =  Ts-*re  *^c.,  where  of  course  the  summation  is  exclu- 
m*     iz.oo 

sive  of  the  zero  value  of  w. 


/ 
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[171] 


176l     Tbe  fre<fDeDde3  of  the  serk«uf  lnuenart  jffoportiooilW 
M*.     The  iDterval  between  any  tone  and  th«  gnv«st  of  the 
inaj  ooDTeoientl^T  be  expressed  in  ocUtvee  and   fractions  bf  H 
octave.   This  is  effected  fay  dividing  the  difference  i>f  the  loganthnu 
of  m*  by  the  logarithm  of  2.     The  reoolts  are  as  follows : 

1-4629  2^478 

24358  41352 

31590  51036 

3-7382,  Ac.  5-8288.  Ac 

wh«re  the  first  column  r«lst«s  to  th«  tones  of  a  rod  both  wl 
ends  are  clamped,  or  &ee ;  and  tfa«  aecoad  coltimB  to  the  case  of: 
rod  clamped  at  one  end  but  free  at  the  other.     Thus  from 
Hecood  column  we  find  that  the  first  overtone  is  2'0478  octant 
higher  than  the  gravest  tone.    The  fractional  part  may  be  reduced' 
to  mean  semitones  by  multiplication  by  12.     The  interval  is  tbai 
two  octaves  +  77736  mean  semitones.     It  will  be  se«n   that 
rise  of  pitch  is  much  more  rapid  than  in  the  case  of  Btrings. 

If  a  rod  be  clamped  at  one  end  and  free  at  the  other,  thi 
of  the  gravest  tone  is  2  (log 47300 -  log  1-8751) -r  log  2  or 
octaves  lower  than  if  both  ends  were  clamped,  or  both  fr-ee. 

177.  In  order  to  examine  more  closely  the  curve  in  which  dit 
ro<l  vibrates,  we  will  transform  the  expression  for  ii  into  a  ( 
more  convenient  for  numerical  calculation,  taking  first  the  c 
when  both  ends  are  free.  Since  m  =  J  (2i  +  1 )  ir  —  (- 1^  A 
cosmasin^,  sin  m  =  cos  iw  x  coa /9 ;  and  therefore,  m 
root  of  cos  in  cosh  Hi  =  1 ,     cosh  m  =  cosec  ff. 


Also 


sinh'  m  =  cosh*  m  —  1  =  tan'  m  —  cot'  $ 


or,  since  cot  p  is  positive, 


sin  m  —  sinh  m  _  1  —  cos  iV  sin  0 
cosm  — coehm  cos^ 


(cos  iff  -  COB  tV  sin  ^0y 


(COB  Jff  -  COB iw sin  1  ff)(co«  J^S  +  cob  « 

COS  \  ff  cos  iff  -  nin  ^ff 
cod  J;j9  cua  tir-f  sin  ^l3 ' 
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We  may  therefore  take,  omitting  the  constant  multiplier, 
u  =  (cos  i)9 COS  tTT  +  sm  ifi)  jsm  -v-  +  sinh  -y- 

COS  -J-  +  cosh  - ,—  > 

=  N/2cosi7rsin|7-.^  +  (-iy|| 

+  sin i)S ^>«*/^  -  cos  iV  cosi/Se-^' (1). 

If  we  further  throw  out  the  factor  V2,  and  put  /  =  1,  we 
may  take 

where 

^1  =  cos  ITT  sin  {mx  —  Jtt  +  i(  — 1)*/8]  \ 

logFt=     77U?  log  e  +  log  sin  4)8  -  log  V2  > (^)' 

log  ±Fjt  =  -mx  log  6  +  log  cos  4)8  —  log  y/2  ) 

from  which  u  may  be  calculated  for  different  values  of  %  and  x. 

At  the  centre  of  the  bar,  a?  =  4,  and  -F,,  F^  are  numerically 
equal  in  virtue  of  ^  =  cot  J  )8.  When  i  is  «;eyi,  these  terms  cancel. 
For  ^1,  we  have  i\  =  (— 1)*  sinJ^Tr,  which  is  equal  to  zero  when 
%  is  even,  and  to  ±  1  when  i  is  odd.  When  i  is  even,  therefore, 
the  sum  of  the  three  terms  vanishes,  and  there  is  accordingly  a 
node  in  the  middle. 

When  a?  =  0,  u  reduces  to  —  2  (—  1)*  sin  { J  tt  —  4  ("  ^Y  ^}>  which 
(since  fi  is  always  small)  shews  that  for  no  value  of  t  is  there  a 
node  at  the  end.  If  a  long  bar  of  steel  (held,  for  example,  at  the 
centre)  be  gently  tapped  with  a  hammer  while  varying  points  of 
its  length  are  damped  with  the  fingers,  an  unusual  deadness  in 
the  sound  will  be  noticed,  as  the  end  is  closely  approached. 

178.     We  will  now  take  some  particular  cases. 

Vibration  with  two  nodes,     i=l. 

If  i  =  1,  the  vibration  is  the  gravest  of  which  the  rod  is  capable. 
Our  formulae  become 

Fi  =  -  sin  {a:(270«  +  V  0'  40" -94.)  -  45»  -  30'  20" '47} 
log  F^  =     2054231  x  +  3*7952391 
log ^,  =  -  2054231  X  + 1-8494681, 

from  which  is  calculated  tb6  following  table,  giving  the  values  of 
tt  for  X  equal  to  '00,  '(Mff-lO,  &c. 
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1 

H              The  values  of 

u  :  H  (-5)  for  the  intermediate  values  of  x  (in^l 

^V        last  column)  were  fouDd  by  interpolation  formuliB.    If  o,  p,  ({.  i^^| 

^1        be  six  consecutive  terms,  that  intermediate  between 

I  and  r  isH 

'+'-  +  '-^'->+'>+,',)sb+-(.+.)]-O.H-,)-^.+« 

X 

Pi 

Fj        \        f. 

» 

.,.,. 

•000 

+■7133200 

+  •0062408   + -7070793 

+  1-4266401 

-t-  l-MSSI 

■025 

... 

I-45411 

■050 

■5292548 

■0079059 

■5581572 

1  ■0953179 

1^2«31S 

■075 

1 

l-07!l« 

■lOO 

-3157243 

■0100153 

■4406005 1       -7663401 

•88371 

■125 

•SDtn 

■150 

+  ■0846166 

■0126874 

■3478031          -4451071 

-51330 

•176 

... 

'3«ie 

■200 

-1512020 

■OIG0726 

■2745503;+     1394209 

+     IWt 

•225 

-    -00547 

•250 

■3786037 

■0203609 

■2107256 

-    -1415162 

■163U 

•275 

•SIOM 

•300 

■5849255 

■0257934 

■1710798 

-3880523 

•44750 

•325 

1 

•67141 

•350 

■758G838 

■0326753 

■1.350477          5909608 

•£8194 

-375 

•776M 

•400 

■8902038 

■0413934 

■1066045        -7429059 

•S59H 

•135 

•SIM 

•450 

■9721635 

■0534376 

■0841519         -8355740 

^H^H 

•475 

j^^^^l 

•600 

-I  000000 

+  '0664285 

■0(i(i4282    -    -8671485 

^^^H 

Since  the  vib 

ration  ctirve  is  symmetrical  with  n 

'3^^m 

^K       middle  of  the  roc 

,  it  is  lujnecessttry  to  continue  che 

'■^^^^^l 

^H      a;  =3 -5.     The  curv 

>  itself  is  ehewn  in  fig.  28. 

^^^^H 

.^ 

Fi)t.  38, 

^ 

^ 

\ 

M 
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To  find  the  position  of  the  node,  we  have  by  interpolation 


which  is  the  fraction  of  the  whole  length  by  which  the  node  is 
distant  from  the  nearer  end. 

V'Aration  with  three  nodes,    t  =  2. 

.P,  =  sin  1  (450"  -  2'  40"  27)  a:  -  45°  + 1'  20"  135) 
logi;=     3-410604  a:  +  4-4388816 
log  (-  F,)  ~  -  3-410604  X  +  1-8494850. 


"■ 

«:-»(0) 

3: 

»:-«(0) 

■000 

- 1^0000 

•250 

+  •5847 

■025 

■8040 

•275 

•6374 

■050 

■6079 

•300 

•6620 

■075 

■4147 

•325 

•6569 

■100 

■2274 

•350 

•6245 

■125 

-   ■0487 

•375 

•5652 

■150 

+    -1175 

•400 

•4830 

-175 

•2672 

'        ^425 

•3805 

■200 

•3972 

•450 

•2627 

•225 

■5037 

i        ^475 

•1340 

i        ■"" 

•0000 

In  this  table,  as  in  the  preceding,  the  values  of  u  were  calcu- 
lated directly  for  x  =  000,  -050,  '100  &c ,  and  interpolated  for  the 
intermediate  values.  For  the  position  of  the  node  the  table  gives 
"by  ordinary  interpolation  ir  =  -132.  Calculating  from  the  above 
formulfe,  we  find 

«(1321)  =  - -000076, 

«  (-1322)  =  +000881, 
whence  x  =  132108,  agreeing  with  the  result  obtained  by  Strehlke. 
The  place  of  maximum  excursion  may  be  found  from  the  derived 
function.     We  get 

It  (-3083)  =  +  -0006077,       u'  (3084)  =  -  -0002227, 
whence  «' (-308373)  =  0. 
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Hence  u  is  a  maximum,  when  ie  =  "308373;  it  then  at! 
the  value  6636,  which,  it  ehmild  be  observed,  is  much  less 
the  excursion  at  the  end. 

The  curve  is  shewn  in  fig.  29. 

Fig.  29. 


Vibi-atiun  luiUi/our  nodes,    t  =  3. 

J!',  =  -Binl(630°  +  6"-92>i-45''-3"'461. 
logi'j=     4-775332a;+  50741527, 
log  f,  =  -  4-775332  w  +  1-8494S50. 
From  thi3  m(0)=  1-41424,  w(J)  =  l-O0579.     The  positions 
the  nodes  are  readily  found  by  trial  and  error.     Thus 

u  (-3558)  =  -  -000037         m  (-3559)  =  +  ■001047. 
whence  u  (-355803)  =  0.     The  value  of  x  for  the  node  near  th*  t 
is  0944,  (Seebeck). 

The   position   of  the   loop   is   best  found   from    the  deri» 

funetioQ.      It    appears    that   u'  =  0,   when   jr=-2200,  and   l' 

u  =  —  9349.     There  is  also  a  loop  at  the  centre,  where  howei 

the  excursion  is  not  so  great  as  at  the  two  othera. 

Fig.  ao. 


We  saw  that  at  the  centre  of  the  bar  F,  and  F,  are  numi 
equal.     In  the  neighbourhood  of  the  middle,  F,  is  eviilentlx 
Bmall,  if  »■  be  moderately  great,  and  thus  the  equation  for  the  n 
reduces  approximately  to 

n  Wing  ait  integer.  If  we  transform  the  origin  to  the  oenll 
the  rod,  and  replace  m  by  it«  approximate  value  ^(Si'-f  I)* 
and 
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shewing  that  near  the  middle  of  the  bar  the  nodes  are  uniformly 
spaced,  the  interval  between  consecutive  nodes  being  2/~(2i+l). 
This  theoretical  result  has  been  verified  by  the  measurements  of 
Strehlke  and  Lissajous. 

For  methods  of  approximation  applicable  to  the  nodes  near 
the  ends,  when  i  is  greater  than  3,  the  reader  is  referred  to  the 
memoir  by  Seebeck  already  mentioned  §  160,  and  to  Donkin's 
Acoustics  (p.  194). 

179.  The  calculations  are  very  similar  for  the  case  of  a  bar 
clamped  at  one  end  and  free  at  the  other.  If  uccF,  and 
F=^Fi  +  Fi-hFi,  we  have  in  general 

^1  =  cos  {mx  +  Jtt  +  i  (-  l)*a}, 

(^-IV  1 

-Fa=--^8iniae«*;    F^^'--^cos^ae'^. 

If  t  =  1,  we  obtain  for  the  calculation  of  the  gravest  vibration- 
curve 

jPi  =  cos  1^  Twa:*  +  45*^  -  8»  43' -0665 

log  (-  Ft)  =    mx\oge  +  T-0300909. 
log  (-  F^)^''mx  log  e  + 1-8444383. 


These  give  on  calculation 
/'(0)  = -000000. 
i' (-2)  =  -102974, 
J^  (-4)  =  -370625, 


F{  -6)=  -743452, 
F(  -8)  =  1-169632, 
^(1-0)  =  1-612224, 


from  which  fig.  31  was  constructed. 


Fig.  81. 
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li: 


the  free  end  in  the  ca§e  of 
■en  by  Seebeck  and  by  Doak 


The  distances  of  the  nodes  fn 
rod  clamped  at  the  other  t-nd  are 
2"'' tone   -2261. 
3"*  tone   -1321,     -4999. 
4'"  tone    0944,     "3558,        6439. 

^  1-3222    49820    90007    4^-3    41-109993    4»'-7flll 

*    tone  ^■_2.   ii_2'   4T-2'4i-2'        4.r-2       '       *i-i 

"  The  last  row  in  this  table  must  be  understood  as  mean 

that  ^ — ^  may  be  taken  as  the  distance  of  the  j"*  node  frocB 

free  end,  except  for  the  first  three  and  the  last  two  nodes." 

When  both  ends  are  free,  the  distances  of  the  nodes  from 
nearer  end  are 


1"  tone 

•22*2. 

2-^  tone 

■1321 

■5. 

3"^  tone 

•0941 

■355S. 

»"■  tone 

1-3222 

i.  +  2 

*-982(l 
4i  +  2 

90007 
4i+2 

*j-s 

The  points  of  inflection  for  a  free-free  rod  (corresponding 
the  nodes  of  a  clamped-clamped  rod)  are  also  given  by  Seebeck 


l*  tone , 
2n'l  tone, 
S^tone, 

»*  tone . 


1"  point.  2"^  point. 


>>  IMittt 


■5000 
■3S93 
6-0176 
4i  +  2 


No  iofleotion  point. 


m' 


Bkccpt  in  the  caee  of  the  extreme  nodes  (whifib  bsn 
corruaponding  inflection-point),  the  nodes  nnd  tni)octioa-|l 
jtlwaya  occur  in  close  proxiuity. 

180.     Th(«  rasL'  whore  unv  end  uf  a  rod  is  trev  and  (ht! 
mpportfd  d'H-s  not  ubcd  an  iudepoudcat  iu  vcstigmtion.  u  it 


ri-l'crred  to  that  uf  a  rod  with  botli  ends  free  vibrating  in  an  even 
mode,  that  is,  with  a  uode  iu  the  middle.  For  at  the  central  node 
1/  and  1)"  vanish,  which  are  precisely  the  conditions  for  a  supported 
end.  In  like  manner  the  vibrations  of  a  clamped -supported  rod 
are  the  same  as  those  of  one-half  of  a  rod  both  whose  ends  are 
clamped,  vibrating  with  a  central  node. 

181.  The  last  of  the  six  combinations  of  terminal  conditions 
occurs  when  both  ends  are  supported.  Referring  to  (1)  §  170,  we 
see  that  the  conditions  at  a:  =  0,  give  A  =  0,  B  =  0 ;  so  that 

u  =  iC  +  D)siaa;'  +(C  -  B)  ainh  x'. 

Since  n  and  «"  vaniah  when  w'  =  m,  C  —  D  =  0,  and  sin  m  =  0. 

Hence  the  solution  is 

.    itrx         i'w'Ki  .  ,,, 

y=sm    ^  -  cos  — ^—  (  (1), 

where  i  is  an  integer.  An  arbitrary  constant  multiplier  may  of 
course  be  prefixed,  and  a  constant  may  be  added  to  t. 

It  appears  that  the  normal  curves  are  the  same  as  in  the  case 

of  a  string  stretched  between  two  fixed  points,  but  the  sequence  of 
tone  is  altogether  different,  the  frequency  varying  as  the  square 
\A  i.  The  nodes  and  inflection-points  coincide,  and  the  loops 
(which  are  also  the  points  of  maximum  curvature)  bisect  the 
distances  between  the  nodes. 


I 


182.  The  theory  of  a  vibrating  rod  may  be  applied  to  ilhiatrato 
the  general  principle  that  the  natural  periods  of  a  system  fulfil  the 
maximum-minimum  condition,  and  that  the  greatest  of  the  natural 
periods  exceeds  any  that  can  be  obtained  by  a  variation  of 
type.  Suppose  that  the  vibration  curve  of  a  clamped-free  rod  is 
that  in  which  the  rod  would  dispose  itself  if  deflected  by  a  force 
applied  at  its  free  extremity.  The  equation  of  the  curve  may  be 
[taken  to  be 

which  satisfies  d'y/tic*  =  0  throughout,  and  makes  y  and  y'  vanish 
at  0,  and  y"  at  L    Thus,  if  the  configuration  of  the  rod  at  time  t  be 


y  =  (-2ila?  +  .v')  CO 
!  potential   energy  is  by  (1)  |  161, 


ft (1). 

C !/«'»/' cos'' ^(,  while  the 
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(ine 

ic 

energy   is 

^^pwPp'siii'pt; 

and    thus    p= 

= 

140 
11 

Vow 

p. 

(the  true 

value 

of  p  for  the 

^x(l-ST31)» 

jravest  tone) 

is 

J 

equi 

p,  :p  =  (l-875iy 


V  140 


■98556. 


shewing  that  the  real  pitch  of  the  gravest  tone  ia  rather 
comparatively  little)  lower  than  that  calculated  from  the  h 
thetical  type.  It  is  to  be  observed  that  the  hypothetical  tvp 
ijueslion  violates  the  terminal  condition  y"'=  0.  This  circunuti 
however,  does  not  interfere  with  the  application  of  the  prini 
for  the  assumed  type  may  be  any  which  would  be  admiasjble 
initial  configuration ;  but  it  tends  to  prevent  a  very  close  a( 
ment  of  periods. 

We  may  expect  a  bettei'  approximation,  if  we  found  our  c 
lation  on  the  curve  in  which  the  rod  would  be  deflected  by  a 
acting  at  some  little  distance  fi^m  the  free  end,  between  v 
and  the  point  of  action  of  the  force  (x  =  c)  the  rod  wouh 
stmght,  and  therefore  without  potential  energy,  Thu! 
potential  energy  =  6  y«'wc' cos' p(. 

The  kinetic  energy  can  be  readily  found  by  int( 
the  value  of  y. 

Fiom  0  to  c  y  =  ~  ^'^'  + '"'  • 

and  from  c  to  I  j  =  e"(c  —  Hx), 

aa  may  be  seen  fram  the  consideration  that  t/  and  J 
suddenly  change  at  j-=  c.     The  result  is 


kinetic  energy  =  pw  p' a 
whence 


.'/>(    *^C  +  ic'((-c)(c»+l 


-c)(.^ 


^-3^')] 


when  I 


The  maximum  value  of  Ijp'  will  occur 
spplicatiun  of  the  force  is  in  the  neighbourhood  of 
second  normal  component  vibration.  If  wc  takv  c 
a  result  which  ie  too  high  in  the  niuflical  Mcale 
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1  by  the  ratio  1 :  -SiiTT,  and  is  accordingly  extremely  near 

uiith.     This  example  may  give  an  idea  how  nearly  the  period 

!  ^  ibi-atitig  system  may  be  calculated  by  simple  means  without 

■  '-4ilutioii  of  differeatial  or  transcendental  equations. 

The  type  of  vibratiou  just  considered  would  be  that  actually 

■\iiiied  by  a  bar  which  is  itself  devoid  of  inertia,  but  carries  a 

Mi  J/  at  its  free  end,  provided  that  the  rotatory  inertia  of  M  could 

neglected.     We  should  have,  in  fact. 

1'"=  GqK-t^l'cM^pt.       T=  2MlY>*iii'ja. 


.(3). 


Evuu  if  the  inertia  of  the  bar  be  not  altogether  negligible  in 
'  inpai-ison  with  M,  we  may  still  take  the  same  type  as  the  basis 

I  approximate  calculation  : 
[  V=Gqk'al'cQa'pt, 


r=(2Mi'+f^p<.p) 


p"  sm'  pt, 


33 


i: 


.-5^„  (*+«'»') <*'■ 

I,  Jf  is  to  be  increased  by  about  one  quarter  of  the  mass  of 
Since  this  result  is  accurate  when  M  is  infinite,  and  does 
lifler  much  from  the  truth,  even  when  M  =  0,  it  may  be  re- 
lud  as  generally  applicable  as  an  approximation.  The  error 
Always  be  on  the  side  of  estimating  the  pitch  too  high. 

But  the  n^lect  of  the  rotatory  inertia  of  Jlf  could  not 

itified  under  the  ordinary  conditions  of  experiment.     It  is  as 

1(1  imagine,  though  not  to  constnict.  a  case  in  which  the  inertia 

iiislation  should  be  negligible  in  comparison  with  the  inertia  of 

ion.  as  the  opposite  extreme  which  has  just  been  considered. 

th  kinds  of  inertia  in  the  mass  M  be  included,  even  though 

iif  the  bar  be  neglected  altogether,  the  system  possesses  twn 

and  independent  periods  of  vibration. 

«  and  S  denote  the  values  of  y  and  dyfdx  at  a;  =  i.     Then 

Mtion  of  the  curve  of  the  bar  is 


290 
and 
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_  2^«'ft 


13z^-;W^  +  /'^l (1 

while  for  the  kinetic  energy 

r^iJfi'  +  iif*'^'^-' (i 

if*'  be  the  radius  of  gyration  of  M  ahtrnt  an  axis  perpendicoll 
the  plane  of  vibration. 

The  equations  of  motion  are  therefore 

Mi      +  ^^      {Ciz  -  310)  =  0  I 

whence,  if  z  and  6  vary  as  cospt,  we  find 


,     ZqK'at  I ,  ^  ^K-'  ^     /,      3*''  ,  a*-'] 


corresponding  to  the  two  periods,  which  are  always  difTereot 

If  we  neglect  the  rotatory  inertia  by  putting  <'  =  0,  « 
back  on  our  previous  result 

P=  Ml' 

The  other  value  ofp'  is  theu  infinite. 

If  k'  :  I  be  merely  small,  so  that  its  higher  powers  auj'. 
rieglecleef, 


If  on  the  other  hand  k'' 
prevented. 


f-M/fl'  +  J-pJl 

be  very  gryat,  so  that 


MU'' 


the  latter  of  which  is  very  small.     It  appe&ra  that  whut  nM 
i«  pn;vcutcd,  the  pitch  ix  ati  octave  higher  thau  if  tbero 
robUory  tnortin  at  all.    Thew  codctusiuus  might  aUo  bo  dc 


•  Urectly  fi-om  the  differential  equations;  for  if  «'  = 
then 


but   if  .c'  =  0,    0  =  Sz!'2l.  by  the  secoud  of  equations  (3),  and  : 
that  case 


/" 


184.  If  any  addition  to  a  bar  be  made  at  the  end.  the  period 
of  vibration  is  prolonged.  If  the  end  in  question  be  free,  suppose 
first  that  the  piece  added  is  without  inertia.  Since  there  would  be 
no  alteration  in  either  the  potential  or  kinetic  energies,  the  pitch 
would  be  unchanged ;  but  in  proporlion  as  the  additional  part 
acquires  inertia,  the  pitch  falls  (§  K8). 

In  the  same  way  a  aniatl  continuation  of  a  bar  beyond  a 
clamped  end  would  be  without  effect,  as  it  would  acquire  no 
motion.  No  change  will  ensue  if  the  new  end  be.  also  clamped; 
but  aa  the  first  clamping  is  relaxed,  the  pitch  falls,  iu  consequence 
of  the  diminution  in  the  potential  energj'  of  a  given  deformation. 

The  case  of  a  '  supported '  end  is  not  quite  so  simple.  Let  the 
original  end  of  the  rod  be  A,  and  let  the  added  piece  which  is  at 
first  supposed  to  have  no  inertia,  be  AB.  Initially  the  end  A  is 
fixed,  or  held,  if  we  like  so  to  regard  it,  by  a  spring  of  infinite  stiff- 
ness. Suppose  that  this  spring,  which  has  no  inertia,  is  gradually 
relaxed.  During  this  process  the  motion  of  the  new  end  £ 
diminishes,  and  at  a  certain  point  of  relaxation,  B  comes  to  rest. 
During  this  process  the  pitch  falls.  B,  being  now  at  rest,  may  be 
supposed  to  become  fixed,  and  the  abolition  of  the  spring  at  A 
entails  another  fall  of  pitch,  to  be  further  increased  as  AB  acquires 
inertia. 


186.  The  case  of  a  rod  which  is  not  quite  uniform  may  be 
treated  by  the  general  method  of  §  90,  We  have  in  the  notation 
there  adopted 

'  (IS)""- 


«.ir; 


&, 


= jpt^^i'.' 


<;«, 


(b 
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whence,  P,  being  the  uncorrected  value  of  p,. 


Pr''-P.'U  + 


=  Pr' 


JSB  it,"'dx     fBpta  Ur  ds] 
Bo'jitr'dx      paju^'dxl' 

[If  the  motion  be  strictly  periodic  with  respect  to  *,  ^' 
proportioual  to  u,,  and  both  i]uantities  vanish  at  a.  node,  i 
cordingly  an  irregularity  situated  at  a  node  of  this  kind  of  mot 
has  DO  effect  upon  the  period.  A  similar  conclusion  will  hoW  p 
approximately  for  the  interior  nodes  of  a  bar  vibratinjf  «l 
numerous  subdivisions,  even  though,  as  when  the  termini 
clamped  or  free,  the  mode  of  motion  be  not  strictly  periodic  « 
respect  to  a:.] 

If  the  rod  be  clamped  at  0  and  free  at  /. 


■■•dt- 


The  same  formula  applies  to  a  doubly  free  bar. 
The  effect  of  a  small  load  dM  ie  thus  given  by 

,     B.7nM,       ^u'dit]  ,. 

^=v^A'-'^w <' 

where  M  denotes  the  mass  of  the  whole  bar.  If  the  load  li 
the  end.  its  effect  is  the  same  as  a  lengthening  of  the  bar  IB 
ratio  M  :  M  +  dM.     (Compare  §  167.) 

[In  (2)  dM  is  supposed  to  aot  by  inertia  only:  but  a  a 
formula  may  conveniently  be  employed  when  an  irregularit 
mass  dM  depends  upon  a  variation  of  section,  without  a  c 
of  mechanical  pru[>etlie3.     Since  B  =  git'u. 

5fl/B,  =  «(«>«)/<«•»),; 
so  that  the  efft>rt  of  a  local  excrescence  is  given  by 


"''-'' *i-,n 


♦"■-i^ii^'i,    *"7«?!i. ^: 

in  the  plaiM!  of  bending  be  cimisUb^  M 


CORBECnON   FOR  ROTATORY  INERTIA. 
titodic     dM 


j    i 


Ithu.  p./i»=l+4™'^_.. (4). 

If,  however,  the  thickDeas  in  the  plane  perpendicular  to  that  of 
ding  be  cooBtant,  and  in  the  plane  of  bending  variable  (27), 
Q  5(*e'fi))/(«*w),=  S7'/7,'=  3S7/7,  =  3&a/Mo; 

in  place  of  (4) 

,,T^,      -.       .d3f3w"'  — «'  ,., 

'"■^-'  +  *T-V" <">■ 

If  a  tuning-fork  be  filed  (dM  negative)  near  the  stalk  (clamped 
),  the  pitch  is  lowered;  and  if  it  be  filed  near  the  free  end,  the 
h  is  raised.  Since  u^"'  =  M|*.  *he  effects  of  a  given  stroke  of 
file  are  equal  and  opposite  in  the  circumstances  of  (4),  but  in 
circumstances  of  (o)  the  effect  at  the  stalk  is  three  times  as 
tt  as  at  the  free  end.] 

186.  The  same  principle  may  be  applied  to  estimate  the 
ection  due  to  the  rotatory  inertia  of  a  uniform  rod.  We  have 
'  to  find  what  addition  to  make  to  the  kinetic  energy,  BUpposing 
.  the  bar  vibrates  according  to  the  same  law  as  would  obtain, 
e  there  no  rotatoiy  inertia. 

Let  us  take,  for  example,  the  case  of  a  bar  clamped  at  0  and 
at  I,  and  assume  that  the  vibration  is  of  the  type, 

y=«cos;rf, 
re  u  is  one  of  the  functions  investigated  in  §  179.    The  kinetic 
gy  of  the  rotation  is 

*  /'""'  (sI()'*'"''"b^"°"'"  /.""''' 


2)  §  16. 
To  this 

must  be  added 

patK'mp' 

■       til 

sin=^)((2i 

e?^.m.^/; 

u*da!,    01 

lat  the  kinetic  enei^  is  increased  in  the  ratio 
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The  altered  frequency  bears  to  that  calculated  wi^OI 
once  for  rotatory  inertia  a  ratio  which  is  the  S(|uai^^^| 
reciprocal  of  the  preceding.     Thiie                                ^^H 

— -i'xOl'-a, " 

By  use  of  the  relations  cosh  m  =  -  sec  in.  siiih  m  ^^jjO^fl 

we  may  express  w'  :  ^  when  j;  =  /  in  the  form             ^^^| 

cos  a             ^^^1 

if  we  substitute  for  m  from                                             ^^H 

«  =  i{2.--l)7r-(-l)<a.                ^M 

In  the  case  of  the  gravest  tone,  a  =  '3043',  or,  iD:^^| 
minutes,  a  =  17°  2(!',  whence                                       ^^| 

!^  = '73413,       2  -  +  m.  ^"  =  2-47«9.     ^^M 
^^^  Thus                                                                           ^H 

^^H                ^1                i^^l 

which  gives  the  correction  fur  rotatory  inortia  in  th^^^^ 
gravest  tone.                                                                     ^^^H 

When  the  order  of  the  tone  is  moderate,  ei  i^^H 

and  then                                                                          ^^H 

:  (1  =  1    sensibly,                     ^^H 

shewing  that   the   correction   irureases   in  in>port«^^^H 

^^^K  In  all  ordinary  bars  k  :  lis  very  small,  and  the  ^B^^^| 
^^^Bita  square  may  be  neglected  without  sensible  etTt^^^| 

^^^^  187.     When   the  rigidity  and  denaity  of  n  bw^SH 
r        from   point   to   point  along  it,  the  n.irmal   fuT.ctiun«  caui 
^_Aiineral  bo  expressed  analytically,  but  their  uaturc  ni^yHii 
^HHed  by  the  methods  of  Sturm  and  Lionville  explaU^H 

^^^^fcf,  ae  in  §  162,  B  dt)iml«  the  variable  flwxurol  J^^B 
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it  of  the  bar,  and  pay  dx  the  mass  of  the  element,  whose  length 
*^  cio?,  we  find  as  the  general  differential  equation 

d-A^drp'^d^'' ^^>' 

^^^  eflFects  of  rotatory  inertia  being  omitted.  If  we  assume  that 
2/  Qc  cos  vt,  we  obtain  as  the  equation  to  determine  the  fonn  of  the 
^^imal  functions 

^(^s;)='w «. 

^^  which  V'  is  limited  by  the  terminal  conditions  to  be  one  of  an 
^^finite  series  of  definite  quantities  v^y  v^,  v^ 

Let  us  suppose,  for  example,  that  the  bar  is  clamped  at  both 

^nds,  so  that  the  te];minal  values  of  y  and  dyjdx  vanish.    The  first 

formal  function,  for  which  v^  has  its  lowest  value  v^,  has  no 

internal  root,  so  that  the  vibration-curve  lies  entirely  on  one  side 

of  the  equilibrium-position.     The  second  normal  function  has  one 

internal  root,   the   third  function   has   two  internal  roots,  and, 

generally,  the  r*^  function  has  r  —  1  internal  roota 

Any  two  diflferent  normal  functions  are  conjugate,  that  is  to 
say,  their  product  will  vanish  when  multiplied  by  ptadx,  and 
integrated  over  the  length  of  the  bar. 

Let  us  examine  the  number  of  roots  of  a  function  f(x)  of 
the  form 

/(^)  =  <t>m  Ujn  (a?)  +  <f>m+i  ^m+i  (^)  +  •  •  •  +  <^»  Wn  («?) (3), 

compounded  of  a  finite  number  of  normal  functions,  of  which  the 
function  of  lowest  order  is  Ufn{x)  and  that  of  highest  order  is 
'*n(^)«  If  the  number  of  internal  roots  of /(a?)  be  /a,  so  that  there 
are  /x  -h  4  roots  in  all,  the  derived  function  /'  (x)  cannot  have  less 
than  /x  + 1  internal  roots  besides  two  roots  at  the  extremities,  and 
the  second  derived  function  cannot  have  less  than  /a +  2  roots. 
No  roots  can  be  lost  when  the  latter  function  is  multiplied  by  B, 
and  another  double  differentiation  with  respect  to  x  will  leave  at 
least  fA  internal  roots.     Hence  by  (2)  and  (3)  we  conclude  that 

has  at  least  as  many  roots  as  f{x).  Since  (4)  is  a  function  of  the 
same  form  as  f{x\  the  same  argument  may  be  repeated,  and  a 
series  of  functioDS  obtained,  every  member  of  which  has  at  least 
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as  many  roots  as  /(a)  has.     When  the  operation  by  which  (4)  h 
derived  from  (3)  has  been  repeated  sufficiently  olten,  a  function  ij 
arrived  at  whose  form  diff'ers  as  little  as  we  please  troia  that  nfthj 
component  normal  function  of  highest  oi-der  Hb(''^); 
elude  that  /(x)  cannot  have  more  than  n  —  1  internal  roots, 
like  manner  we  may  prove  that  /{m^)  cannot  have  less  than  a 
internal  roots. 

The  application  of  this  theorem  to  denionstrat«  the  possibili 
of  expanding  an  ai'bitrary  function  in  an  infiuite  series  of  nortnfl 
functions  would  proceed  exactly  as  in  §  l'^ 

[An  analj-tical  investigation  of  certain  cases  where  the  section 
of  a  rod  is  supposed  to  be  variable,  will  be  found  in  a  memoir  by 
Kirc'hhoEf']. 


t 


188,  When  the  bar,  whose  lateral  vibrations  are  to  be  ( 
sidered,  is  subject  to  longitudinal  tension,  the  potential  energi'  of 
any  configuration  is  composed  of  two  parts,  the  first  depending  on 
the  stiffness  by  which  the  bending  is  directly  opposed,  and  the 
second  on  the  reaction  against  the  extension,  which  is  a  necessare 
accompaniment  of  the  bending,  when  the  ends  are  nodes.  Th 
second  part  is  similar  to  the  potential  energy  of  a  deflected  string 
the  first  is  of  the  same  nature  as  that  with  which  we  have  \ 
occupied  hitherto  in  this  Chapter,  though  it  is  not  entire! 
independent  of  the  permanent  tension. 

Consider  the  extension  of  a  filament  of  the  bar  of  section  o 
whose  distance  from  the  axis  projected  on  the  plane  of  vibratio 
is  IJ,  Since  the  sections,  which  were  normal  to  the  axis  originally 
remain  normal  during  the  bending,  the  length  of  the  filamea 
bears  to  the  corresponding  element  of  the  axis  the  i-atio  R  H- 
R  being  the  radius  of  curvature.  Now  the  axis  itself  is  extende 
in  the  ratio  g  ■<{+  T,  reckoning  from  the  unstretched  state,  ; 
To)  denote  the  whole  tension  to  which  the  bar  is  subjecteC 
Hence  the  actual  tension  on  the  filament  is  lT+ti{T+q)/R]d 
from  which  we  find  for  the  moment  of  the  couple  acting  across  th 
section 


>T+^(T  +  ,,)^vd. 


K 


>  Berlin  ilonatibtr.,  1879 ;  CotUctetl  Warki,  p.  8311.     See  alBO  Todhoawc  I 
reftraoD'8  Hitlarti  of  tht  Theorg  oj  £(a<lieily.  Vol.  u.,  Part  ii.,  |  IS03. 
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the  whole  potential  energy  due  to  stiffbeas 

il,+  T)^«f(^'d^ (l),j 

{iresaioa  difTeting  &om  that  previously  used  (§  163)  by  t 

tution  of  (9  +  T)  for  q. 

(j  ia  the  teusiou  required  to  stretch  a  bar  of  unit  s 

its  natural  length,  it  is  evident  that  in  most  practical  cases 

lid  be  negligible  in  coniparisoQ  with  q. 

be  expression  (I)  denotes  the  work  that  would  be  gained 
Ig  the  straighteiiiug  of  the  bar,  if  the  length  of  each  element 
0  axis  were  preserved  constant  during  the   process.     But 

a  stretched  bar  or  string  is  allowed  to  pass  from  a  displaced 
natural  position,  the  length  of  the  axis  ia  decreased.     The 

it  of  the  decrease  is  ^j^dyldxyda;  and  the  con-espondinff 
of  work  is 

F-i„  +  r)^./(g/i,+ir„/(gyrf. (2,. 


variation  of  the  first  part  due  to  a  hypothetical  displat 
given  in  §  162.     For  the  second  part,  we  have 

all  the  cafies  that  we  have  to  consider,  S^  vanishes  at  t 
The  general  differential  equation  is  accordingly 


H /(!)■- 


I  pat  ri  +  T=b^p, 


T.«'p. 


J'l. 


a  more  detailed  investigation  of  this  equation  the  reader  a 
[  to  the  wiitiugs  of  Clebsch'  and  Doukin. 

.     If  the  ends  of  the  r<>(\,  or  wire,  be  clamped,  dyjiix  = 
flDinsl  conditions  are  satisfied.     If  the  nature  of  the  snppoll 
that,  while  the  extremity  is  constrained  to  be  a  node,  theif 
>■  Unyit,  WW. 


298  LATERAL  VIBEATIOSS  OF   BAllS.  [l, 

is  no  couple  acting  on  the  bar.  d'yjd^  must  vanish,  that  10  lo 
the  end  must  be  straight-  This  supposition  is  usually  t3bl 
represent  the  case  of  a  string  stretched  over  bridges,  as  inn 
musical  instruments;  but  it  is  evident  that  the  part  beyoud 
bridge  must  partake  of  the  vibration,  and  that  therefore  itsU 
cannot  be  altogether  a  matter  of  indifference. 

If  in  the  general  differential  equation  we  take  y  proporl 
to  cosn(,  we  get 

which  is  evidently  satisfied  by 


cosn(  . 


...!H| 


if  n   be   suitably   determiued.     The   same   aolutioa   *lflo  1 
y  and  ij"  vanish  at  the  extremities.     By  substitution  we  1 

far  n, 

"  ^7''       i'  +  t>Tr'«'     

which  determines  the  frequency. 

If  we  suppose  the  wire  infinitely  thin,  «-  =  i'-n^a'  -^  P.  thi 
as  was  found  in  Chapter  vi.,  by  starting  from  the  aupposti 
perfect  flexibility.  If  we  treat  x:/  as  a  very  small  quantil 
approximate  value  of  n  is  ^^_ 


')!■ 


FTitt 


For  a  wire  of  circular  section  of  nulius  r,  it'll  J  r*.  mcj 
ruplace  h  and  a  by  their  values  in  terms  of  q,  T,  and  p. 


ich  give,-!  the  correction  for  rigidity'.  Ijiaoe  the  exfll 
'Tithin  brtKrkcts  involves  i,  it  appears  that  the  harmonic  n 
of  the  coiiiponunt  tones  is  disturbed  by  the  stitfness. 

190.  Th.!  iiivL-stigatiou  of  the  correction  for  stiflnem  wh 
vnds  of  the  wire  are  ctampud  is  not  so  Bituple,  la  coiuoqiM 
ibv  change  uf  type  which  occurs  near  the  enda.     In  »n]er  t 

I  the  case  of  the  preceding  section  to  that  now  Uodl 

*  Donkiii'* 
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sideration  an  additional  constraint  must  be  introduced,  with  the 
effect  of  still  further  raising  the  pitch.  The  following  is,  in  the 
main,  the  investigation  of  Seebeck  and  Donkin. 

If  the  rotatory  inertia  be  neglected,  the  differential  equation 
becomes 


(^-:^*-&)y-» »>• 


where  D  stands  for  -i- .     In  the  equation 

one  of  the  values  of  jD"  must  be  positive,  and  the  other  negative. 
We  may  therefore  take 

^-^^-iS  =  (^-«')(^  +  /3»)  (2). 

and  for  the  complete  integral  of  (1) 

y  =  A  cosh  ax-\-B  sinh  ow?  +  C  cos  ^x-b  D  sin  ^x (3), 

where  a  and  y9  are  functions  of  n  determined  by  (2). 

The  solution  must  now  be  made  to  satisfy  the  four  boundary 
conditions,  which,  as  there  are  only  three  disposable  ratios,  lead 
to  an  equation  connecting  a,  /3, 1.     This  may  be  put  into  the  form 

sinhaZ  sin/S/  2a)3 


l-coshaZ  C0SI31     o^-yS* 


=  0 (4). 


The  value  of  -r— ^ ,  determined  by  (2),  is  — r— ,  so  that 

sinhoZ  sin^l        2nb/c     ^ 


1  —  cosh  al  cos  fil       a 
From  (2)  we  find  also  that 


1+4  — T—  +  1 

a* 


ji'fr 


(6). 


««" 


Thus  far  our  equations  are  rigorous,  or  rather  as  rigorous  as 
the  differential  equation  on  which  they  are  founded ;  but  we  shall 
now  introduce  the  supposition  that  the  vibration  considered  is  but 


r, 
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slightly  affected  by  the  existence  of  rigidity.     This  being  the  case, 
the  appraximate  expression  for  y  is 


y  =  sin  -^'cns  (y  at\, 

and  therefore 

^  =  {w/l,        n  =  (trail    (7). 

nearly. 

The  introduction  of  these  values  into  the  second  of  equations 
(6)  proves  that  n'b'k'la*  or  b'l^/a'P  is  a  small  quantity  under  the 
circumstances  contemplated,  and  therefore  that  a'/'  ia  a  Iarg<^ 
quantity.  Since  coshaJ,  sinhaf  are  both  large,  equation  {5)  re- 
duces to 

•^iibx 
tan^i="  ^    , 

or,  on  substitution  of  the  approximate  value  for  j9  derived  fmm 


The  approximate  value  of  nlja  is  iir.     If  we  take  nlla  = 
we  get 


so  that 


tan  (iTT  +  fl)  =  tan  ^ 


1  +  2 


alj 


..(8> 


According  to  this  equation  the  compi.>nent  tones  are  all  i 
in  pitch  by  the  same  small  interval,  and  therefore  the  harmoai 
relation  is  not  disturbed  by  the  rigidity.  It  would  probably  I 
otherwise  if  terms  involving  /e' :  i'  were  retained ;  it  does  not  thou 
fore  follow  that  the  harmonic  relation  ia  better  preserved  in  spit 
of  rigidity  when  the  ends  are  clamped  than  when  they  are  in 
but  only  that  there  ia  no  additional  disturbance  in  the  form 
case,  though  the  absohite  alteration  of  pitch  ia  much  greater, 
should  be  remarked  that  6 :  a  or  ^(q  +  T) :  -^T,  is  a  large  quantit 
and  that,  if  our  result  is  to  be  correct,  k  :  I  muat  be  small  enoug 
to  bear  multiplication  by  b:a  and  yet  remain  small. 

The  theoretical  result  embodied  in  (8)  has  been  compared  wit 
experiment  by  Seebeck,  who  found  a  satisfactory  agreement.  Tl 
constant  of  stiffness  was  deduced  from  observations  of  the  rapidil 
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i)f  the  vibratiou.s  of  a  Bmall  piece  of  the  wire,  when  one  end  was 
dainped  in  a  vice. 

[As   the    result    of   a   Sfcond   approximation   Seebeck   gives 
{loc.  cil.) 

«'  =  vh+4^  +  (12+^^7^')^J'[ (9)]. 


\ 


ar 


191,  It  lias  been  shewn  in  this  chapter  that  the  theory  of  bars, 
even  when  simphfied  to  the  utmost  by  the  omLssion  of  unimportant 
quantities,  is  decidedly  more  complicated  than  that  of  perfectly 
flexible  strings.  The  reason  of  the  extreme  simplicity  of  the 
vibrations  of  stiings  is  to  be  found  in  the  fact  that  waves  of  the 
harmonic  tj-pe  are  propagated  with  a  velocity  independent  of  the 
wave  length,  so  that  an  arbitrary  wave  is  allowed  to  travel  without 
decomposition.  But  when  we  pass  from  strings  to  bars,  the  con- 
stant in  the  differential  equation,  viz.  d'ff/dP+ic'b'd'i/ldx^^O,  is 
no  longer  expressible  as  a  velocity,  and  therefore  the  velocity  of 
transmis-siou  of  a  train  of  harmonic  waves  cannot  depend  on  ihe 
diGTerential  equation  alone,  but  must  vary  with  the  wave  length. 
Indeed,  if  it  be  admitted  that  the  train  of  hannonic  waves  can 
be  propagated  at  all,  this  consideration  is  sufficient  by  itself  to 
prove  that  the  velocity  must  vary  inversely  as  the  wave  length. 
The  same  thing  may  be  seen  from  the  solution   applicable   to 

waves  propagated  in  one  direction,  viz.  y  =  cos  —  ( V"(  —  a;),  which 

fiatisfies  the  differential  equation  if 

-^' «■ 

Let  us  suppose  that  there  are  two  trains  of  waves  of  equal 
amplitudes,  but  of  different  wave  lengths,  travelling  in  the  same 

direction.     Thus 


=  cos2)r 


=  2  cos  IT  i  t 


If  t'  — T,  X'  — \  be  small,  we  have  a  train  of  waves,  whose 
amplitude  slowly  varies  from  one  point  to  another  between  the 
values  0  and  2,  forming  a  series  of  groups  separated  from  one 
another  by  regions  comparatively  i'ree  from  disturbance.  In  the 
case  of  a  string  or  of  a  column  of  air,  X  varies  as  t,  and  then  the 
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groups  move  foiward  with  the  same  velocity  as  the  cornponeutM 
and  there  is  do  change  of  type.  It  is  otherwise  wheo,  as  in  ibt 
of  a  bar  vibrating  transversely,  the  velocity  of  pnipugntica 
function  of  the  wave  length.  The  position  at  time  (  of  lbs  mi 
of  the  group  which  was  initially  at  the  origin  U  given  by 

which  shews  that  the  velocity  of  the  group  is 

If  we  suppose  that  the  velocity  F  of  a  Imin  of  waves  vnxvi 
X",  we  find 

dOJr)  _d(V]X) 

d(i!\)    d(x/\) 

In  the  present  ease  n  =  ~l,  and  accordingly  the  velocity  of 
groups  is  twice  that  of  the  compouent  waves'. 

192.  On  account  of  the  dependence  of  the  velocity  of  profa^ 
tion  on  the  wave  length,  the  condition  of  an  infinite  bar  M  ■ 
time  subsequent  to  an  initial  disturbance  confined  to  a  linul 
portion,  will  have  none  of  the  simplicity  which  characterises  1 
corresponding  problem  for  a  string;  but  nevertheless  Vomit 
investigation  of  this  problem  may  properly  find  a  place  here. 

It  is  required  to  determine  a  function  of  x  and  (,  . 

fMitisfy 

lit'     da.* 


\'.-(»-i)r.. 


and  make  initially  y  =  ij 
A  solution  of  (1)  is 


(■r).  y  =  i>-(x). 


^  =  C'-sqH  C03  5f(j:-K) 

s  constants,  from  which  we  conclude  tbst 


.V  = 


a  F{tx)  P' tit] 


cosq't  ci«9(j-a) 


'  In  tli«  corn<«i>oiiiUii|t  |>ro1>lt<iii  [i>t  iraVEa  on  ilm  aurfBea  ol  d«vp  mlm, 
ot  pTapaKsUun  Taiiua  diiectljr  u  Iho  miqatc  iodI  of  (h«  *■«•  Ian 
a^.    Thii  *eloaitjr  of  ft  Rtoup  o(  •Dehnm  la  tbrnf an  •<!•»  1^1/ ^1 
n*.    [Sm  noM  da  Pngn^n  Wavi 
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is  also  a  solution,  where  F(a)  is  an  arbitrary  function  of  a.     If 
now  we  put  ^  =  0, 

r+oo  r+oo 

y©  =  I       daF{a)  I       dq  cos  q(x  —  a), 

J   — OO  J   — 00 

which  shews  that  F(a)  must  be  taken  tohe  ^-  <f>  (a),  for  then  by 

Fourier's  double   integral   theorem   yo  =  ^(^).     Moreover,  y  =  0; 
hence 

y  =  a-\      da^(a)|       dqcosqH  C08q(x  —  a) (3) 

satisfies  the  differential  equation,  and  makes  initially 

y  =  <l>(x),      y  =  0. 

By  Stokes'  theorem  (§  95),  or  independently,  we  may  now 
supply  the  remaining  part  of  the  solution,  which  has  to  satisfy  the 
differential  equation  while  it  makes  initially  y  =  0,  y  =  -^  (a?) ;  it  is 

I    r+oo                   r+oe        I 
y  =  2^j_^da^(a)/_^d5r-sing»«  cosqix-a) (4). 

The  final  result  is  obtained  by  adding  the  right-hand  members 
of  (3)  and  (4). 

In  (3)  the  integration  with  respect  to  q  may  be  effected  by 
means  of  the  formula 

/■+•                                        /tt     .     /tt      ^'\ 
j^^dqcosqHcosqz--/^-  sin(^^  +  ^J (5), 

which  may  be  proved  as  follows.     If  in  the  well-known  integral 
formula 

we  put  a?  +  6  for  x,  we  get 

f  "*■*  ^-a^  ^+^)  ^  =,  vw-  ^.^ 

Now  suppose  that  a'  =  i  =  e**',  where  i  =  V(— 1)»  fti^d  retain 
only  the  real  part  of  the  equation.     Thus 

I       cos  (a^  +  26a;)  dx  =  V^  sin  (6*  +  Jtt), 

.'  — OO 


'/ 


from  which  (5)  follows  by  a 
equation  (3)  may  be  written 


xda:  =  Jtt sin  (6'  +  \ir), 

mple  change  of  variable.     Thu- 


"ays/Z  ■'"''<»• 


L/"*<' 


'cos  fi'  +  siu  /i')  ^  (a;  +  2/i  tjt)  . 


.(6). 


192  fi.  If  the  axis  of  the  rod  be  curved  instead  of  strMght. 
we  obtain  problems  which  may  be  regarded  as  extensions  of 
those  of  the  present  and  of  the  last  chapters.  The  most  impor- 
tant case  under  this  head  is  that  of  a  circular  ring,  whose  section 
we  will  regard  as  also  circular,  and  of  radius  (c)  saiall  in 
comparison  with  the  radius  (a)  of  the  circular  axis. 

The  investigation  of  the  flexural  modes  of  vibration,  execut 
in  the  plane  of  the  ring,  is  analogous  to  the  case  of  a  cylini 
(nee  §  233),  and  was  first  effected  by  Hoppe".  If  a  be  the  uumi 
of  periods  in  the  circumference,  the  coefficient  p  of  the  time 
tile  expression  for  the  vibrations  is  given  by 


P- 


l«'(8'-l)'g  c' 

4     l+a-    pa* 


-.(1), 


where  q  is  Young's  modulus  and  p  the  density  of  the  matei 
This  may  be  compared  with  equation  (9)  §  233.     To  fall  h 
upon   the   case   of  a   straight   axis   we   have    only   to    sup] 
8  and  a  to  be  infinite  in  such  a  manner  that  2wajs  is  equal  to  tin 
proposed  linear  period.    The  vibrations  in  question  are  then  purel 
transverse. 

In  the  class  of  vibrations  considered  above  the  circular  aril 
remains  unextended,  and  {§  232)  the  periods  are  comparativeli 
long.  For  the  other  class  of  vibrations  in  the  plane  of  the 
Hoppe  found 

,9' 


P  ~ 
'  CrtlU,  Bd.  6S,  p.  168,  ISTl. 


■■<2> 
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The  frequencies  are  here  independent  of  c,  and  the  vibrations 
are  analogous  to  the  longitudinal  vibrations  of  straight  rods.     * 

Ji  8  —  0  in  (2),  we  have  the  solution  for  vibrations  which  are 
purely  radial. 

For  flexural  vibrations  perpendicular  to  the  plane  of  the 
ring,  the  result^  corresponding  to  (1)  is 

la^(^-l)'go;     

the  diflference  consisting  only  in  the  occurrence  of  Poisson's  ratio 
ijA)  in  the  denominator. 

Our  limits  will  not  allow  of  our  dwelling  further  upon  the 
problem  of  this  section.  A  complete  investigation  will  be  found 
in  Love's  Treatise  on  ElcLsticity,  Chapter  xviii.  The  effect  of 
a  small  curvature  upon  the  lateral  vibrations  of  a  limited  bar 
has  been  especially  considered  by  Lamb*. 

^  MioheU,  Meuenger  of  Mathematiet,  zix.,  1889. 
*  Proc.  Lond,  Math,  Soc,,  six.,  p.  365,  1888. 
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VIBRATIONS  OF  MEMBRANES. 


193.  The  theoretical  membrane  is  a  perfectly  fiesible  i 
infinitely  thin  lamina  of  solid  matter,  of  uoiforrn  materia  t 
thickness,  which  is  stretched  in  all  directions  by  a  tension  so  g 
as  to  remain  sensibly  unaltered  during  the  vibrations  and  d 
menta  contemplated.  If  an  imaginaty  line  be  drawn  acroffi  i 
membrane  in  any  direction,  the  mutual  action  between  the  t 
portions  separated  by  an  element  of  the  line  is  proportional  to  thf 
length  of  the  element  and  perpendicular  to  its  direction.  If  ih 
force  in  question  be  T,  ds.  7",  may  be  called  the  tension  of  th«  mf"' 
brane ;  it  is  a  quantity  of  one  dimension  in  mas§  and  —  2  iii  tim- 

The  principal  problem  in  connection  with  this  subject  is  th' 
investigation  of  the  transverse  vibrations  of  membranes  of  diCTere:'' 
shapes,  whose  boundaries  are  fixed.  Other  questions  indeed  im^ 
be  proposed,  but  they  are  of  comparatively  little  int.itre?t ;  orni 
moreover,  the  methods  proper  for  solving  them  will  be  sulliaooll] 
illustrated  in  other  parts  of  this  work.  We  may  therefore  pro 
at  once  to  the  consideration  of  a  membrane  stretched  over  | 
area  included  within  a  fixed,  closed,  plane  boundary, 

IM.  Taking  the  plane  of  the  boundary  as  that  of  wg,  \m 
denote  the  small  displacement  therefrom  uf  any  point  P  of  I 
membrane.  Round  P  take  a  small  area  S,  and  consider  the  C 
acting  upon  it  parallel  to  3.  The  resolved  part  of  the  fa 
expressed  by 

where  da  denotes  an  element  of  the  boumlar^'  of  S,  and  dnl 
islentent  of  the  normal  In  thu  ctirve  drawu  outwards.  Thjj 
balanced  by  the  ivactiou  an 
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p  being  a  Bymbol  of  one  dimeDsioa  in  masa  and  —  2  in  length 
denoting  the  superficial  density.     Now  by  Green's   theorem,  if 

j^d8^jjV'wdS=V'w.S   ultimately, 
and  thus  the  equation  of  motion  is 

dP~  p\d^'^  dy)    ^^'• 

The  condition  to  be  satisfied  at  the  boundary  is  of  course  «;  =  0. 
The  differential  equation  may  also  be  investigated  &om  the 
expression  for  the  potential  energy,  which  is  found  by  multiplying 
(he  tension  by  the  superficial  stretching.     The  altered  area  is 


\W^-©'<i)^'r, 


and  thus 

^=4--//{(sr-i^)"H^^ «• 

from  which  iV  is  easily  Found  by  an  integratioa  by  parts. 

If  we  write  Ti  -f-  p  =  c*,  then  c  is  of  the  na|^re  of  a  velocity,  and 
the  differential  equation  is 

df  ~     Irf^"*"^' 


.(3). 


196.  We  shall  now  suppose  that  the  boundary  of  the  mem- 
brane is  the  rectangle  formed  by  the  coordinate  axes  and  the  lines 
x  =  a,y=b.  For  every  point  within  the  area  (3)§  194  is  satisfied, 
and  for  every  point  on  the  boundary  wj  =  0. 

A  particular  integral  is  evidently 

w  =  sin SIQ— T^COS^E (1), 


where 


^-MS-?) «■ 


and  m  and  n  are  integers;  and  from  this  the  general  solution  may 
be  derived.    Thus 


S       S       8in':^ain^(4««co8|rf  +  B«.8in|rf} (3). 
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That  this  result  is  really  general  may  be  proved  a  poster 
by  shewing  that  it  may  be  adapted  to  express  arbitrarj-  i 

circumstances, 

Whatever  function  of  the  co-ordinates  w  may  be,  it  can  be 
pressed  for  all  values  of  x  between  the  limits  0  and  a  hy  the 


where  the  coefficients  Y,,  \\,  &c,  are  independent  of  x. 
whatever  function  of  y  any  one  of  the  coefficients  F  may  be.  it 
be  expanded  between  0  and  b  iu  the  series 

C,sm7  +  C,.in^-IS  + 


where  Ci  &c.  are  constants.     From  this  we  conclude   that 
function  of  x  and  y  can  be  expressed  within  the  limits  of  the  i 

angle  by  the  double  series 

2,        2,       ja„,„ain sm—r^; 

w-l       n-1  a  0 

and  therefore  that  the  expression  for  w  in  ^.3)  can  be  adapte 
arbitrary  initial  values  of  to  and  w.     In  fact 


.           4  /*/■*        .    mirx  .    nwy,    ,     ) 
■^mn=—i  I   I    WdSm sin  -r^  axav. 

abJJo  a  b         ^   \ 

The  character  of  the  normal  functions  of  a  given  rectangle, 

.    mirm  .    bttu 

siL  -      sm    i-  . 

u  0 

BH  depending  on  m  and  n,  is  easily  understood.    If  m  and  n  be  I 
unity,  w  retains  the  same  sign  over  the  whole  of  the 
vanuihing  at  the  edge  only;  but  in  any  other  ca^e  tboro 
nudal  linos  running  parallel   to   the   axes   uf  coordinate*, 
number  of  the  nodal  lines  parallel  Ut  x  isn  —  \,  their  equmi 
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In  the  same  way  the  equations  of  the  nodal  lines  parallel  to  y 
are 

_  a      2a  (m  —  1)  a 

mm  m 

being  m  —  1  in  number.  The  nodal  system  divides  the  rectangle 
into  mn  equal  parts,  in  each  of  which  the  numerical  value  of  ti;  is 
repeated. 

196.     The  expression  for  w  in  terms  of  the  normal  functions 
is 

w  =  22<^^nsm-^sm  ^^  (1), 

where  <f>mn  &c.  are  the  normal  coordinates.  We  proceed  to  form 
the  expression  for  V  in  terms  of  ^mn.     We  have 

fdwy        ,  f^-,  .      m       mirx   .    niry)  * 
teJ='^P*'-»a*=^  — ^"^    ft}' 

In  integrating  these  expressions  over  the  area  of  the  rectangle 
the  products  of  the  normal  coordinates  disappear,  and  we  find 


-=l//{(£)'-©l«' 


the  summation  being  extended  to  all  integral  values  of  m  and  n. 

The  expression  for  the  kinetic  energy  is  proved  in  the  same 
way  to  be 

r=|^22^„» (3), 

from  which  we  deduce  as  the  normal  equation  of  motion 

K«  +  c»x»  g  +^')  ^.„„  =  -*^ 0„„ (4). 

In  this  equation 

^mn=\  j    Zsin  ^^-sm-^dxdy (o), 

\i  Zdxdy  denote  the  transverse  force  acting  on  the  element  dxdy. 


1 
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[u 


Let  us  BUppoee  that  the  initial  condition  is  one  of  ns 
the  operation  of  a  constant  force  Z,  such  as  may  be  supposed 
arise  from  gaseous  pressure.     At  the  time  *  =  0.  the  impra 
force  is  removed,  and  the  membrane  left  to  itself     Initial!; 
equation  of  equilibrium  is 

'•''(?+S(*-">-,i*- <« 

whence  ((f>,„a)o  is  to  be  found.    The  position  of  the  system  at  ti 
is  then  given  by 

<^««  =  (<^»«)oCOB(^J%^.Clrt) (Ti 

in  conjunction  with  (1). 

In  order  to  express  'Pmn>  we  have  merely  to  substitute  for  Z 
value  in  (5),  or  in  this  case  simply  to  i-emove  Z  from  under 

integral  sign.     Thus 

*  -iff'    •    vtva:    .     niry  ,     , 

<P„,„=Zl        sm    — sin -r    dicrfy, 


=  /^— (l-cos»H7r)(l- 

We  conclude  that  4>„,„  vanishes,  unless  m  and 
that  then 

Accordingly,  m  and  n  being  both  odd, 
^  HZ  cos pt 
"""      TT^p    mnp' 


cos  nir). 

n  are  both  odd,  i 


This  is 


n  example  of  (8),  §101. 


If  the  membrane,  previously  at  rest  in  its  puaition  of  im% 
briuui,  be  set  in  motion  by  n  blow  applied  at  the  point  {a,  ff), 
eolation  ia 

<nva   .    ntrff 

rtft/i         n  li 

[Ah  an  example  of  forcud  vibrations,  suppoM;  thut  n  hiunK 

force  acta  at  th«  centre.    Uulem  m  aud  «  are  both  mid,  ^'bu," 

and  in  the  com  rei^rvvd 


^mn  = 


^(j\l;.dxdy. 


ainp<...(lOl 


RECTANQULAK   BOUNDARY. 

1  the  whole  force  acting  at  time  (,  and  +  represents 
■  sin  J  rnr.     From  (4)  and  (9)  we  have 

I  w  ia  Chen  given  by  (1). 

I  the  caae  of  a  square  membrane,  p  is  a  Bymmetrical  function 
s  and  tL     When  m  and  n  are  unequal,  the  terms  occur  in  pairs, 

8 

±4Aco«yi    L^.^'T^.i^  «5i'  +  3i„"'r?8in  ""^4...(13), 

Dobination  symmetrical  as  between  w  and  y.     The  vibration  is 
»urse  similarly  related  as  well  to  the  four  sides  as  to  the  four 
s  of  the  square. 

1  the  neighbourhood  of  the  centre,  where  the  force  is  applied, 
i  loses  its  convergency.  and  the  displacement  w  tends  to 
Some  (logarithmically)  infinite.] 

The  frequency  of  the  natural  vibrations  is  foynd  by 
ribing  difTerent  iotegral  values  to  nt  and  n  in  the  expression 


i=y's+i <''■ 


For  a  given  mode  of  vibration  the  pitch  falls  when  either 
-■■•ic  of  the  rectangle  is  increaaed.  In  the  ease  of  the  gravest 
node,  when  m  —  1,  n  =  l,  additions  to  the  shorter  side  are  the 
:iiore  effective:  and  when  the  form  is  very  elongated,  additions 
'o  the  longer  aide  are  almost  without  effect. 

When  «'  and  6'  are  incommensurable,  no  two  pairs  of  values 
"f  m  and  n  can  ^ve  the  same  frequency,  and  each  fundamental 
mode  of  vibration  has  its  own  characteristic  period.  But  when 
'(=  and  b*  are  commensurable,  two  or  more  fundamental  modes 
[iiay  have  the  same  periodic  time,  and  may  then  coexist  in  any 
imiportiona,  while  the  motion  still  retains  its  simple  harmonic 
■haracter.  In  such  cases  the  specihcation  of  the  period  does 
int  completely  determine  the  type.  The  full  consideration  of 
lio  problem  now  presenting  itself  requires  the  aid  of  the  theory 
■f  numbetB;  but  it  will  be  sufficient  for  the  purposes  of  this 
ork  to  consider  a  few  of  the  simpler  cases,  which  arise  when 
III-  membrane  is  squoi-c.  The  reader  will  find  fuller  information 
ill  Kiemanu's  lectures  on  partial  differential  equations. 
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If  O  -  6, 


[IM 


The  lowest  tone  is  found  by  putting  m  and  n  equal  to  om^ 
which  gives  only  one  fundamental  mode : — 


ic  =  8Ui^Hin  —  coapt.. 


•  w 


Next  suppose  that  one  of  the  numbers  m,  n  is  equal  to  X, 
the  other  to  unity.     In  this  way  two  distiuct  types  of  ribnW 
are  obtained,  whose  periods  are  the  same.     If  the  two  vibratioc 
be  synchronous  in  phase,  the  whole  motion  is  expressed  by 

(_  .    2Trai   .    -ru      r,   .    ttx   .    2wy) 

w  =  ^C8in sm  -^  + JJsin  —  sm  — ^J-cos  Bt...(i): 

[  a  a  a  a  ]       ^      ^  '' 

BO  that,  although  every  part  vibrates  synchronously  with 
harmonic  motion,  the  type  of  vibration  13  to  some  extent  arbitn^ 
Four  particular  cases  may  be  especially  noted.     First,  if />  =  0, 

w=Gsxa sm-^cospt  (5)^, 

which  indicates  a  vibration  with  one  node  along  the  line  s 
Similarly  if  C  =  0,  we  have  a  node  parallel  to  the  other  pair 
edges.     Next,  however,  suppose   that  C  and   D   are   finite 
equal.     Then  w  is  proportional  to 

.     2Trx    .     irv         .    Tr;t    .     2jro 

sin  — —  sm    -  +  Bin   -  sm  — -  , 

a  a  a  a 

which  may  be  put  into  the  form 

a  ■    irx   .    iry  I       -rrx  ^        iriA 

2  sin  —  am  -^   cos 1-  cos  -^    . 

a  a  \        a  a  / 

This  expression  vanishes,  when 

sin  irxja  =  0,   or   sin  t^/o  =  0 
or  again,  when 

cos  frxja  +  cos  iryla  =  0. 
The  firKt  two  eijuiitious  give  the  edges,  which  were  vrigiu 
assumed  to  be  nodal;  while  the  third  gives  i/  +  .c  =  a,ivpremoti 
one  diagonal  of  the  square. 

In  the  fourth  case,  when  C^  —  D,  ire  obtain  for  the  m 
tines,  the  edges  of  the  square  together  wjlh  llie  dioftooal  yi 
The  figures  represent  the  four  cases. 
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i)= 

=  0. 

- 

Fig.  82. 
C  =  0.  C-2)  =  0. 


a+2)=o. 


[Frequency  (referred  to  gravest)  =  1*58.] 

For  other  relative  values  of  C  and  D  the  interior  nodal  line 
is  curved,  but  is  always  analytically  expressed  by 


Ccos— +2)co8^— 0 
a  a 


(6), 


and  may  be  easily  constructed  with  the  help  of  a  table  of  logarith- 
mic cosines. 

The  next  case  in  order  of  pitch  occurs  when  m  =  2,  n  =  2. 

The  values  of  m  and  n  being  equal,  no  alteration  is  caused  by 

their  interchange,  while  no  other  pair  of  values  gives  the  same 

frequency  of   vibration.     The    only  type    to    be    considered    is 

accordingly 

.    27ra?   .    27rv 

^  ain tnr\  ss 


t^;  =  sm sm  — -  cos  pt, 

a  a 


Fig.  33. 


whose  nodes,  determined  by  the  equation 

.    irx   ,    'Try       irx       iru     ^ 
sm  —  sin  — ^  cos  —  cos  -^  =  0, 
a  a  a  a 

are  (in  addition  to  the  edges)  the  straight  lines 
Fig.  (33) 

[Frequency  =  200.] 

The  next  case  which  we  shall  consider  is  obtained  by  ascribing 
to  m,  n  the  values  3, 1,  and  1,  3  successively.     We  have 

(^  .    Sttx  .Try     T^  •    ^^   •    3^^) 

=  -^  (7  sm sin—^-^D  sin  —  sm  — -  >  cos  pt 

[  a  a  a  a  )       ^ 

The  nodes  are  given  by 

or,  if  we  reject  the  first  two  factors,  which  correspond  to  the  edges. 

i)f4cos>^-l)  =  0 (7). 


w 


c(4co8>^^-l)  + 


'/ 


If  C  =  0.  we  have 
If  D  =  0. 

U  C  =  -D, 
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I  ^  =  ±  cos  -=  , 


[19t1 


whence,  y  =  ''-'i     y  =  a  —  x, 

which  represent  the  two  diagonals. 

Lastly,  if  C=  D,  the  equation  of  the  node  is 

cos'  —  +  COff  -^  =1, 
a  a       ' 


1  +  COB^^  +  COS=^  =  0. 


c-o. 

D  = 

3. 

O'+C-O 

C-J5-0. 

X 

o 

I 


[Freq»eucy  =  2-2*.] 

In  case  (4)  when  x=^a,  y  =  ^a,  or  Ja;  and  similarly  wlnii 
y  =  ia,  cc=^x,  or  J  a.  Thus  ona  half  of  each  of  the  lines  joiniu; 
the  middle  points  of  opposite  edges  is  intercepted  by  the  ciine. 

[The  diameters  of  the  uodal  curve  parallel  to  the  sides  of  the 
square  are  thus  equal  to  Ja.  Those  measured  along  the  diagoiuil' 
are  sensibly  smaller,  equal  to  ^v2 ,  a.  or  ■ill  u.] 

It  should  be  noticed  that  in  whatever  ratio  to  one  anothei 
G  and  D  may  be  taken,  the  nodal  curve  always  passes  thrat)^ 
the  four  points  of  intersection  of  the  nodal  linta  of  the  first 
cases,   C=0,   i)  =  0.     If   the   vibrations  of  these 
cases  be  compounded  with   corresponding  phnses,  ^* 

it  u)  evident  that  in  the  shaded  comiiartmenta  of 
Fig.  (35)  the  directions  of  displacement  are  the 
samo,  and  that  tht^'mfore  no  part  of  the  urxlal  curve 
is  to  bo  found  there;  whatovvr  the  mtio  uf  ompti- 
tudes,  the  curve  must  be  drxwii  through  the  un- 
shaded portion*.  Whi'U  oti  ihe  other  hand  the  phajwt)  am 
the  nudtil  curve  will  pass  cxduiiiively  through  the  shaded  porti 


\ 


WSFFEOr  OF  SLIGHT  IIIREGULARITIES.  315 


When  m  =  3,  n  =  3,  the  nodes  are  the  straight  lines  parallel 
"tx)  the  edges  shewn  in  Fig.  (36). 

Fig.  36. 

The  last  ease  [Frequency  =  2*55]  which  we 
«hall  consider  is  obtained  by  putting 


1 

1 

1 
1 

1 

1 
1 

1 

" 1 — 

1 

1 

1 

1 

h— 

.-»j— ---- 

1 
1 
1 

1 

m  =  3,  n  =  2,    or  m  =  2,  w  =  3. 

The  nodal  system  is 

[Frequency  =  300.] 

^  .    S'lrx    ,    27ry      ^  .    27ra7   .    37rv     ^ 

C/sin am  — ^  4-X/8m  —  sm      ^  =0, 

a  a  a  a 

or,  if  the  factors  corresponding  to  the  edges  be  rejected, 

Cff4co8'^-l)co8^  +  Dcos^f4co8'^-0  =  0 (9). 

\  a        J         a  a  \  a        J  ^ 

If  (7  or  i)  vanish,  we  fall  back  on  the  nodal  systems  of  the 
component  vibrations,  consisting  of  straight  lines  parallel  to  the 
edges.     If  C  =  2),  our  equation  may  be  written 

(cos— +cos^)l4cos~  cos^- l)  =  0 (10), 

\       a  a  J  \  a         a        J  ^ 

of  which  the  first  factor  represents  the  diagonal  y  +  a?  =  a,  and 
the  second  a  hyperbolic  curve. 

If  (7  =  —  2),  we  obtain  the  same  figure  relatively  to  the  other 
diagonals 

198.  The  pitch  of  the  natural  modes  of  a  square  membrane, 
which  is  nearly,  but  not  quite  uniform,  may  be  investigated  by 
the  general  method  of  §  90. 

We  will  suppose  in  the  first  place  that  m  and  n  are  equal. 
In  this  case,  when  the  pitch  of  a  uniform  membrane  is  given, 
the  mode  of  its  vibration  is  completely  determined.  If  we  now 
conceive  a  variation  of  density  to  ensue,  the  natural  tjrpe  of 
vibration  is  in  general  modified,  but  the  period  may  be  calculated 
approximately  without  allowance  for  the  change  of  type. 

We  have 

=  i  ^»'  U  f  +  //V  sin'  ^  sin'  ^  dxdyi , 

I  iMoi,  Letom  utr  PtUutieite,  p.  1S9. 
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of  which  the  second  term  is  the  increment  of  T  due  to  tp. 
if  w  oc  coepi,  and  P  denote  the  value  of  p  previously  to 
we  have 

,     n      ,      1       *   f  fV   -   ,«"ra:   .   ,m-rry  ,     , 

PmM    '■    "mm    —' ^  I      I  ^^^  ^^^    ttrdt/ . . 

Lud    c'=T,^p,. 


where 


P^^^.  =  'l^!!!!:' 


For  example,  if  there  be  a  small  loiid  M  attached  to  the  middle 
the  square, 

Piam'  ■  Pmm' =  i  -     ,       Sin' OT  5    (2), 

in  which  sin'^/nw  vanishes,  if  m  be  even,  and  is  equal  to  umtjr. 
m  be  odd.  In  the  former  case  the  centre  is  on  the  nodal  line 
the  unloaded  membrane,  and  thus  the  addition  of  the  load  prodao 
no  result. 

When,  however,  m  and  n  are  unequal,  the  problem,  though  I 
maining  subject  to  the  same  general  principles,  presents  a 
liarity  different  from  anything  we  have  hitherto  met  with, 
natural  type  for  the  unloaded  membrane  corresponding  to  a  speei' 
fied  period  is  now  to  some  extent  arbitrary;  but  the  introduction 
of  the  load  will  in  general  remove  the  indeterminate  element.  In 
attempting  to  calculate  the  period  on  the  assumption  of  the  undis- 
turbed type,  the  nuestion  will  arise  how  the  selection  of  the  uodit* 
turbed  type  is  to  be  made,  seeing  that  there  are  an  indefini' 
number,  which  in  the  uniform  condition  of  the  membrane  gi>' 
identical  jjeriods.  The  answer  is  that  those  types  must  be  chc»-i 
which  differ  infinitely  little  from  the  actual  types  assumed  unilei 
the  operation  of  the  load,  and  such  a  type  will  be.  known  by  ihi 
criterion  of  its  making  the  period  calculated  from  it  a  maximum 
or  minimum. 

As  a  simple  example,  let  ua  suppose  that  n  small  load  J 
attached  lo  the  membrane  at  a  point  lying  on  the  line  x=:)a.a| 
that  we  wish  to  know  what  periods  are  to  be  subtttibuUMl  lor  1 
two  equal  periods  of  the  unloaded  membrnue,  found  by  tnslcifl 

m  =  2,  n=l,  or  w=l,  n  =  2. 
It  is  clear  that  the  normal  typt-s  to  be  chosen,  are  tboec  wM 
nodes  an-  rupre«vnti-d  tn  the  tiral  two  cases  of  Fig.  iHi).  In  I 
first  case  th«  incrt'ttme  in  the  period  due  to  the  liwl  in  wtm,  wm 
is  tb«  IcBKt  that  it  can  be;  and  in  the  second  caw  the  ina 
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tthu  greati»tt  possible.     If  /?  be  the  ordinate  of  M,  the  Idaetio 
Brgy  is  altered  in  the  ratio 

pa'      pa'      M   .     lirg 

1-^5  4  +  2  ""IT' 

ihl  .  .,2irS 


I  thua 


'  :  P„'-I- 


..(3) 


1  ratio  characteristic  of  the  iuterval  between  the 
lies  of  the  loaded  membraue  ia  thus  approximately 


h  --  sin=      '^  ., 
a'p  a 


..(1). 


3=  Ja,  neither  period  is  affected  by  the  load. 
iAa  another  example,  the  case  where  the  values  of  vi  and  h 
B  3  and  1,  considered  in  §  197,  may  be  referred  to.  With  a  load 
the  middle,  the  two  normal  types  to  be  selected  are  those 
corresponding  to  the  last  two  cases  of  Fig.  (34),  in  the  former 
of  which  the  load  has  no  effect  on  the  period. 

The  problem  of  determining  the  vibration  of  a  square  mem- 
braue which  carries  a  relatively  heavy  load  is  more  diflacult,  and 
ie  shall  not  attempt  its  solutiou.  But  it  may  be  worth  while  to 
fpall  to  memory  the  fact  that  the  actual  period  ia  greater  than 
ly  that  can  be  calculated  from  a  hypothetical  type,  which  differs 
ptn  the  actual  one. 
199.  The  preceding  theory  of  square  membranes  includes  a 
good  deal  more  than  wag  at  firpt  intended.  Whenever  in  a  vibrat- 
ing system  certain  parts  remain  at  rest,  they  may  be  supposed  to 
li'j  absolutely  fixed,  and  we  thus  obtain  solutions  of  other  cjuestions 
[han  those  originally  proposed.  For  example,  in  the  present  case, 
wherever  a  diagonal  of  the  sipiare  is  nodal,  we  obtain  a  solution 
ilicable  to  a  membrane  whose  fixed  boundai-y  is  an  isosceles 
it-ougled  tiiangla  Moreover,  any  mode  of  vibration  possible  to 
triangle  corresponds  to  some  natural  mode  of  the  square,  as 
be  seen  by  supposing  two  triangles  put  together,  the  vibra- 
is  being  equal  and  opposite  at  points  which  are  the  images  of 
othvr  in  the  common  hyputhenuse.  Under  these  circum- 
ices  it  is  evident  that  the  hypothenuse  would  remain  at  rest 
iQt  constraint,  and  therefore  the  vibration  in  question  is  in- 
amopg  those  of  which  a  complete  square  is  capable. 
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The  frequency  of  the  gravest  tone  of  the  triangle  i 

putting  Tit  =  1.  H  =  2  in  the  formula 


and  is  therefore  equal  to  c^5/2a. 

The  next  tone  occurs,  when  ?n  =  3, 
p  _CjJj0 

•2^       2a    

as  might  also  be-  seen  by  noticing  that  the 
into  two,  Fig.  (37),  whose  sides  are  less 
than  those  of  the  whole  triangle  in  the 
ratio  \/2  :  1. 

For  the  theory  of  the  vibrations  of 
a  roenibi-ane  whose  boundary  is  in  the 
form  of  an  equilateral  triangle,  the 
reader  is  referred  to  Lamp's  Lefons 
sur  Vilasticite.  It  is  proved  that  the  frequency  of  the  gn* 
tone  is  c-r-A,  where  h  is  the  height  of  the  triangle,  which  is  I 
same  as  the  frequency  of  the  gravest  tone  of  a  square  wb 
diagonal  is  /i. 

200.  When  the  fixed  boundary  of  the  morabrane  is  circul 
the  first  step  towards  a  solution  of  the  problem  is  the  expresH< 
of  the  general  differential  equation  in  polar  co-ordinates, 
may  be  effected  analytically ;  but  it  is  simpler  to  form  the 
etiuation  de  novo  by  considering  the  forces  which  act  uu  the  pi 
element  of  area  rd&dr.  As  in  §194  the  force  of  restitution  bcI 
on  a  small  area  of  the  membrane  is 


-T, 


ds  = 


\d  fdw 
'    'U'Adr 


rd8)dr  + 


'>H 


-  T, .  rdSdr  \-rz  + 


\dw 


dt'^  rir 


\d}«A 


and  thus,  if  T,lp  =  c'  as  before,  the  equation  of  motion  is 
rf*w  _      id'w     1  dw      I  d'w) 
dP  ~'^\d?  "*'rdr''"r"H?) 


The  subsidiary  coudition  to  be  a&tislied  ut  lh4  bounduy  ti  tl 
wO,  when  r  =  a. 

I  order  to  investigate  the  normal  component  nbradms 
•  now  to  aanime  that  w  Is  a  barmotiic  fuuctiau  of  the  %k 


g'.+  (i._^)«,„|co3«((J4a„)  =  0, 
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,  if  !(i  a  008  {pt  —  e),  and  for  the  sake  of  brevity  we  write 
n/c  =  k,  the  differential  e({uatioD  appeal's  iu  the  form 
rf'uj      Idw      1  d"MJ      ,„ 

rf,"+T.*  +  r-T9- +  '■«-'' <^>' 

1  which  k  is  the  reciprocal  of  a  linear  quantity. 

Now  whatever  may  be  the  nature  of  w  as  a  function  of  r  and  0, 
can  be  expanded  in  Fourier's  series 

.    w  =  w^  +  w,cos{d  +  ai)  +  t03Coa2(B  +  a,)+ (3). 

in  which  w^,  ut„  Sza.  are  functions  of  r,  but  not  of  6,  The  result 
of  substituting  from  (3)  in  (2)  may  be  written 

\  dr'       r  dr 

the  summation  extending  to  all  integral  values  of  n.  If  we 
multiply  this  equation  by  cos  n  {$  A-  a„),  and  integrate  with  respect 
to  ff  between  the  limits  0  and  27r,  we  see  that  each  term  must 
vanish  separately,  and  we  thus  obtain  to  determine  w^  as  s 
function  of  r 

^?+'^-('^-?)«-° <*). 

in  which  it  is  a  matter  of  indifference  whether  the  factor 
cos  n  (S  +  On)  be  supposed  to  be  included  in  w^  or  not. 

The  solution  of  (4)  involves  two  distinct  functions  of  r, 
each  multiplied  by  an  ai-bitrary  constant.  But  one  of  these 
functions  becomes  infinite  when  r  vanishes,  and  the  corresponding 
parlicnlar  solution  must  be  excluded  as  not  satbfying  the  pre- 
scribed conditions  at  the  origin  of  co-ordinates.  This  point  may 
be  illustrated  by  a  reference  to  the  simpler  equation  derived  from 
(4)  by  making  k  and  n  vanish,  when  the  solution  in  question 
reduces  to  w  =  logr,  which,  however,  does  not  at  the  origin 
satisfy  V=Mf  =  0,  as  may  be  seen  from  the  value  of  f{dwldn)ds,  inte- 
grated round  a  small  circle  with  the  origin  for  centre.  In  like 
manner  the  complete  integral  of  (4)  is  too  general  for  our 
present  purpose,  since  it  covers  the  case  in  which  the  centre  of 
the  membrane  is  subjected  to  an  external  force. 

The  other  function  of  r,  which  satisfies  (4),  is  the  Bessel's 
function  of  the  n^  order,  denoted  by  J„  (kr).  and  may  be  expressed 

several  ways.  The  ascending  series  (obtained  immediately 
im  the  differential  equation)  is 
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Jn(')  = 


2^1^+ 1)1 


2.271  +  2' 


2.4. 2n+  2.2n-(-4 
-1 -(iX 


2.4..6.2n  +  2.2n  +  4.2n  +  6      ) 

from  which  the  following  relations  between  functions  of 
tive  orders  may  i-eadily  be  deduced : 

j;m — JA') (61 

2j.' w  -  /„  w-  y„,  (.) (T). 


-w 


When 
integral 


I  integer.  /„  (z)  may  Ije  expressed  by  the  definit 


i/„  (z)  =  -  I  cos  {z  SID  CD  —  no>)  dia 


..(9). 


which  is  Bessel's  original  form.  From  this  expression  it  is  evidnd 
that  Ja  and  its  differential  coefficients  mth  respect  to  s  are  alvsjt 
less  than  unity. 

The  ascending  scries  (5),  though  infinite,  is  convergent  for  <I 
values  of  n  and  z ;  but,  when  z  is  great,  the  convergence  does  o 
begin  for  a  long  time,  and  then  the  series  becomes  uselea<  a 
basis   for   numerical   calculation.     In   such   cases   another  e 
proceeding  by  descending  powers  of  2  may  be  substituted  witll 
advantage.     This  series  is 

(l--W)(3--4,.-)  1  „,,',_ 

i.a.is.)-     + l""r 

d'-to')  (3'-«n')  (5'-4»'>  . 


J.(')^ 


/  2  (l--4n- 


1.2.3.  (Ss)* 


(lO); 

it  terminates,  if  27i  be  equal  tu  an  odd  integer,  but  othenriat^ 
runs  on  to  infinity,  and  becomes  ultimately  divergent.  NevotUi^ 
when  t  is  great,  the  convergent  part  may  be  employed  in  calcol 
tion;  for  it  can  be  proved  that  the  sum  of  any  number  of  ten 
differs  from  the  true  value  of  the  function  by  less  than  the 
term  included,  We  shall  have  occasion  later,  in  connection 
another  problem,  to  consider  the  derivation  of  this  descending a«ri 
As  Besscru  functions  are  of  considerable  importancs  iu  tbi 
relical  acoustics,  1  have  thought  it  advisable  to  giv«  a  u' 
i  functiouB  ,7,  and  </,,  extracted  from  Lummul's'  irurk,KDdd 
'  Latmnal,  Sludlea  Ittrt  Alt  BattPioktit  J^Mttetwn.    LctpoiB,  Utt 
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■ 

■ 

1 

BESaEL's  FUNCTiON-S. 

3-21            1 

,i-i.illy  toHiinson 

Th 
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j.:=~j,. 

■^M 

•',(=) 

= 

-^A^)      M=) 

= 

M') 

/<=) 

1-0000 

0«I00 

4-5 

■3205        -2311 

9-0 

•0903 

■24S3 

,     -9973 

•0«9 

•4^6 

■2961        -2566 

91 

■1142 

•2334 

«900 

■0995 

4^7 

■2693        -2791 

92 

•1367 

■2174 

1776 

■14S3 

4-8 

•2404        -2985 

93 

■1577 

■2004 

^04 

■1960 

49 

■3097        -3147 

9-4 

■1768 

■1816 

1385 

■2433 

50 

■1776       -3276 

9-5 

■1939 

■1613 

IH20 

•2867 

5^l 

■U43        -3371 

96 

■2090 

■1395 

6613 

•3390 

52 

■1103        -3432 

97 

■2218 

■1166 

8463 

■308S 

5^3 

•0758        '3460 

9-8 

■2333 

■0928 

1075 

■4060 

5  4 

■0412        -3 +53 

9-9 

■2403 

■0684 

'652 

•4401 

5^5 

-  -0068        -3414 

10-0 

■2459 

■0435 

196 

■4709 

5^6 

■I- -0270        -33+3 

101 

■2400 

■•■■0184 

-491*3 

5^7 

■0599        -3241 

10^2 

■2496 

-■0066 

1201 

■5230 

5-8 

■0917        -3110 

10-3 

•2477 

•0313 

1669 

■5419 

59 

■1220        -2951 

104 

•2434 

■0555 

;!18 

■6579 

6-0 

■1506 

■2767 

10-5 

■2366 

■0789 

554 

■5699 

6-1 

•1773 

•2559 

10-6 

■2276 

■1012 

1980 

■5778 

6-2 

■2017 

■2329 

10-7 

■2164 

■1224 

1400 

■5815 

63 

■2238 

■2081 

10-8 

■3033 

■1422 

:818 

■5812 

6^4 

■2433 

■181G 

109 

■1881 

■1604 

123d 

■5767 

65 

■2601 

■1538 

11-0 

■1712 

•1768 

66G 

■5683 

66 

■2740 

■1250 

11-1 

■1528 

■1913 

10* 

■5560 

6^7 

■2851 

■0953 

11-2 

■1330 

■2039 

1555 

■5399 

6^8 

■2931 

■0652 

11-3 

■1121 

■2143 

0025 

■5202 

6^9 

■2981 

■0349 

11-4 

■0902 

-  0484 

■4971 

7  0 

■3001 

-■0047  , 

11-5 

■0677 

■2284 

0968 

■4708 

71 

■2991 

+  ^0252 

11-6 

■04  40 

■2320 

■1424 

■4416 

7^2 

■2951 

■0543  1 

11-7 

-•0213 

■2333 

■IS50 

■4097 

7^3 

■2882 

■0826  ' 

11-8 

+  ^0020 

■2333 

■2243 

■3754 

7^4 

■2780 

■1096  ' 

11-9 

■0350 

■2290 

•3601 

■3391 

7 '5 

■2663 

■1352 

12-0 

■0477 

■2234 

J     'ggai 

■3009 

7-6 

■2516 

■1593 

12-1 

■0697 

•2157 

^^k203 

■2613 

7-7 

■2346 

■1813 

12-2 

■0908 

■3060 

^■443 

-2207 

7-8 

■2154 

■2014  1 

12-3 

■1108 

■1943 

^H|643 

■1J92 

7-9 

■1944 

■2192  1 

12-4 

■1396 

■1807 

^^mOI 

-1374 

S^O 

•1717 

■2346  , 

12-5 

■1469 

•1655 

^Kgis 

■0965 

8^1 

■1475 

■2476 

12-6 

■1626 

■1487 

^EdSS 

0538 

8-2 

■1222 

■2580       12-7 

■1766 

■1307 

^Eo26 

■f  ■0128 

8^3 

■0960 

■2657  ,1   128 

■1887 

•1114 

^Koi8 

-^272 

84 

■0692 

■2708       12>9 

■1988 

■0912 

^H972 

■0660 

8^6 

■0419 

■3731       130 

-2069 

■0703 

Hb887 

■1033 

8^6 

+  014C  ,     ^2728       13-1 

-2129 

■0489 

^B76(> 

■1.186 

8-7 

-0125  1     ^2097  ;    13-2 

■2167 

-0271 

^Hsio 

■1719 

8^8 

■0392        -2641   1    13-3 

■2183 

-0052 

Kis 

-2028 

8^« 

-0653  .     -2559  |i  13^4 

■31T7 

■•-•0166 

■ 

■ 

^■^B 

J 

322 


VIBRATIONS  OF  MEMBRANES. 


201.     In  accordance  with  the  notation  ftir  Bessel's  fii 
the  expression  for  a  normal  coinpoueut  vibration  may 
written 

w  =  PJ„{kr)  coBn(8  +  a)  cos(p(  +  e) (Ij 

and  the  boundary  condition  requires  that 

J„(ki)  =  0 

an  equation  whose  roots   give  the  admissible  vahica  of  k,  i 
therefore  of  p. 

The  complete  expression  for  w  is  obtained  by  combining 
particular  solutions  embodied  in  (1)  with  all  admissible  value 
k  and  n,  and  is  necessarily  geneml  enough  to  cover  any  im 
circumstances  that  may  be  imagined.  We  conclude  that  I 
function  of  r  and  6  may  be  expanded  within  the  limits  of 
circle  r=a  in  the  series 

w  =  SS ^nC^-r)  \<j>cosn$  +  ^Binn0] (S] 

For  every  integral  value  of  n  there  are  a  series  of  values  oj 

given  by  (2);  and  for  each  of  these  the  constants  ^  and  -^ 

arbitrary. 

The  determination  of  the  constants  is  effected  in  the  ut 

way.     Since  the  energy  of  the  motion  is  equal  to 


ip 


IX- 


rdSdr 


■W 


and  when  expressed  by  means  of  the  normal  co-ui'dinates  can  fl 
involve  their  squares,  it  follows  that  the  product  uf  any  two  of 
terms  in  (3)  vanishes,  when  integrated  over  the  area  uf  th«  cir 
Thus,  if  we  multiply  (3)  by  J„(kr) cos ne,  and  integratu, 
find 


/:/: 


v.'J„ih-)  cos  »8 


•  drrlD 

us*  n0  rtlr  dS  = 


t|°[7.(W]- 


rdr,. 


by  which  ^  is  determined.     The  corresponding  formula  for  ^ 
obtained  by  writing  sin  n0  fur  coa  n^,     A  itit;thod  uf  evalualii 
(he  integral  on  the  right  wilt  be  given  pnwntly.     SiiMw  ^  and 
oin  two  terms,  one  varying  as  co^pt  aud  the  ui 
s  now  evident  huw  the  solution  iiuiv  be  adnptcd  b 
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202.  Let  us  now  examine  more  particularly  the  character  of 
the  fundajnental  Tibrations.  If  n  =  0,  w  is  a  function  of  r  only, 
that  is  to  say,  the  motion  is  symmetrical  with  respect  to  the  centre 
of  the  membrane.  The  nodes,  if  any,  are  the  concentric  circles, 
whose  equation  is 

JAkr)=0 (1). 

When  n  has  an  integral  value  different  from  zero,  w  is  a  func- 
tion of  d  as  well  as  of  r,  and  the  equation  of  the  nodal  system 
takes  the  form 

/„(jb-)  co8n(^-a)  =  0 (2). 

The  nodal  system  is  thus  divisible  into  two  parts,  the  first  con- 
sisting of  the  concentric  circles  represented  by 

J„(kr)  =  0 (3), 

and  the  second  of  the  diameters 

e  =  a  +  (Zvi  +  l)-n-l2n (4), 

where  m  is  an  integer.  These  diameters  are  n  in  number,  and 
are  ranged  uniformly  round  the  centre;  in  other  respects  their 
position  is  arbitrary.  The  radii  of  the  circular  nodes  will  be 
investigated  further  on. 

203.  The  important  integi-al  formula 
rV„(ir)  J„(A;'r)rdr  =  0 (1), 

where  k  and  k'  are  different  roots  of 

^n(i«)-0 (2), 

may  be  verified  analytically  by  means  of  the  differential  equations 


/:• 


satisfied  by  Jn{kr),  J„(k'r)\   but  it  is  both  simpler  and  more 
instructive  to  begin  with  the  more  general  problem,  where  the 
boundary  of  the  membrane  is  not  restricted  to  be  circular. 
The  variational  equation  of  motion  is 

SV+pjjwSwdj;d!/  =  0 (3) 

where 

^-i^'Hi&hiXf}'^'' <«■ 

and  tlierefore 

'y-^-m^-Tywi'"' *^>- 

1\— 1 
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lu  theso  equations  w  refers  to  the  actual  motiou,  and  Bw  ta  a  hj 
theticai  displacement  consistent  with  the  conditions  to  wbicJi 
system  is  subjected.  Let  us  now  suppose  that  the  s^'stem  iss 
cuting  one  of  its  normal  component  vibrations,  so  that  ftf  =  u,ai 

U  +  f'u  =  0 («h 

while  Bw  is  proportional  to  another  normal  function 
Since  k  =  p!c,  we  get  from  (3) 

f(dudv      dudv 


I?  lluvdxdy  =  j 


]dx  d^     dij  dy\ 


dxdij (7i 


The  integral  t 
and  thus 


I  the  right  is  symmetrical  with  respect  to  u  and 


{k''--k')Uuvd^dy  =  0 {Si 

where  k'-  bears  the  same  relation  to  v  that  k*  boars  to  u. 

Accordingly,  if  the  normal  vibrations  represented  bjr  u  ota 
have  different  periods, 


jnvd^dy  =  0  . 


..(9> 


In  obtaining  this  result,  we  have  made  no  assumption  as  to  I 
boundary  conditions  beyond  what  is  implied  in  the  absence  of 
actions  against  acceleration,  which,  if  they  existed,  would  app 
in  the  fundamental  equation  (3). 

If  in  (8)  we  suppose  k'  =  k,  the  equation  is  sattafied  idendnl 
and  we  cannot  infer  the  value  of  jiu'd.rdy.    In  order  to  e 
this  integi-al  we  must  follow  a  rather  different  course. 

If  »  and  V  be  functions  satisfying  within  a  certain  ooatoorl 
equations  V'li  +fr'i(  =  0,  V=tJ  +  i''i;  =  0,  we  have 

(f-  -  A-') JJm  vdxdf/=  [((v V-u-u  V' r)  <tc rfy 

-K't-'i:)^ («« 

by  Ureeu'a  theorem.     Let  us  now  HUppose  that  i<  is  derived  { 
u  by  slightly  varying  t,  so  that 


Bk,    i:-  =  k  +  Bk; 


Gabsdtnliiig  in  (10),  we  find 
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T,  if  u  vanwh  on  the  boundary, 

^#-^*-/fflr:* p^>- 

For  the  application  to  a  circular  area  of  radius  r,  we  have 

w  =  C08«e  J„(A'r)J ^^*'-'' 

uid  thus  from  (10)  on  substitution  of  polar  co-ordinates  and  integra- 
tion with  respect  to  d, 

(jfc^  -  if)  f V,  (ir)  J„  (iV)  rdr 
H 

^rJ^(k'r)^-Mkr)-rJ^{kr)^J„(k'r)  (14). 

Accordingly,  if 

|;/,(t-r)  :  J-„(tV)-|.J^.(fo-)  :  J-.(fo-), 
ind  i  and  &'  be  different, 

fjnUr)J„ik'r)rdr  =  0  (15), 

.n  equation  first  proved  by  Fourier  for  the  cose  when 

Jn(hr)  =  J„(k'r)  =  Q. 
Again  from  (11) 

at  r  m/t  \    J  dJdJ        .  d'J 

Jo  dkdr         drdk 

='kT'J"-h'j(j"  +  ^J'Y 

ashes  denoting  differentiation  with  reapect  to  kr.     Now 

nd  thus 

2J'j„''(_kr)rdi-  =  fJ,:'(kr)  +  r^(l  -  ^f^J^^kr) (16). 

'his  result  is  genera) ;  but  if,  as  in  the  application  to  membranes 
'ith  fixed  boundaries,        Jn(kr}  =  0, 

hen  2rj^'ikr)rdr  =  T^Jn''ikr) (17). 
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204     We  may  use  the  result  just  arrived  at  to  simplif|' 
expressions  for  T  and  V.     From 

w  =  5:S;^,„„-/,.(-t™n'-)cos«fl  +  i^,„„/„(fc,„r)8inH^ (I 

we  find 

3'=:ip7r(i'2Sy„''(l',„„a)l*™„'  +  ^„„'; (3 

F  =  i  p^rt"  SS  /(„,„' J.,'' {'iwO  !^m..'  +  '^.-...'  (! 

whence  is  derived  the  norraiil  equation  of  motion 


,.+i'„„r*^«=- 


and  a  similar  equation  for  ^.rt,,.     The  value  of  4»uu,  is  to  be 
from  the  consideration  that  ^mn^'l>mH  denotes  the  work  done  by 
impressed  forces  during  a  hypothetical  displacement  S^„_ ;  so 
if  Z  be  the  impressed  force,  reckoned  per  unit  of  area, 


■■(5; 


*„,„  =  jfzJn  (imn?-)  COS  n0  rdr  dd  . . 


These  expressions  and  equations  do  not  apply  to  the  case 
when  ^  and  ^  are  amalgamated.     We  then  have 
r  =  i  fwra'  J,'»  (i-„„a)  ^,«' 

■r<        1    ii> -rmo     pTTW'Jo'Umo'i) 
As  an  example,  let  us  suppose  that  the  initial  velocities  arai 
and  the  initial  configuration  that  assumed  under  the  infiuence 

constant  pressure  Z\  thus 

Now  by  the  differential  e(|uatiou, 

.  1 


so  that  <!>„„, 

Substituting  ihU  iu  (7), 


J.'/(l») 


2to, 


I-  *ce  ihnt  the  initial  « 
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For  values  of  n  other  than  zero,  <P  and  the  initial  value  of  i^mn 
vanish.     The  state  of  the  system  at  time  ( ia  expressed  by 

*.«  =  (*»o)r-..COSp,„(    (10). 

W  =  S^,„„/„(t„„r) (U), 

the  summation  extending  to  all  the  admissible  values  of  tf„„. 

As  an  example  o^ forced  vibrations,  we  may  suppose  that  Z,  stilt 
cun»taiit  with  respect  to  space,  vai'ies  as  a  harmonic  fimction  of  the 
time.  This  may  be  taken  to  represent  roughly  the  circumstances 
of  a  small  membrane  set  in  vibration  by  a  train  of  aerial  waves. 
If  2"  =  cos  qt,  we  find,  nearly  as  before, 


IS  y<  X  -r 


■  r) 


..(12). 


The  forced  vibration  is  of  course  independent  of  B.  It  will  be  seen 
that,  while  none  of  the  symmetrical  normal  components  are  missing, 
their  relative  importance  may  vary  greatly,  especially  if  there  be  a 
near  approach  in  value  between  q  aud  one  of  the  series  of  quanti- 
ties jj„u,.  If  the  approach  be  Very  close,  the  effect  of  dissipative 
forces  must  be  included. 

[Again,  aiippose  that  the  force  is  applied  locally  at  the  centre. 
By  (5) 

*,„„  =  ^,cosy( (13), 

if  Z|  cos  qt  denote  the  whole  force  at  time  (.     From  (7) 

JTiCos^t 


i  then  givi 


>7ra'Cj,™'-y')/;'(i-,.«a) ^     '' 

L  by  (11).     The  series  is  convergent,  unless 


But  this  problem  would  be  more  naturally  attacked  by  including 
in  the  solutions  of  (4)  §  200  the  second  Bessel's  function  §  341. 
In  this  method  i  =  g/c ;  and  the  ratio  of  constants  by  which  the 
two  functions  of  r  are  multiplied  is  determined  by  the  boundary 
condition.  When  q  coincides  with  one  of  the  values  of  p,  the 
second  function  disappears  from  the  solution.] 

205.     The  pitches  of  the  various  simple  tones  and  the  radii  of 
e  Qodal  circles  depend  on  the  roots  of  the  equation 
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If  thMe  (exclusive  of  xero)  taken  in  order  of  maguitade 

called  Zn"\  *n™.  ^n"' 'h'" t  thfeD  the  admissible  valnesti 

are  to  be  found  by  multiplying  tbe  quantities  z„'"  by  c'u.    1 
particular  solution  may  then  be  written 


10  =  J„{2„"'  -j{j 


6  +  B„'"  sin  n6\  cos  J-  2„i"'(  —  e„^ 


■...0) 


The  lowest  tone  of  the  group  n  con-esponds  to  i„"' ;  and  sii 
this  case  J^  («« "'  rja)  does  not  vanish  for  any  value  of  r  leas  tl 
there  13  no  interior  nodal  circle.  If  we  put  s=^,J„  will  vani 
when 


that  is,  when  »■  =  n  "^^  , 

which  is  the  I'adius  of  tbe  one  interior  nodal  circle  SiiniUi 
if  we  take  the  root  «»'",  we  obtain  a  vibration  with  e-  1  veA 
circles  (excluMve  of  the  boundary')  whose  radii  are 


in"' 


All  the  i-oots  of  the  equation  J„  {ka)  =  0  f 
possible,  let  itt  =  \  + 1/*  be  a  root ;  then  k'a  =  \- 
andthu8by(:i4)|203. 


)  J„  (k'r)  rdr  =  0. 


real.     Fur, 
.  is  also  a 


UXtij'j^iki 


Now  Jn(k>'),  J,i(k'r)  are  conjugate  complex  quantities,  vfa 
product  is  necessai-ily  positive ;  so  that  the  above  equation  rcqoi 
that  either  \  or  fi  vanish.     That  X  cannot  vanish  appears  ftl 
the  consideration  that  if  ka  were  a  pure  imaginary,  each  term 
the  ascending  series  for  J,,  would  be  positive,  and  thereforf 
sum  of  tbe  series  incapable  of  vanishing.     We  conclude  it 
ii*  =  0,  or  that  k  is  real'.     The  same  result  might  be  nrrivied 
from  the  consideration  that  only  circular  functions  of  the 
can  enter  into  the  analytical  expression  for  n  nornial  com] 
vibration, 

The  oquacion  ■/„  {s)  =  0  has  no  equal  i-oola  (excopt  two). 
t^uatione  (7)  and  (fi)  §  2UD  we  get 

j.'.~j,-j.„. 
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re  aee  that  if  ^n.  Jn  vanished  for  the  same  value  of  z,  J„^ 
Uo  vanish  for  that  value.     But  in  virtue  of  (8)  §  200  J 
Id  recjuii-e  that  all  the  functiouH  J,,  vauish  for  the  value  I 

leation  ^ 
The  actual  values  of  2„  may  be  found  by  interpolation  1 

isen's  tables  so  far  as  these  extend ;  or  formulie  may  be  I 
d  from  the  descending  aeries  by  the  method  of  successive  I 
lation,  expressing  the  roots  directly.  For  the  important  1 
he  symmetrical  vibrations  (n  =  0),  the  values  of  z^,  may  be  I 
im  the  following,  given  by  Stokes': 


It 
=  1,  the  formula 


■050661       -053041      -262051 


-1       {\s~\Y^{ia--\y' 


..(1). 


=  «  +  -25 


■151982  ,    OloSaS      -245270 


..(2). 


4s+l       (4«  +  l>'     C4s  +  1>' 
convergent  enough,  even  for  the  first  root, 


latter  a 

iding  to  «  =  1.  The  aeries  (1)  will  suffice  for  values  of  *  J 
than  unity;  but  the  first  root  must  be  calculated  I 
intly.  The  accompanying  table  (A)  is  taken  fi-om  ' 
japer,  with  a  slight  difference  of  notation. 
11  be  seen  either  from  the  formulie,  or  the  table,  that  the  | 
6  of  successive  roots  of  high  order  is  approsiinately  • 

for  all  values  of  n,  as  is  eviJent  from  the  descending 
I)  §  200. 

general  formula,  analogous  to  (I)  and  (2),  for  the  roots  of  I 
B  been  investigated  by  Prof.  M'Mahon.     If  m  =  47t=,  and  ] 

a  =  i7r(2«-l  +  4s) (3), 

'•<  =     _  ■"'  ~  ^  _  *("t-l)(7ot-31) 
'"         "       "Set"  •i{Ha)' 

_  32  (»i  - 1)  (83>ft'  -  9a2fft  +  3779) 


15  (8«)' 


..(4). 


tt,  "  HtmotK  eur  le  mouvcmeiit  vibrotoire  dsH  membrouea  uirculairGi 
tole  HamaU,  t.  ui.,  1SU6.     In  one  passage  M.  BouTKet  implies  that  lis  ] 

BeBsvl'a  lunctiona  al  inte»!Cai  order  cao  bare  tbe  eaue  n 
A  find  Uint  be  Iulb  dune  bd,  Tbe  theorem,  bowever.  U  prubsbly  tr 
if  fnnetioQii,  whole  orderi  diller  by  I  or  2,  it  may  he  eaiily  proveil  from  J 

ofsaoo. 

fhSL  Tram.  Vol,  ix,  "  On  tbe  numericiil  cilcuktion  of  a  cliwa  of  defl-  I 
and  iodniw  Hcriiw."  [tu  nocordanoe  with  tbe  calculation  ot  Prof.  4 
BBBMrator  of  the  laot  term  ia  {2)  bu  beeo  altoted  from  -34311111$  J 
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This  formula  may  be  applied  uot  ouly  to  iiitegml  values  of 
{1)  aud  (2),  but  also  when  n  i&  fi'actional.     The  cases  of  n  ^^. 
n  =  5  are  considered  in  §  207.] 

M,  Bom^et  has  given  iii  his  memoir  very  elaborate  tabli 
the  fretjuencios  of  the  ditfei-ent  simple  tones  and  of  the 
the  nodal  circles.     Table  B  includes  the  values  of  s,  which 
J„<«),  for«  =  0,  1,...  .1,  a  =  1,2,  ...  9. 

Table  A. 


12 


-  foi- /„(l5)=0. 


■7655 
1-7571 
2-7546 
3-7534 
4-7527 
3-7522 
6-T6I9 
7-7516 
8-7514 
9-7513 
10-7512 
U-7511 


•9988 
-9993 

-9995 


*forJ.(«)  =  0. 


3-2383 
4-24U 

5-2428 
6-2439 
7-2448 
8-2454 
9-2459 
10-2463 
11-2466 
122469 


i-oias 

1-0053 
1-0028 
I-OOIT 
1-0011 
1-0009 
1-0006 
1-0006 
1-0004 
1-0003 
1-0003 


When  n  is  considerabli^  the  calculation  of  the  earlii.T  r 
becomes  troublesome.  For  very  high  values  of  n,  i„"';'m  appt 
mates  to  a  ratio  of  equality,  as  may  be  seen  from  the  con&idt 
that  the  pitch  of  the  gravest  tone  of  a  very  acute  sector  must  I 
to  coincide  with  that  of  a  long  parallel  strip,  whose  width  ia  e 
to  the  gieateat  width  of  the  sector. 

Table  B. 


. 

»«0 

7..1 

n.a 

n.S 

.  =  « 

n-t 

1 

2404 

3-832 

5-135 

6-379 

7-586 

8-7«l 

a 

5S20 

7-018 

S-417 

9-760 

11-064 

I2-J3S 

.1 

H'6n4 

10-173 

11-620 

13-<n7 

14-3T3 

l»-70« 

4 

ii;9i 

13-323 

14-790 

16-224 

17-616 

18-118: 

A 

uasi 

16-470 

17-960 

19-410 

20-827 

22-2SV 

e 

18-071 

19-61« 

21-117 

22-583 

Jl-018 

29-491 

7 

21212 

22-760 

24-270 

S8-749 

27-200 

SIMM 

B 

2t-35S 

23-903 

27-421 

28-809 

S0-«1 

JfllH 

U 

27-494 

•29-047 

30-571 

99-090 

W-HJ 

■ 

206.] 
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i.OOO 


9.iS9 


3.6e» 


i.S94 


M.$S3 


«•!«« 


3.$00 


4.1 5# 


The  figures  represent  the  more  important  normal  modes  of 
iribratiou,  and  the  numbers  affixed  give  the  frequency  referred  to 


/ 


332  VIBRATIONS   OK   MEMBRANES.  [20 

the  gravest  aa  uuity,  together  with  the  radii  of  the  cij-cular  nut 
expressed  as  fractions  of  the  radius  of  the  membrane.  In  the  « 
of  sis  nodal  diametei-s  the  fi-equency  atatud  is  the  result  of  a  ron 
calculation  by  myself. 

The  tones  corresponding  to  the  various  fimdainental  modes 
the  circular  membrane  do  not  belong  to  a  harmonic  scale,  b 
there  are  one  or  two  approximately  hnrtnonic  relations  which  nu 
be  worth  notice.     Thus 


i  X  1-59+  = 
Sxl-59+  = 
2  X  1-594  = 


2125  = 

2'657  = 
3-188  = 


2-136  nearly, 
2-6.i3  nearly, 
3-1.5f;  nearly; 


80  that  the  four  gravest  modes  with  nodal  diameters  only  wou 
give  a  consonant  chord. 

The  area  of  the  membrane  is  divided  into  segments  by  tj 
nodal  system  in  such  a  manner  that  the  sign  of  the  vibrfttil 
changes  whenever  a  node  is  crossed.  In  those  modes  of  vibration 
which  have  nodal  diameters  there  is  evidently  no  displacement  "i 
the  centre  of  inertia  of  the  membrane.  In  the  case  of  sj-mmelri- 
cal  vibrations  the  displacement  of  the  centre  of  inertia  is  pi-opir^ 
tional  to 

JV,  (kr)  rdr  =  -j"  U"  (frr)  +  ^  J,'  (t-;-)  |  rdr  =  -  |  /.'  (*«). 

an  expression  which  does  not  vanish  for  any  of  the  adinL<aibk 
values  of  k,  since  Jo'(2)  and  /„  (z)  cannot  vanish  eimultaneou£l> 
In  all  the  symmetrical  niwies  there  is  therefore  a  displacemoot  ••' 
the  centre  of  inertia  of  the  membrane. 


207.     Hitherto  we   have  supposed  the  circular  arva  of  thr 
membrane   to   be   complete,  and   the   circumference  only  to  t 
fixed;  but  it  is  evident  that  our  theory  virtually  includoa  I 
solution  of  other  problems,  for  example — some  cases  of  a  t 
brauc  bouudt^  by  two  concentric  circles.     The  comptett  tin 
for  a  membrauo  in  the  form  of  a  ring  requires  the  sectHid  I 

fUDCCiotL 

The  problem   of  the  membrane  in  the  form 
way  he  rcgard<.'d  as  already  solved,  since  any  ) 
I  of  which  the  aemi-cirde  ia  t 


Fig.  38. 
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oiplete  circle  also.  lu  order  to  see  thLs,  it  is  only  necessary 
k<  attribute  to  ntiy  point  in  the  complementary  semi-circle  the 
site  motion  to  that  which  obtains  at  its  optical  image  in 
9  bounding  diameter.  This  line  will  then  require  no  constraint 
>  keep  it  Dodal.  Similar  considerations  apply  to  any  sector 
ijhoae  angle  is  an  aliijuot  part  of  two  right  angles. 

When  the  opening  of  the  sector  is  arbitrary,  the  problem 
[ay  be  solved  in  terms  of  Bessel's  functions  of  fractional  order. 
if  the  fixed  radii  are  fl  =  0,  0  =  0,  the  particular  solution  is 

w  =  l>J„,,{h-)  sin '^^ cos {^(-0  (1). 

s  an  integer.     We  see  that  if  0  be  an  aliquot  part  of  ir, 
ufi  is  integral,  and  the  solution  is  included  among  those  aheady 
)  for  the  complete  circle. 

An  interesting  case  is  when  /9=  Stt,  which  corresponds  to  the 
[oblem  of  a  complete  circle,  of  which  the 
9  =  0  is  constrained  to  be  uo<lal. 
We  have 

w  =  i'i/j,  (ir)  sin  Jp^  co3(/>f  —  e). 
When  y  is  even,  this  gives,  as  might  be 
icted,  modes  of  vibration  possible  without 
I  constraint;    but,   when   v  is  odd,  new 
I  make  their  appearance.     In  fact,  in 
the  latter  case  the  descending  series  for  J 

tenninates,  so   that  the   solution   is  expressible  in  finite  terms. 
I  Thus,  when  c  =  1, 

W  =  P''~^-J^HiR!id   COS(pt-€)    (2). 

The  values  of  k  are  given  by 

sin  hi  =  0,    or  ka  =  stt. 
I  Thus  the  circular  nodes   divide  the  hxcd  radius  into  equal 

i,  and  the  series  of  tones  form  a  har-  p^^_  3g_ 

Wiic  scale.     In   the  case   of  the  gravest 

rniade,  the  whole  of  the  membrane  is  at  auy 

mnmunl  deflecte<l  on   the  same  side  of  its 

csfuilibrium  poeition.     It  is  remarkable  that 

I  t^   ajipHcatiun   of   the    constraint    to   the 

4t(u  9  s  0  makes  the  problem  easier  than 


If  we  take 
w  =  P 
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=  3,  the  solution  is 

k^smie  coB(/»t-e).. 


1      /fan  k, 


[20 


■  (3). 


In  this  case  the  nodal  radii  are  Fig,  (39) 

and  the  possible  tones  are  given  by  the  equation 

tanA'n  =  itu (4)> 

To  calculate  the  roots  of  tan  a:  =  «  we  may  assume 
x=.{s  +  \)-ir-y  =  X-y, 
where  y  is  a  positive  quantity,  which  is  small  wbea  x  is  large. 

Substituting  this,  we  find   c<ity  =  X  -  y, 
■whence 

^     XV^  X^  X^     ■■  )      3      15      SIS 
This  equation  is  to  be  solved  by  successive  approjcimadil 
It  will  readily  be  found  that 


y-x 

-1 

.Y-  + 

^-- 

146 
105^ 

that  th 

e  roots  0 

tan 

«  =  » 

are  given 

by 

x  =  X- 

X-'- 

5'^- 

-}|- 

105 

..(5). 


where  X=(e  +  \)  ir. 

In  the  first  quadraut  there  is  no  root  after  aero  since  tuix> 
and  in  the  second  quadrant  there  is  none  because  the  signs 
X  and  tan  x  aie  opposite.  The  first  root  after  zero  is  thus 
the  third  quadrait,  corresponding  to  «=1.  Even  in  this  f 
the  series  converges  sufficiently  to  give  the  value  of  the  t 
with  considerable  accuracy,  while  for  higher  valui-s  of  «  it 
all  that  could  be  desired.  The  actual  values  of  */■■•  are  1^ 
2-4-iyO,  34709,  4-4747,  5-4818.  6-4S44.  &c 

208-     The  effect  on  the  periods  of  a  slight  iDeqiuUity  iu 
ilensity  uf  the  circular  mumbrane  may  be  investigated  bf 
niethiMl  §  DO,  of  which  sevenil  coiamplcs  hmve 
It  will  bo  MifRcieiit  here  to  cuniidtir  the  c 


q 


EFFECT  OF  SMALL   LOAD. 


335 


:  I'm' 


..(1). 


i.ill  Iiiiul  .1/ attached  to  the  membrane  at  a  point  whose  radius 
I  tar  is  r. 
We  will  take  first  the  ayrametrical  types  (n  =  0),  which  may 
I  be  supposed  to  apply  not  with  stand  ing  the  presence  of  M.  The 
■i.'tic  energy  T  is  (6)  §  20+  altered  from 

id  therefore 

p-Tra"  Jn' (k^a) 

liL'i-e  P^  denotes  the  vahie  otp^',  when  there  is  no  load. 
The  nnsymmetncal  normal  types  are  not  fully  delermtnate  for 
lh<:-  unloaded  membrane;  but  for  the  present  purpose  they  must 
bt'  taken  so  as  to  make  the  resulting  periods  a  maximum  or 
mimnium,  that  is  to  say,  so  that  the  effect  of  the  load  is  the 
grt-atefit  and  least  possible.  Now,  since  a  load  can  never  raise 
the  pitch,  it  is  clear  that  the  influence  of  the  load  is  the  least 
possible,  viz,  zero,  when  the  type  is  such  that  a  nodal  diametfr  (it 
is  indifferent  which)  passes  through  the  point  at  which  the  load  is 
attached.  The  unloaded  membrane  must  be  supposed  to  have  two 
coincident  periods,  of  which  one  is  unaltered  by  the  addition  of  the 
load.  The  other  type  is  to  be  chosen,  so  that  the  alteration  of 
period  is  as  great  as  possible,  which  will  evidently  be  the  case 
when  the  radius  vector  /  bisects  the  angle  between  two  adjacent 
nodal  diameters.     Thus,  if  r  correspond  to  ^  =  0,  we  arc  to  take 

W  =  <f>mn  "Jn  {hnn^)  COS  110  ; 

j-lhat  (2)  §  20* 

T=  i  pva?  *„„'  /„"{fr,„>a)  +  i  M^„„;'J.:-  (fc,„„r'). 
\  The  altered  jj,„,/  is  therefore  given  by 

_  2M /„Miw') 

pva''  J,!''{k,„„a) 

'  bo  such  that  the  load  lies  on  one  '>f  the  nodal 
blea,  neither  period  is  affected. 

r  example,  let  M  be  at  the  centre  of  the  membrane.     J„  (0) 
ixhes,   except   when   »i=0;    and   /((0)  =  1.     It   is   only   the 
ical  vibmtions  whose  pitch  is  influenced  by  a  central  load, 
;hem  bv  ( 1 ) 

M 


." :  i\.u-  =  1  - 


..(2). 


/>..':i'.„'=l- 


J„'-{lc^a)pira,'" 


..(3). 
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§200  /;(«) r,(«), 


By  (11)  § 

so  that  the  application  of  the  formula  requires  only  a,  knowledge 
the  values  of  J,  (z),  when  J^  (s)  vanishes,  §  200,  For  the  graW 
mode  the  value  of  J„'  (A-,„c«)  is  -51903'.  When  k-„. 
able, 

appr  Old  mate  ly;  so  that  for  the  higher  components  the  inBueoce 
the  load  in  altering  the  pitch  increases. 

The  influence  of  a  small  ii-regularity  in  disturbing  the  no 
system  may  be  calculated  from  the  formulie  of  §  90.  The  i 
obvious  effect  is  the  breaking  up  of  nodal  diameters  into  c 
of  hyperbolic  form  due  to  the  introduction  of  subsidiary  s 
metrical  vibrations.  In  many  cases  the  disturbance  is  favour 
by  close  agi-eement  between  some  of  the  natural  periods. 

209.  We  will  next  investigate  how  the  natural  vibrations 
a  iinilbmi  membrane  are  affected  by  a  slight  departure  from  U 
exact  circular  form. 


Whatever  may  be  the  nature  of  the  boundary, 
equation 

d'w     1  rf«i  ,  1  (Pw  . 


'  satisfies 


..(1). 


where  kis&  constant  to  be  determined.     By  Fourier's  theorem 
may  be  expanded  in  the  series 

w  =  !('„  +  M',  COS  (tf  +  a,)  +  w,  cos  2  (fl  +  a,)  + 

+«'„cosn(fl+a„)  + , 

where  iv^,  Wi.  &c,  are  ftinctions  of  r  only.     Substituting  in  (X),  i 
see  that  Wn  must  satisfy 

dr'      T   dr      \        i-^J 
of  which  the  solution  is 

«'.«^.(Jt); 
for,  as  in  §  200,  the  other  function  of  r  cannot  appear. 
The  general  expression  for  w  may  thtu  be  written 

+  ...  +  J^,(frr)M„cos«tf  +  J?„sin»tf)  + ^S)t 

r  all  points  nn  the  boundary  iv  is  to  viuiUh. 
'  The  iiuecMdii^  ftlatt  «t«  apprculnuUilif  -Ml.  ■OTI.  iiaa,  -XMy  ■Igi.  4^ 
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In  the  case  of  a  nearly  circular  niembrane  tLe  ludius  vector  is 
irly  constant.  We  muy  take  r=a  +  Sr,  Br  being  ii  small 
ii'.liou  of  5.     Hence  the  boundary  conditiun  is 

10='A,[J,(ka)  +  kSrJ,'(ka)]  + 
+  [J„  (ha)  +  k&r  J„'  {ka)]  [A  „  cos  tiO  +  B,  sin  nd] 
+ (3), 
ch  is  to  hold  good  for  all  values  of  6. 
Let  lis  consider  first  those  modes  of  vibration  which  are  nearly 
unetrical,  for  which  therefore  approximately 

w  =  Aa«(kr). 

All  the  remaining  coefficients  are  small  relatively  to  A„,  siucu 
!ie  type  of  vibration  can  only  differ  a  little  from  what  it  would 
'  .  were  the  boundary  an  exact  cii'cle.  Hence  if  the  squares  of 
(ji:  small  quantities  be  omitted,  (3)  becomes 

i ,  [J.  ika)  +  ktrJ^'  ((to)]  +  J,  {ka)  [-4,  cos  5  +  ii,  sin  6] 

+  ...  +/„(A:a)[^«cosn^+B„8inn5]+...  =  0 (4). 

If  we  integriile  this  equation  with  respect  to  B  between  the 
limits  0  and  tir,  we  obtain 

^Tr  -/„  yka)  +  J,'  (ka)l^'khrde  =  0, 


y„|/l-a  +  A:J*'s<-^l  =  0 (5). 


■  inch  shews  that  the  pitch  of  the  vibration  is  approximately  the 
.woe  an  if  the  radius  vector  had  uniformly  its  mean,  vahie. 

This  result  allows  us  to  form  a  rough  estimate  of  the  pitch  of 
any  niembrane  whose  boundary  i^  not  extravagantly  elongated. 
If  er  denote  the  area,  so  that  pa-  is  the  mass  of  the  whole  mem- 
brane, the  frequency  of  the  gravest  tone  is  approximately 


(2»r' 


"  vly- 


..(6)'. 


r  to  iijvesUgate  the  altered  type  of  vibralioD,  we  may 
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multiply  (4)  by  cos  )i0,  or  siojt^,  aud  then  integrate  as  be( 
Thus 

A,  J,'{ku )  ['"  Hr  cos  110  tie  +  vA  „  J„  {k:n )  =  0  | 

^'l  L 4.1 

A..  J,;(tci)  r' kSr  siu  110 dd  +  7rB„  J"„ {ht )  =  0 

which  determine  the  ratios  A^  :  j4ii  and  B„  :  ^„. 

If  8i-=Sr,+  8r,  +  ...+Sr„  +  ... 

be  Fourier's  expansion,  the  final  expression  for  w  may  be  writ! 


-kJ^{ka)\ 


■ .W 


I  J,  (ir)  dn  ■/„  (fcr)  St  „ 

./.(fat)    "^  ■■■"'"  V,.(A-u) 

When  the  vibration  is  not  approximately  symmetrical,  i 
question  becomes  more  complicated.  The  uoniial  modes  for  I 
truJy  circular  membrane  are  to  some  extent  indeterminate, bat  t 
in-egularity  in  the  boundary  will,  in  general,  remove  the  indel 
miuatoness.  The  position  of  the  nodal  diameters  must  be  b 
so  that  the  resulting  periods  may  have  masimum  or  minimt 
values.     Let  us,  however,  suppose  that  the  approximate  typ« 

w  =  A,J,{h-)<iosve (9) 

aud  afterwards  investigate  how  the  initial  line  must  be  taken 
order  that  this  form  may  hold  good. 

All  the  remaining  coefficients  being  ireate<l  a*  siniill  in  c 
parison  with  A.,  we  get  from  (4) 

A,J„{ka)+  ...  +  A,[J.{ka)^  khrJ:  ika)]  cobi/|? 

+  ii,J.(k€t)^uive+ 

+  J„{ka)[A„coiin6  +  B„CQ&ne\-ir ...  =0 (lO; 

Multiplying  by  cos  v6  and  integrating, 

•n-J. {ka)  +  k  J,  (ka)       5r  cos'  vdd6  =  0. 
^d0-\     „ 


or 


J,    ka  +  kj    ircoa'vtf 
wbioh  (thews  that  the  effective  ratUus  of  thu  mvuibraae  ii 


^^ 


^lioe'iS 


rf? 


V 


The  ratios  of  J,,  and  5„  (o  A,  may  be  found  as  before  bv  iu- 
piting  equation  ( 10)  afler  multiplicatiou  by  cos  ti$,  am  nS. 

But  the  poiuL  of  greatest  interest  is  the  pitch.  The  initial  line 
o  be  BO  taken  as  to  make  the  expression  (11)  a  maximum  or 
limuut.  If  we  refer  to  a  line  fixed  in  apace  by  putting  0  —  a 
vad  of  d,  we  have  to  consider  the  dependence  on  a  of  the 
itity 

1  'Brcas'p(e-a)(ie, 


which  may  also  be  written 

'pa  I     Br  cos' I'O  (10 +  2  cos  i^osinca  f     Si-cosi'^sin  r8d0 
+  i>iu- va  TSr  sin' i-ede (12), 


A  cos'  pa  +  iB  cos  c 


hCm 


jB,  C  being  independent  of  a.     There   are   accoixliiigly   two 

ussible  pofiitions  for  the  nodal  diametera,  one  of  which  makes 

leriod  a  maximum,  and  the  other  a  minimum.    The  diameters 

s  set  biaect  the  angle-s  between  the  diaraeters  of  the  other 


There  are,  however,  cases  where  the  normal  modes  remain  inde- 
ioinate,  which  happens  when  the  expression  (12)  is  independent 
■Thifl  is  the  case  when  &r  is  constant,  or  when  8r  is  propo!'- 
I'-nal  to  cosuft  For  example,  if  Br  were  proportional  to  co8  2tf. 
I  in  other  words  the  boundary  were  slightly  elliptical,  the  nodal 
-lem  corresponding  to  »i  =  2  (that  consisting  of  a  pair  of  pev- 
"iidiciilar  diameters)  would  be  arbitrary  in  position,  at  least  to 
'-.]■•  order  of  approximation.  But  the  single  diameter,  correspond- 
,,j  to  n=l,  must  coincide  with  one  of  the  principal  axes  of 
ak-  ellipae,  and  the  periods  will  be  different  for  the  two  axes. 

210.  We  have  seen  that  the  gravest  tone  of  a  membrane, 
:t<Me  boundary  is  approximately  circulai',  is  nearly  the  same  as 
ii  a  ijf  a  mechanically  similar  membrane  in  the  form  of  a  ciri'le  of 
I.-  tame  mean  radius  or  area.  If  the  area  of  a  membrane  be 
!  .en,  there  must  evidently  be  some  form  of  boundary  for  which 

pitch  (of  the  principal  tone)  is  the  gravest  possible,  and  this 
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form  can  be  uo  other  than  the  circle.  In  the  case  of  approxis 
circularity  an  analytical  demonstration  may  be  given,  of  wtuch 
following  is  an  outline. 

The  geiferal  value  of  w  being 

iu  =  A„J,{lcr)+...  + J„(K-r){A,. coanO  +  B  sin, it))  + (I), 

in  which  for  the  present  purpose  the  coefficieiita  A,,B,....axvai 
relatively  to  At,,  we  find  from  the  condition   that    w  vauishi 
when  r  =  a  +  Si; 

A^J,{ka)  +  kA^J^'{ka)Sr  +  ^i^A>J/(ka).{Sry-t- 

+  S.[[J^ika)  +  kJn'(ka)Sr+...\\  A  „  cos  ne-^BnsiDn0\]  =  O...{iy 
Hence,  if 

5r  =  a.  cos6  +  ^,Bia$  + ,..  +  a„(xisnd  +  0„siatid  + (3), 

we  obtain  on  integration  with  respect  to  8  from  0  to  Stt, 


2A,J«  +  ^/c'A„J:-1  _    {(i„^  +  /3.r) 


+  iS  _    [(a„^„  +  /3„5„)J„']  =  n (4), 

from  which  we  see,  as  before,  that  if  the  squares  of  the  inn 
fjuantities  be  neglected,  Jo(ka)=-0,  or  that  to  this  order  oft 
proximation  the  mean  radius  is  also  the  effective  radius, 
order  to  obtain  a  cloaer  approximation  we  first  determine  A^ : , 
and  B„:Aa  by  multiplying  (2)  by  cosk^.  sia«^.  and  then  i 
tegratiag  between  the  limitfl  0  and  2jr.     Thus 

AnJ«  =  -ka„A„J^',     B„J,.  =  -k'0„Aj; (5), 

Substituting  these  ralues  in  (4),  we  get 

j.(M=ii-i"["[(«.'+A')j"^}*-iy."n (IV 

Since  /,  satisfies  the  fundamental  equation 

j."+Ij;*j..o (7), 

«ud  in  the  present  case  /„  =  ()  appruximatoly,  we  may  raploi 
J,"  "by  —jr-J*'-     EqaatioD  (6)  then  becomes 


j.(h,)-ifj;i  .(..■+is.') 


W 
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Let  us  now  suppose  that  a -t- da  is  the  equivalent  radius  of  the 
membrane,  bo  that 

J",  [k  (a  +  da)]  =  J,  (ka)  +  /.'  (ka)  kda  =  0. 

Then  by  (8)  we  find 

*"=-4*c[w+^-'>{^+2y] <«*• 

Again,  if  a  +  da'  be  the  radius  of  the  truly  circular  membrane 
of  equal  area, 

«io'-^S^°fK'  +  /9n') (10); 

so  that 

The  question  is  now  as  to  the  sign  of  the  right-hand  member. 
If  n  =  1,  and  z  be  written  for  ka, 

vanishes  approximately  by  (7),  since  in  general  J,  =  —  J/,  and 
in  the  present  case  J^  (z)  =  0  nearly.  Thus  da'  —  da  =  0,  as  should 
evidently  be  the  case,  since  the  term  in  question  represents  merely 
a  displacement  of  the  circle  without  an  alteration  in  the  form  of 
the  boundary.     When  n  =  2,  (8)  §  200. 

o 

z 
from  which  and  (7)  we  find  that,  when  J^  =  0, 

f=^ (->. 

whence 

da'-<^«=^(a='+A')(|'-l)  (13), 

which  is  positive,  since  z  =  2*404. 
We  have  still  to  prove  that 

is  positive  for  integral  values  of  n  greater  than  2,  when  z  =  2'404. 
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For  this  purpose  we  may  avail  ourselves  of  a  theorem  given 
Riemauii's   Partielle   DiffermitiaUileidmiigen,  to   the   effect  di 
neither  Jn  nor  J,,'  has  a  root  (other  than  zero)  leas  than  n.    Th 
differential  equation  for  /„  may  be  put  into  the  form 


dV„(2) 
'/(log  2)' 


+  (^-«^)j„(*)=o; 


while  initially  J„  and  J^  (as  well  as  djjd  log  z)  are  positive.  A 
cordingly  dJ„ldlogz  begins  by  increa,siug  and  does  not  i^asetoc 
BO  before  s  =  ti,  from  which  it  is  clear  that  within  the  range  i  = 
to  e  =  n,  neither  J„  nor  J,.'  can  vanish.  And  since  J„  and  J,'  n 
both  positive  until  m  =  n,  it  follows  that,  when  n  is  an  integer  great 
than  2'404,  da'  — da  is  positive.  We  conclude  that,  unle* 
a,.  ...  all  vanish,  da'  is  greater  than  da,  which  shews  thai  in  t] 
case  of  any  membrane  of  approximately  circular  outline,  the  cird 
of  equal  area  exceeds  the  circle  of  equal  pitch. 

We  have  seen  that  a  good  estimate  of  the  pitch  of  an  appmii 
mately  circular  membrane  may  be  obtained  from  its  area  olini 
but  by  means  of  equation  (9)  a  still  closer  approiimation  may 
effected.     We  will  apply  this  method  fja  the  case  of  an  eUii 
whose  semi-axis  major  is  R  and  eccentricity  e. 

The  polar  equation  of  the  boundary  ia 

r~R  \l-{^-^e'  + +ie*oos2tf  + \ (14); 

so  th  at  in  the  notation  of  this  section 

a=fl(l-le^-^e*).      (i,  =  KR. 

Accordingly  by  (9) 

or  by  ( 12),  since  kR  =  t  =  2404. 

<*«  =  -    M   ''^  

Thus  th«  radius  <if  the  cii-cle  of  equal  pitch  U 
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The  result  may  also  be  expressed  in  terms  of  e  and  the  area  tr. 
We  have 


^--Jll} 


and  thus 


'-'"^/'A'-"^"} <^^>' 


from  which  we  see  how  small  is  the  intlueoce  of  a  moderate  eccen- 
tricity, when  the  area  is  given. 

211.  When  the  fixed  boundaiy  of  a  membrane  is  neither 
straight  nor  circular,  the  problem  of  determining  its  vibrations 
presents  difficulties  which  in  general  could  not  be  overcome 
without  the  introduction  of  functions  not  hitherto  discussed  or 
tabulated.  A  partial  exception  must  be  made  in  favour  of  an 
elliptic  boundary ;  but  for  the  purposes  of  this  treatise  the  im- 
portance of  the  problem  is  scarcely  sufficient  to  warrant  the 
introduction  of  complicated  analysis.  The  reader  is  therefore 
referred  to  the  original  investigation  of  M.  Mathieu*. 

[The  method  depends  upon  the  use  of  conjugate  functions.     If 

x  +  iif  =  eco8i^  +  iji) (1), 

then  the  curves  i}  =  const,  are  confocal  ellipses,  and  f  =  const  are 
confocal  hyperbolas.  In  terms  of  f,  tj  the  fundamental  equation 
(V'  +  A^)  K  =  0  becomes 

^^  +  -^- ,  +  k'(coah' ti  -cos?  ^)u  =  0 (2), 

where  f  =  i«. 

The  solution  of  (2)  may  be  found  in  the  form 

«-a(f).H(,) (3), 

in  which  5  is  a  function  of  f  only,  and  H  a  function  of  ri  only, 
provided 

^-(t"cos'f-a)H  =  0 (4). 

5^+(ifc"co8h',-a)H  =  0 (5), 

a  being  an  arbitrary  constant'. 

'  laonTille,  im.,  186S;  Court  dtphyiqut  matltlmatlqut,  IBT3,  p.  139. 
*  PoekaU,  Vitr  dU  paHUlU  D(ffeftiUi^leickun0  Ah+Mi=0,  p.  lU. 
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Michell'  hae  shewn  that  the  elliptic  transformation  (l)is  ll 
only  one  which  }~ields  an  eqnatiou  capable  of  sstisfactioQ  in  tl 
form  (3).] 

Soluble   cases   may   be   invented   by   means   of  the 
solution 

w  =  A,J„{k-r)  +  ...+{A„COSne  +  B„sinne)Ju{k-r)+.. 

For  example  we  might  take 

w  =  J,. (kr)  -\J,  (At)  cos  0. 

and  attaching  different  values  to  X,  trace  the  various  foma  «f 
boundary  to  which  the  solution  will  then  apply. 

Useful  information  may  sometimes  be  obtained  trom  iha 
theorem  of  §  88,  which  allows  us  to  prove  that  any  contractiuu  « 
the  fixed  boundary  of  a  vibrating  membrane  must  cause  an  eli-n 
tion  of  pitch,  because  the  new  state  of  things  may  be  conceived  * 
differ  from  the  old  merely  by  the  introduction  of  an  ndditioiil 
constraint.  Springs,  without  inertia,  are  supposetl  to  urge  l) 
line  of  the  proposed  boundary  towards  its  ei^uilibrium  podttil 
and  gradually  to  become  stiffer.  At  each  step  the  vibratim 
become  more  mpid,  until  thoy  approach  a  limit,  corresponding  1 
infinite  stiffness  of  the  springs  and  absolute  fixity  of  their  poiul 
of  application.  It  is  not  necessary  that  the  part  cut  off  ahon 
have  the  same  density  as  the  rest,  or  even  any  density  at  alL 

For  instance,  the  pitch  of  a  regular  polygon  is  intermi 
between  those  of  the  inscribed  and  circumscribed  circles.  Cloi 
limits  would  however  be  obtained  by  substituting  for  the  rircoi 
scribed  circle  that  of  equal  area  according  to  the  rosult  of  §  i\ 
In  the  case  of  the  hexagon,  the  ratio  of  the  radius  of  the  circle 
equal  area  to  that  of  the  circle  inscribed  is  l-OoO,  so  that  the  m 
of  the  two  limits  cannot  differ  from  the  truth  by  so  mui^  m  S^ 
cent.  In  the  same  way  we  might  conclude  that  the  Doctor  ( 
circle  of  60"  is  a  graver  form  than  the  eijuilateral  triangle  obi 
by  substituting  the  chord  for  the  arc  of  the  circle, 

The  following  table  giving  the  relative  frequeucy  in  eexU 
calculable  ctuwK  for  the  gntv^st  tonv  of  iiivmbiuui.-.s  iiudvr  simi 
mechanical  conditions  and  of  et/iMl  arva  {a),  shcit*  ihv  nffect  o 
greater  or  less  departure  from  tho  circular  form. 


MESreRANES   OF    EQUAL    AREA.  345 

2-404.V7r  =  4  2(Jl. 

v'2.7r  =  4-4'*3. 

idrant  of  a  circle. -„  -  ■  -Jir  =  •lonl. 

T  of  a  circle  60" C-379A/j  =  4'6Hi. 

»t«ngle  .3x2 A/^.Tr  =  4«2+. 

Ijuilateral  triangle 2x.^/ta^ 30"  =  4-774. 

micircle 3832  */ s  =  *'803. 

Rectangle  2x1 )  ,rA/^  =  4'96T. 

Eight-angled  isosceles  triangle I  V  2 

mgleSxl ^^^g*'  =  5730. 

r  instAnce,  if  a  square  and  a  circle  have  the  same  area,  the 
r  is  the  more  acute  in  the  ratio  4443  :  4'261,  or  1'043  : 1. 
fpr  the  circle  the  absolute  frequency  is 

(&«•)-'  X  2-404 c  a/-  ,   where   c  =  s'T,  ^  -J p. 

I  the  cose  of  similar  forms  the  frequency  is  inversely  as  the 
r  dimension. 

From  the  principle  that  an  extension  of  boundary  is  always 
Upanied  by  a  fall  of  pitch,  we  may  infer  that  the  gravest 
ft  of  a  membrane  of  any  shape,  and  of  any  variable  density,  is 

i  uf  internal  nodal  lines.] 

112.  The  theory  of  the  free  vibrations  of  a  membrane  was 
i  miocessfiilly  considered  by  Poisson'.  His  theory  in  the 
Kof  the  rectangle  left  little  to  be  desired,  but  his  treatment 
me  circular  membrane  was  restricted  to  the  symmetrical 
ribratioos.  Kirehhoff's  solution  of  the  similar,  but  much  more 
lifjiciilt.  problem  of  the  circular  plate  was  published  in  1«.>0, 
md  Clebsch's  Theory  of  Elasticity  ( 1862)  gives  the  general  theory 
!  circular  membrane  including  the  effects  of  stiffness  and 

!  Mi.«*de  tAaulitnit,  i.  nn.  isas. 
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of  rotatory  inertia'.     It  will  therefore  be  seen  that  there  was  o 
much  left  to  be  done  in  1866 ;  nevertheleaa  the  memoir  of  Boin 
already  referred  to  contains  a  useful  discussion   of  the  probld 
accompanied  by  very  complete  numerical  results,  the   whole  | 
which  however  were  not  new. 


213.  lu  his  experimental  investigations  M.  Bourget  made  d 
of  various  materials,  of  which  paper  proved  to  be  at 
The  paper  is  immersed  in  water,  and  after  removal  of  the  superfladl 
moisture  by  blotting-paper  is  placed  upon  a  frame  of  wood  whfl 
edges  have  been  previously  coated  with  glue.  The  contraction  of  (I 
paper  in  drying  produces  the  necessary  tension,  but  many  f&il 
may  be  met  with  before  a  satisfactory  result  is  obtained, 
a  well  stretched  membrane  requires  considerable  precantionsl 
use,  being  liable  to  great  variations  in  pitch  in  consequence  of  f 
varying  moisture  of  the  atmosphere.  The  vibrations  are  eiciUo 
by  organ-pipes,  of  which  it  is  necessary  to  have  a  series  proceodi". 
by  small  intervals  of  pitch,  and  they  are  made  evident  to  the  vy 
by  means  of  a  little  sand  scattered  on  the  membrane.  If  tH 
vibration  be  sufficiently  vigorous,  the  sand  accnmulaies  on  il' 
nodal  lines,  whose  form  is  thus  defined  with  more  or  less  precianu 
Any  inequality  in  the  tension  shews  itself  by  the  circles  bucomint 
elliptic. 

The  principal  results  of  experiment  are  the  following: — 

A  circular  membrane  cannot  vibrate  in  unison  with  evei^-  sooikL 
It  can  only  place  itself  in  unison  with  sounds  more  acute  tb*n 
that  heard  when  the  membrane  is  geutly  tapped. 

As  theory  indicates,  these  possible  sounds  are  iteparat<Hl  by  k^• 
and  less  intervals,  the  higher  they  become. 

The  nodal   lines  are   only  formed   distinctly  in   responw  i- 
ctjrtain  definite  sounds.     A  little  above  or  below  confosion  ensqct 
and  when  the  pitch  of  the  pipe  is  decidedly  altered,  the  memfat 
remains  unmoved.     There  is  not,  as  Savart  supposed,  a  coafctDin 
transition  from  one  system  of  nodal  lines  to  another. 

The  nodal  lines  arc  circles  or  diameters  or  combitu 
circK-s  and  diamet«rs,  ns  theory  requires.     However, 

■  (Tlid  noilw  who  vinhci  lo  parsne  ih«  aiibjvct  trtaa  a  matbanatioal  p 
vliw  i«  ttltnvd  to  kti  exevlleni  ditoui^a  Iqr  Poekal*  (Letpxis,  IBUK  all 
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jiber  of  diameters  escefds  two.  the  sand  tends  to  heap  itself 
;'iisedly  towards  tbe  middle  of  the  membrane,  and  the  nodes 
nut  well  defined. 

The  same  geneml  laws  were  verifiec!  by  MM.  Bernard  and 
irget  in  the  case  of  si)uare  membranes';  and  these  authore 
i-ider  that  the  results  of  theorj'  are  decisively  established  in 
i"isition  to  the  views  of  Savart,  who  held  that  a  membrane 

-  fapable  of  responding  to  any  sound,  no  matter  what  its  pitch 
_:ht  be.     But  I  must  here  remark  that  the  distinction  between 

.■'\'<i  and  free  vibrations  does  not  seem  to  have  been  suflScientiy 
ne  in  mind.  When  a  membrane  is  set  in  motion  by  aerial 
\(S  having  their  origin  in  an  organ-pipe,  the  vibration  is 
lierl}"  speakiog /urced.  Theory  asserts,  not  that  the  membrane 
ijily  capable  of  vibrating  with  certain  defined  frequencies,  but 
ii  it  is  only  capable  of  so  vibrating /ree?^.  When  however  the 
lifxi  of  the  force  is  not  approximately  equal  to  one  of  the 
rural  periods,  the  resulting  vibration  may  be  insensible. 

in  Savart's  experiments  the  sound  of  the  pipe  was  two  or  three 

'  ives  higher  than  the  gravest  tone  of  the  membmue,  and  was 
■'■rdingly  never  far  from  unison  with  one  of  tbe  series  of  over- 
ly s.  MM.  Bourgct  and  Bernard  made  the  experiment  under 
[I-  favourable  conditions.     When  they  sounded  a  pipe  somewhat 

■•>-f  in  pitch  than  the  gravest  tone  of  the  membrane,  the  sand 
ii:iiued  at  rest,  but  was  thrown  into  vehement  vibration  as  unison 

I-  approached.  So  soon  as  the  pipe  was  decidedly  higher  than  the 
riibmno,  the  sand  returned  again  to  rest.     A  modification  of  the 

I"  riment  was  made  by  first  tuning  a  pipe  about  a  third  higher 
irt  tbe  membrane  when  in  its  natural  condition.     The  membrane 

-  then  heated  until  its  tension  had  increased  sufficiently  to 
iig  the  pitch  above  that  of  the  pipe.  During  the  process  of 
ilmg  the  pitch  gradually   fell,  and   the   point   of  coincidence 

iiiitiiifested  itself  by  the  violent  motion  of  the  sand,  which  at  the 
beginning  and  end  of  the  experiment  was  sensibly  at  rest. 

M.  Bourget  found  a  good  agreement  between  theory  and  obser- 

■tr-ju  with  respect  to  the  radii  of  the  circular  nodes,  though  the 

was  not  very  precise,  in  consequence  of  the  sensible  width  of 

Olds  of  saod ;  bat  the  relative  pitch  of  the  various  simple 

t  deviated  condderabty  from  the  theoretical  estimates.     The 

b  A  0JUM.  IX.  MB— 4T0.  IBM. 
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committee    of    the    French    Academy    appoiuted    to   rep(Hl 
M.  Boiirget's  memoir  suggest  aa  the  explanation    the   wast 
perfect  fixity  of  the  boundary.     It  should  also  be  remembered  ti 
the  theory  proceeds  on  the  supposition  of  perfect   flexibilitjr- 
condition  of  things  not  at  all  closely  approached  by  an 
membrane    stretched    with   a    comparatively    small    force. 
perhaps  the  most  important  disturbing  cause  is  the  resist 
the  air,  which  acts  with  much  gieater  force  on  a  membmne 
on  a  string  or  bar  in  consequence  of  the  laige  surface 
The  gravest  mode  of  vibration,  during  which  the  dtsplacemeot 
at   all   points   in   the   same    direction,   might   be    affected 
differently  from  the  higher  modes,  which  would   not  require 
gi-eat  a  transfurence  of  air  from  oue  side  to  the  other. 

[In  the  case  of  kettle-drums  the  matter  is  further  compUcat 
by  the  action  of  the  shell,  which  limits  the  motion  of  the  air  a{ 
one  side  of  the  membrane.  From  the  foct  that  kettlu-drunui 
struck,  not  in  the  centre,  but  at  a  point  about  midway  betw{ 
the  centre  and  edge,  we  may  infer  that  the  vibrations  which  it 
desired  to  excite  are  not  of  the  symmetrical  class.  The  s 
indeed  but  little  affected  when  the  central  point  is  touched  • 
the  finger.  Under  these  circumstances  the  principal  vibration  (1 
that  with  one  nodal  diameter  and  no  nodal  circle,  and  to  I 
corresponds  the  greater  part  of  the  sound  obtained  in  the  nor 
use  of  the  instrument.  Other  tones,  however,  are  audible,  *l 
correspond  with  vibrations  characterized  (2)  by  two  nodal  diamet 
and  no  nodal  circle,  (3)  by  three  nodal  diameters  and  no  in 
circles,  (4)  by  one  nodal  diameter  and  one  nodal  circle, 
observation  with  resonators  upon  a  large  kettle-drum  of  23  iw 
diameter  the  pitch  of  (2)  was  found  to  be  about  a  fifth  abow 
that  of  (^)  about  a  major  seventh  above  (1),  and  that  of  (^)  n 
higher  again,  forming  an  imperfect  octave  with  the  pHueipal  (i 
For  the  corresponding  modes  of  a  uniform  perfectly  flexible  n 
braue  vibrating  in  vacuo,  the  theoretical  intervals  are  I 
represented  by  the  ratios  1'84.  r66,  1'83  respectively'. 

The  vibrations  of  soap  filmt*  have  been  investigated  by  Me 
Tlie  frequencies  for  surfaces  of  equal  area  in  the  fonn  of  the  e 
the  square   and   the   equitater&t    triangle,   wt-n;  founfl  to  t 
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1-000  :  l'0+9  :  1'175.     In  membranes  of  this  kind  the  tension  is 
due  to  capillarity,  and  is  independent  of  the  thickness  of  the  tilui.] 

213  a.  The  forced  vibrations  of  square  and  circular  membranes 
hiive  been  further  es  penmen  tally  studied  by  Elsas',  who  has 
confirmed  the  conclusions  of  Savart  as  to  the  responsiveness  of  a 
membrane  to  sounds  of  arbitrary  pitch.  In  these  experiments  the 
^'ibi-atioiis  of  a  fork  were  communicated  to  the  membrane  by  means 
<  if  a  light  thread,  attached  normally  at  the  centre ;  and  the  position 
■  f  the  nodal  curves  and  of  the  maxima  of  disturbance  was  traced 
ill  the  usual  manner  by  sand  and  lycopodium.  A  series  of  figures 
accompanies  the  memoir,  shewing  the  effect  of  sounds  of  pi-o- 
gressively  rising  pitch. 

In  many  instances  the  curves  found  do  not  exhibit  the 
^jinmetries  demanded  by  the  supposed  conditions.  Thus  in 
the  case  of  the  square  membrane  all  the  curves  should  be  similarly 
related  to  the  four  comers,  and  in  the  case  of  the  circulai'  mem- 
brane all  the  curves  should  be  circles.  The  explanation  is  probably 
to  be  sought  in  the  difficulty  of  attaining  equality  of  teusion.  If 
there  be  any  irregularity,  the  effect  will  be  to  introduce  modes  of 
vibration  which  should  not  appear,  as  having  nodes  at  the  point  of 
excitation,  and  this  especially  when  there  is  a  near  agreement  of 
periods.  Or  again,  an  irregularity  itiay  operate  to  disturb  the 
balance  between  two  modes  of  theoretically  identical  pitch,  which 
should  be  excited  to  the  same  degree.  Indeed  the  passage  through 
such  a  point  of  isochronism  may  be  expected  to  be  highly  unstable 
in  the  absence  of  moderate  dissipative  forces. 

The  theoretical  solution  of  these  questions  has  already  (§§  190, 
204)  been  given,  but  would  need  much  further  development  for 
an  accurate  determination  of  the  nodal  curves  relating  to  periods 
not  included  among  the  natural  periods.  But  the  general  course 
of  the  phenomenon  can  be  traced  without  difficulty. 

If  the  imposed  frequency  be  less  than  the  lowest  natural 
frequency,  the  vibration  is  devoid  of  (internal)  nodes.  For  a  nodal 
line,  if  it  existed,  being  of  necessity  either  endless  or  terminated 
at  the  boundaiy',  would  divide  the  membrane  into  two  paits.     Of 

'  Sova  Acta  <ler  Kil.  Ltop.  Carol.  Vtultchen  Akailemie,  Bd.  xLv.  Nr.  1.    Halle, 

'  OtherniM  the  cilremitj  would  have  to  remain  at  rest  under  the  aolion  of 
component  tenraanB  rrom  the  surroanding  parte  whiob 
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these  one  pai-t  would  be  vibrating  freely  with  a  frei 
than  the  luweet  natural  to  the  whole  membrane,  an 
conditiou  of  things  (§  211).  The  absence  of  nodal  ciirv( 
abovD-meutioiied  conditions  is  one  of  the  cunclusions 
Elsafi  from  his  observations. 

As  the  frequency  of  the  imiwsed  vibration  rises  through 
lowest  uatuial  frequency,  a  nodal  curve  manifests  itself  roand 
point  of  excitation,  and  gradually  extends.     The  course  of  tl 
is   most   easily  followed   in  the  case  of  the  circular  mtinb 
excited  at  the  centre.     The  nodal  curves  are  then  of  necessity 
circles,  and  it  is  evident  that  the  first  appearance  of  a  nodal 
can  take  place  only  at  the  centre.     Otherwise  there  would 
circulai'  anniiliis  of  finite  internal  diameter,  vibrating  freely  » 
frequency  only  infiiiitesimally  higher  than  that  of  the  entire  i 
At  first  sight  indeed  it  might  appear  that  even  an  infinitely 
nodal  circle  would  entail  a  finite  elevation  of  pitch,  but  a 
Hideration  of  the  solution  (§  204)  as  expressed  by  a  cotubinfttion 
Bessel's  functions  of  the  first  and  second  kinds,  shews  that  it 
not  the  case.     At  the  point  of  isochronism  the  secoud  funt 
disapjjcars,  and  immediately  afterwards  re-enters  with  aii  infinti 
small  coefficient.     But  ina-imuch  as  this  function  ia  itself  infil 
when  r  =  0,  a  nudal  circle  of  vanishing  radius  is  possible.     Aco 
ingly  the  fixation  of  the  centre  of  a  vibmting  circular  membi 
does  not  alter  the  pitch,  a  conclusion  which  niaj'  bt?  extuoded 
the  fixation  of  any  number  of  detached  points  of  a  memi 
any  shape. 

The  efifeci  of  gradually  increasing  frequency  upon  the 
system  of  a  circular  membrane  may  be  thus  summarized.  Be 
the  first  proper  tone  there  is  no  internal  node.  As  this  poii 
reached,  the  mode  of  vibration  identifies  itself  with  the 
sp(>ndin}(  free  mode,  and  then  an  infinitely  small  nodal  d 
manifests  itself  As  the  frequency  further  iucreajies.  this  <3 
expands,  until  when  the  second  proper  tone  is  reached,  it 
with  the  nodal  circle  of  the  free  vibration  of  this  frcquw 
Another  infinitely  small  circle  now  appears,  and  it.  a«  well 
6r»t,  continually  expands,  until  they  coincide  with  the  nodal  sys 
of  a.  free  vibration  in  the  third  proper  tone.  This  proct>sa 
tinuee  aa  the  pitch  rises,  every  circle  moving  continuuJiy  outwi 
At  each  coincidence  with  A  natural  frequency  the  no " 
identifies  itself  with  that  of  the  free  vibration,  and  u, 
Sslfattho 
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The  behaviour  of  a  square  membrane  is  of  course  more  diflScult 
to  follow  in  detail.  The  transition  from  Fig.  (34)  case  (4),  corre- 
sponding to  m  =  3,  n  =  1,  and  7n  =  1,  n  =  3,  to  Fig.  (36)  where  m  =  3, 
»  =  3,  can  be  traced  in  Elsas's  curves  through  such  forms  as 

Fig.  39  a. 
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214.  In  order  to  form  nccordiug  to  Green's  meth.xi  the  «ii 
tions  of  equilibrium  and  motion  for  a  thin  solid  platu  of  unifc 
isotropic  material  and  constant  thickness,  we  require  the 
for  the  potential  energj'  of  bending.  It  is  easy  to  see  that  for 
unit  of  area  the  potential  euergj*  V  is  a  positive  homoj 
symmetrical  quadratic  function  of  the  two  principal  curvi 
Thus,  if  p„  pi  be  the  principal  radii  of  curvature,  the  expi 
f-.r  V  will  be 

A[l^\^-^) ,U 

where  A  and  p.  are  constants,  of  which  A  must  be  positive,  u>i 
p,  must  be  numerically  less  than  unity.  Moreover  if  the  maturul 
be  of  Buch  a  character  that  it  undergoes  no  lateral  contraction 
when  a  bar  is  pulled  out,  the  constant  ft.  must  vanish.  Thi* 
amount  of  iuforiaation  Is  almost  all  that  is  required  for  unr 
purpose,  and  we  may  therefore  content  ourselves  with  ii  oki' 
statement  of  the  relations  of  the  coustaiits  in  (1)  with  those  bi 
means  of  which  the  elastic  properties  of  bodius  are  usually 
tilled. 

From  Thomson  aiid  Tait's  Xatural  Philoiopliff.  j 
720,  it  appearu  that,  if  SA  be  the  thicknegs.  if  Yuung's  modal 

'  (Tht«  Chapter  dtuUt  only  with  jirzuni  vibnt'oiu.   Th»  Mi-^ritvna!  * 
□(  on  inllDlte  pUae  pl>te  axe  biiafl;  ooiiiii]i!i«d  io  Chapter  '■' 
eue  of  tliOBD  of  Ui  infinite  cjIIdiItIckI  *1»>II.    Thej  or*  ji'  . 
lmpoitejio»-) 
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and  fi.  the  ratio  of  lateral  contraction  to  longibudina)  elongatio 
when  a  bar  is  pulled  out,  the  expression  for  V  is 


#■ 

3(1-C 

.1^= 

ft* 

ftft) 

,;.. 

X 

1 

+  - 
ft 

•     2(1- 

"*! 

3(1-*' 

P.R 

)  

(2)'- 

[Equation  (2)  gives  the  intei^pretation  of  the  constants  of  (1) 
in  its  application  to  a  homogeneous  plate  of  isotropic  material ; 
but  the  expression  (1)  itself  is  of  far  wider  scope.  The  material 
composing  the  plate  may  vary  from  layer  to  layer,  and  the  elastic 
character  of  any  layer  need  not  be  isotropic,  but  only  symmetrical 
with  respect  to  the  normal.  As  a  particular  case,  the  middle 
layer,  or  indeed  any  other  layer,  may  be  supposed  to  be  physically 
inejctensible. 

Similar  remarks  apply  to  the  investigations  of  the  following 
chapter  relating  to  curved  shells.] 

If  w  be  the  small  displacement  perpendicular  to  the  plane 
of  the  plate  at  the  point  whose  rectangular  coordinates  in  the 
plane  of  the  plate  are  x,  y, 

1      1_^,  1    _d'wd?w  ■  / d'w Y 

fi     pi  '      PiPi      1^'  rfy"      \dxdyj  ' 

and  thus  for  a  unit  of  area,  we  have 

which  quantity  has  to  he  integrated  over  the  surface  (iS)  of  the 
plate. 

'  The   foUowing  c&mpnrison  of  Ihe  nolalionB  uetd  by  the  principal  wrilers  may 
■KVe  tioQble  to  ihose  »ho  «Uh  (o  couault  the  original  memuics. 
Bigidily  =  n  (ThoinBon)  =  j:i  (Lami). 
Yotmg'a  tDodnlai  =  E  [Ckheeh)  =  il  (TbomsoD)^  -^-^    (Tbomson) 

=  "*  **""'    (Tbaiii«on)  =  g  (Kircbhofl  and  Donkin)  =  2ff  ,^~  (Kirohhofl), 
RUio  of  lateral  coDtractioD  lo  loDgiludinal  elongation  —  ^  (ClebBoh  and  Donkin) 

I'oitaon  assmned  this  ratio  to  be  i,  and  Wertheim  i, 

23 
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216.     We  proceed  bo  And  the  variation  of  V,  but  it  shodl 

previously  noticed  that  the  second  term  in  V,  namely   Jl 

repi-esents  the  toted  curvature  of  the  plate,  and  ia  therefore 
pendent  only  on  the  state  of  things  at  the  edge, 

8o  that  wc  have  to  consider  the  two  variatious 

(jV'm.V'Sn.dS      and      |fs()>,ft)-'iS. 
Now  by  Green's  theorem 
jh'to .  V«S» .  dS  -  jTvio .  Sio .  (JS 


-j'!T«.B«.d.  +  jv 


in  which  ds  denotes  an  element  of  the  boundary,  and  dfdn  da 
differentiation  with  respect  to  the  normal  of  the  boundary  dr 
outwards. 

The  transfoiination  of  the  second  pai't  is  more  difficult, 
have 

JjPiPi     Jj[die'    dy*       di/*   duf  dxdy  dxdtfl 

The  quantity  under  the  sign  of  integration  may  be  pat 
the  form 

rf  /rfSw  d'u}     dSw  d'w\      d^  fdSw  d^w     dSw  d'w  \ 
dj/\dy   dx'       dx  diedy)     dic\dx   dy'       dy  ttxdy) ' 
Now,  if  f  be  any  function  of  x  and  y, 

■rdF 


jffdxdy  =  JFBmeda) 
IJ^dwd>/=lFco8  0ds{  " 


where  6  m  the  angle  between  x  and  the  iiormul  drawn  out^ 
and  the  integration  on  the  right-hand  Ride  extends   loand' 
boundary.     Using  these,  we  find 


fdS 


<£«aiD^ 


[dy  dj"       lie  dxtljf} 
I  (dSw  d'w     dSw  d'w  1 
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If  we  ■abBtitute  for  d6w/dx,  d8uf/dy  their  values  id  terms 
dSwfdn,  dSwfds,  from  the  equations  (see  Fig.  40) 
dSw    rfSw       (i_^^  ■ 
die       dn  da 


dSw     dSw  .    .    dStu       . 


■  w. 


(,  dZv>[       a  ■     a/d'w      d^w\      ,  .  ,.  .  „   rf>w  1 

+  J*,  J,  {co.9«n»(^-^-)+(,m.«-c».»)_^_j^|...(3). 

The  second  integral  by  a  partial  integration  with  respect  to 
t  may  he  put  into  the  form 

Collecting  and  rearranging  our  results,  we  find 

/d'W      d'w\ 


f(c< 


^/f^{.v.„.(i-.,(cos..£:^.i„.. 


ti'w 
d<f 


'dxdyl\ 


dxdyi 


)\h 


(6). 
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There  will  now  be  do  difficulty  in  forniiiig  the  eqiistiotu 
motion.     If  p  be  the  volume  density,  and  Z. p. 2lt.dS  the 
force  actiug  on  the  element  dS, 


SV- 


hBwdS 


if  +  jj  iphii,&wdS  =  0 (7)' 


is  the  general  variational  equation,  which  must  be  true  whot 
function  (consistent  with  the  constitution  of  the  system)  Ste  ng 
be  supposed  to  be.     Hence  by  the  principles  of  the  Calculus 
Variations 


-/'■) 


V'i»-^  +  iB-0.. 


m 


3p(l 
at  every  point  of  the  plate. 

If  the  edges  of  the  plate  be  free,  there  is  no  restriction  on 
hypothetical  boundary  values  of  Sw  and  d^jdn,  and  therefore 
coefficientsof  these  quantities  in  the  expression  for  £K  must  van 
The  conditions  to  be  satisfied  at  a  free  edge  are  thua 
fd'^  w     d' 


dn 


Ml-/')! 


\df     d^} 
+  (cos=^-sin^tf)^}=0 

^  df 

a  a    ■      a   '^^0  )         a 

dxdff\ 


..{n 


If  the  whole  circumference  of  the  plate  be  clamped,  &w  = 
dBu'jdn  =  0,  and  the  satisfection  of  the  boundary  eunditioiiii 
already  secureil.  If  the  edge  be  '  supported',  &w  =  0,  but  <Wtr,( 
is  arbitrar}'.     The  second  of  the  equations  (9)  must  in  this  caael 

satisfied  by  w/. 

216.  The  boundary  equations  may  be  simplified  by  gcttii 
rid  of  the  extrinsic  element  involved  in  the  une  of  Cftrt««i 
coordinates.  Taking  the  axis  of  x  parallel  to  the  normal  of  tl 
bounding  curve,  we  aee  that  we  may  write 


^% 


-d'w     ,        ^  .    -,  d'w 
9-n.  +2cwstf8in(9  j-j- 

d'w     d^w 
dn'      Off* 


d'w 


..(1), 
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a  IT  u  B  fixed  axis  coiDcidlng  with  the  tangent  at  tbe  point 
under  consideration.  In  general  d'wjda^  differs  from  d^wjds-. 
To  obtain  the  relation  between  them,  we  may  proceed  thus. 
Expand  w  by  Maclaurin's  theorem  in  ascending  powers  of  the 
^mall  quantities  n  and  <r,  and  substitute  For  n  and  a  their  values 
in  terms  of «,  the  arc  of  the  curve. 
^L  Thua  in  general 

^H  div        dw         ,  d'w   ,       d'w  ,  drw    . 

^H  w  =  w<,+  j-n+3-  o-+i  ■,  '-n'  +  j--r-  "o'  +  ij   ,<^  +  —. 
^H  dn„        d^t  an„-        dn^da-^  "do-,' 

^Hjle  on  the  curve  <r=«  +  cube8,  n  =  — Js'/p +  ,..,  where  p  is 
^H$  mdius  of  curvature.     Accordingly  for  points  on  the  curve, 

^H  ,  dw  «=■      dw  d'v}   _         ,         . 

^H  w  =  Wb  —  i-5 h-j—  s-fA  -, — -  ^  +  cubes  of  s. 

^H  ^  ang  p      diT„        '  do-,,- 

^Ib  .1.      p  f^w     f^''"     1  '^"' 

^n  therefore  tt,  =  j  ,-- j     (2); 

^B^  rfs'      d&'      p  dn  " 

^^■ence  from  (I) 

■  V'"=Jt  +  -3"'  +  ?J (3). 

^H  We  conclude  that  the  second  boundary  condition  in  (9)  §  215 

^H^  be  put  into  the  form 

^H  rf*to         ildw     d'uA      ^ 

■  s.+''(h»+w)-'' (■"• 

^Hthe  ciame  way  by  putting  ^  =  0,  we  see  that 

^^■quivalent  to  d'w/dndv,  where  it  is  to  be  understood  that 
^^■axea  of  «  and  a  are  fixed.  The  first  boundary  condition  now 
^Homes 

■      ,^''-"-'i(ri)- <^^ 

^Klf  we  apply  these  equations  to  the  rectangle  whose  sides  are 
^^hllel  to  the  coordinate  axes,  we  obtain  as  the  conditions  to  be 
^Ksfied  along  the  edges  parallel  to  y, 
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Id  this  case  the  dietinctioQ  between  o-  and  s  disappears,  and  p, 
radius  of  curvature,  in  iotinitely  great.     The  conditioDS  for  ll 
other  pair  of  edgea  are  found  by  interchanging  ic  and  y.     The 
resuite  may  be  obtained  equally  well  from  (9)  §  215  directly,  wit 
out  the  preliminary  transformation. 


217. 


If  we  suppose  Z=0,  and  write 


..(«. 


the  general  equation  t 
or,  if  w  X  cos  (pt  —  e), 
where 


iP  +  c'V'w  =  0.. 


..<JX 


Any  two  values  of 
boundary  conditions,  are  conjugate,  that  is  to  say 


^w  =  k'w (JX 

i^-'^P'l'--' W 

and  y,  corresponding  to  the 


ji'<'<!S~0 (Jl 


provided  that  the  periods  be  different.     In  order  tu  prove  t 
from  the  ordinary  differential  equation  (3),  we  should  hare 
retrace  the  steps  by  which  (3)  waa  obtained.     This  ia  the  met!; 
adopted  by  Kirchhoff  for  the  circular  disc,  but  it  is  much  siropld 
and  more  direct  to  use  the  variational  equation 


BV  +  2phjjwiwdS=0 


-.m 


in  which  w  refei's  to  the  actual  motion,  and  Sw  lo  an  arbitral 
displacement  consistent  with  the  nature  of  the  system.  tVit 
symmetrical  function  of  tu  and  £w,  ns  may  be  seen  from  $  213.  i 
from  the  general  character  of  P"  (§  P+). 

If  we  now  suppose  in  the  first  place  that  w=u,  Sw".  • 
have 


and  in  like 
entitled  to  do, 


suppose 

iV=2pkii'jjuvdS: 
if  we  put  w  =  v,Sw  =  u,  which  we  are  ei]ii»ll 
57- 
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whence  (p'-p'^)  jLvdS^O  (7). 

This  demonstration  is  valid  whatever  may  be  the  form  of  the 
boundary,  and  whether  the  edge  be  clamped,  supported,  or  firee,  in 
whole  or  in  part 

As  for  the  case  of  membranes  in  the  last  Chapter,  equation 
(7)  may  be  employed  to  prove  that  the  admissible  values  of  jj^  are 
real ;  but  this  is  evident  from  phjrsical  considerations. 

218.  For  the  application  to  a  circular  disc,  it  is  necessary  to 
express  the  equations  by  means  of  polar  coordinatea  Taking  the 
centre  of  the  disc  as  pole,  we  have  for  the  general  equation  to  be 
satisfied  at  all  points  of  the  area 

(V*-ifc*)i^  =  0 (1), 

where(§200)  V.  =  ^^  +  1|-h  ^  |.. 

To  express  the  boundary  condition  (§  216)  for  a  firee  edge 
(r  =  a),  we  have 

rf  — ,    _  ^  ^j        ^f  ^^^  ^  _    ^    ^  fdw\     cPw      d?w 
5^     ^""dr       '    d8\dnd^)''cdedT\^0)*   'd^^^^dO^' 


.(2). 


p  =  radius  of  curvature  =  a ;  and  thus 

dr\dr^      r  dr)     dO^K   a*     dr     ~a»"  ^7 "" 
cPw        (Idv)     1  ^^w\     ^ 

After  the  differentiations  are  performed,  r  is  to  be  made  equal 
to  a. 

If  w  be  expanded  in  Fourier's  series 

each  term  separately  must  satisfy  (2),  and  thus,  since 

Wn  oc  cos  {n0  —  a). 


d  (d^Wn\dw^\         f2-fldWn     3-AA,,.  '\_ A 
d?\dr^'^r~dr  )^''\'lir  dr^    a»    "^V"" 

d^Wn        fldwn     n^ 


.(3). 


dr» 


1 


^-^t^K^o (*> 
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The  superficml  differential  equation  may  be  written 

(V'+^■')(V'-Jfc•)l(.=o, 

which  becomes  for  the  general  terra  of  the  Fourier  expaoaion 

shewing  that  the  complete  value  of  w„  will  be  obtained  by  addiaj 
together,  with  arbitrary  constants  prefixed,  the  general  solutions  4 

Ur'^rdr 

The  equation  with  the  upper  sign  is  the  same  as  that  wbid 
obtains  in  the  case  of  the  \'ibration3  of  circular  merabranea,  ai 
as  in  the  last  Chapter  we  conclude  that  the  aolution  appUcaUi 
to  the  problem  in  hand  is  w„  x  J„  (kr),  the  second  fuDCtioD  of 
being  here  inadmissible. 

In  the  same  way  the  solution  of  tbe  equation  v\ih  the  lowtf 
sign  is  w„  X  J^  (Her),  where  i  =  V  (—  1)  as  usual.     [See  §  221 «,] 

The  simple  vibration  is  thus 
WJ„  =  COS  Ji5  {a  J„  (kr)  +  0J„  (tkr)]  +  ain  ji^  [yJ^  (At)  +  5/„ {ikr]\. 

The  two  boundary  equations  will  determine  the  admissiUs 
values  of  4  and  the  values  which  must  be  given  to  the  i 
a  :  0  and  7  :  S.     From  the  form  of  these  equations  it  is  eriden 
that  we  must  have  a  :  /9  =  7  :  8, 

and  thus  w„  may  be  expressed  in  the  form 

iv„  =  P cosine- a)  {J„{kr)  +  XJ^(ikr)\cos{pt-e) (5). 

As  in  the  case  of  a  membrane  the  nodal  system  is  composod  4 
the  n  diameters  symmetrically  distributed  rouad  the  centre,  I 
otherwise  arbitrary,  denoted  by 

c«(«9-.)-0 (6), 

together  with  the  concentric  circlea.  whoso  equatioQ  a 

J.{kr)  +  \J.(itr)-0 jy). 

219.    Id  order  to  detenniae  \  and  ^*  wo  must  introduoo  t 
bouDdu;y  conditions.     When  the  edge  is  &««,  we  obtain  I 
(3)  §  818 

"«'(/.-l)|iJW,'(ii»)-y.«ita))  +  a-'a"y.'(iito)| 

(<.-l)|fctJ.'<fa')-»V.(M-'''''J.(fa'>     I  " 
5r:T)jttoJ.'(ihi)-ifj;(iS))+t'a'J.(ihi)) 


..(2). 


POLAR  CO-ORDINATES. 

in  vhich  use  has  been  made  of  the  differential  equations  satisfied 
by  Jn{lrr),  J„(ikr).  In  each  of  the  fractiona  on  the  right  the 
denominator  may  be  derived  from  the  numerator  by  writing  ik  in 
place  of  k.  By  elimination  of  \  the  equation  is  obtained  whose 
roots  give  the  admissible  values  of  i. 

H       When  n  =  0.  the  result  assumes  a  simple  form,  viz. 

^Rhis,  of  course,  could  have  been  more  easily  obtained  by  neglecting 
~n  from  the  beginning. 

The  calculation  of  the  lowest  root  for  each  value  of  n  is  trouble- 
some, and  in  the  absence  of  appropriate  tables  must  be  effected 
by  means  of  the  ascending  series  for  the  functions  Jn  (kr),  J„  (I'ir), 
In  the  case  of  the  higher  roots  recourse  may  be  had  to  the  semi- 
convergent  descending  series  for  the  same  function.s.  Kirchhoff 
finds 

I       tan  (La  -  ^ htt)  -  — ^  BI(8l«ty+~D0hay  +  ... 
here 
J=7  =  (l-M)-', 
B  =  y{l-in')-8. 
0  =  ,(1_4„«)(9_4, 
i>  =  _,Ji(l_4n')(9 
^en  ka  is  great, 
be 
he 


..(3), 


)  + 48  (1+4/1=), 

■  4ii=)  (13  -  in--Jl  +  8  (9  +  136«'  +  80n*)r 


nence 


tan  (ka  -  A  nir)  =  0    approx. ; 
ka  =  ^Tr(n  +  2h) 


■■(4). 


where  A  is  an  integer. 

It  appears  by  a  numerical  comparison  that  h  is  identical  with 
the  number  of  circular  nodes,  and  (4)  expresses  a  law  discovered 
by  Chladni,  that  the  frequencies  corresponding  to  figures  with  a 
given  number  of  nodal  diameters  are,  \vith  the  exception  of  the 
lowest,  approximately  proportional  to  the  squares  of  consecutive 
even  or  uneven  numbers,  according  as  the  number  of  the  diameters 
is  itself  even  or  odd.  Within  the  limits  of  application  of  (4),  we 
I  also  that  the  pitch  is  approximately  unaltered,  when  any 
oimber  is  subtracted  from  A,  provided  twice   that   number  be 
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added  to  n.   This  law,  of  which  traces  appear  in  the  following  uA 
may  be  expressed  by  saying  that  towards  raising  the  pitch 
circles  have  twice  the  effect  of  nodal  diameters.     It  ia  prol 
however,  that,  strictly  speaking,  no  two  normal  components 
exactly  the  same  pitch. 


M 

H  =  0 

"=•                1 

Of. 

P. 

w. 

Ob. 

P. 

W. 

0 

1 

(H« 

Gi8  + 

A  + 

b 

h- 

c- 

2 

gW* 

b'- 

b'  + 

.-* 

f'4. 

fi."  + 

i 

»=2 

n  =  S 

Ch. 

P.        W. 

Ob. 

P. 

W. 

<1 

1! 

c       c 

d 

di.- 

di.- 

1 

«' 

g»'*  1  •■- 

d-'.di.' 

di8"  + 

!"- 

The  table,  extracted  from  Kirchhoff's  memoir,  gives  the  [»tt 
of  the  more  important  overtones  of  a  free  circular  plate,  the  gravd 
being  asntmsed  to  be  CK  The  three  columns  under  thtr  he* 
Ch,  P,  W  refer  respectively  to  the  results  as  observed  by  ChlaJI 
and  as  calculated  from  theory  with  Poisson'a  and  Werthein 
values  ot  fi.  A  plus  sign  denotes  that  the  actual  pitch  is  a  lilt 
higher,  and  a  mtnvs  sign  that  it  is  a  little  lower,  than  that  writb 
The  discrepancies  between  theory  and  observation  are  considenb 
but  perhaps  not  greater  than  may  be  attributed  to  trregiilaritjr 
the  plate. 

220.     The  radii  of  the  nodal  circles  in  the  symmetrical  ( 
(((  =  0)  were  calculated  by  Poisson,  and  compared  by  him  • 
results  obtained  espcrimeutally  by  Savart.   The  following  norol 
are  taken  from  a  paper  by  Strehike',  who   made  some 
meaenrements.     The  radius  of  the  disc  is  taken  as  unity. 
Observatian.    CalcuUtion. 
..  0-67815     0«S0B2. 
(0-39i:J3     0-39151. 
■  10-841  *y     0-.S4200. 
[0-23631     0-25679. 
Three  circles  Jo-n9107     0-5MU7 
[o-89360     0'S9381. 
vcpODila  to  U£  of  th«  KuKlUfa  uoteUoo,  mJ  A  to  li  caiamJ. 


One  circle  . 
Two  circles,. 


^^Kuld  vary 
^f  The  fol 
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ilated  reBults  appear  to  refer  to  Poisson's  value  of  /x,  but 
Id  vary  very  little  if  Wertheim's  value  were  substituted. 
The  following  table  gives  a  comparisou  of  Kirehhofif's  theory 
noi  zero)  with  measurementa  by  Strehlke  made  on  less  accurate 

Radii  of  Circular  Nodes. 


Observation. 

Calculation. 
,.. J (!■-)-    V.J(W.). 

i.l,  *=1 

,,.2,   i.l 
,.3,   4  =  1 
'isl.   A  =  2 

0181 
0-79 
0838 
0488 
0-869 

0-783    0-781     0-783 

0-81       0-62 

0-813 

0-492 

0-869 

0-78136          0-78088 
0-82194          0-82274 
0-84523          0-84681 
0-49774      ,    0-49715 
0-87057          0-87015 

The  most  general  motioD  of  the  uniform  circular  plate  is 
expressed  by  the  superposition,  with  arbitrai-y  amplitudes  and 
phases,  of  the  normal  components  already  investigated.  The 
determination  of  the  amplitude  and  phase  to  correspond  to 
lu-bitiary  initial  displacements  and  velocities  is  effected  precisely 
as  in  the  corresponding  problem  for  the  membrane  by  the  aid  of 
the  characteristic  property  of  the  normal  functions  proved  in  §  217, 

221.  When  the  plate  is  truly  symmetrical,  whether  uniform 
r  not,  theory  indicates,  and  experiment  verifies,  that  the  position 
if  the  nodal  diameters  is  arbitrary,  or  rather  dependent  only  on 
■  he  manner  in  which  the  plate  is  supported,  and  excited.  By 
virying  the  place  of  support,  any  desired  diameter  may  be  made 
[iMiial,  It  is  generally  otherwise  when  there  is  any  sensible 
departure  from  exact  symmetry.  The  two  modes  of  vibration, 
which  originally,  in  consequence  of  the  equality  of  periods,  could 
be  combined  in  any  proportion  without  ceasing  to  be  simple 
harmonic,  are  now  separated  and  affected  with  different  periods. 
At  the  same  time  the  position  of  the  nodal  diameters  becomes 
determinate,  or  rather  limited  to  two  alternatives.  The  one  set  is 
rived  fixjm  the  other  by  rotation  through  half  the  angle  included 
Kweeit  two  adjacent  diameters  of  the  same  set.  This  supposes 
m,i  the  deviation  from  uniformity  is  small;  otherwise  the  nodal 
no  longer  be  composed  of  approximate  cij'cles  and 
meters  at  all.     The  cause  of  the  deviation  may  be  an  irregu- 

L  tta  aataial  w  in  th>  thMtoew  or  in  the  ft 
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the  boundary,  The  effect  of  a  small  load  at  any  point  may 
investigated  as  in  the  parallel  problem  of  the  membrane  §  S 
If  the  place  at  which  the  load  is  attached  doea  not  lie  on  a  n* 
circle,  the  normal  types  are  made  determinate.  The  diam«l 
system  corresponding  to  one  of  the  types  passes  through  the  pi 
in  question,  and  for  this  type  the  period  is  unaltered.  The  per 
of  the  other  type  is  iucreased. 

[The  divergence  of  free  periods,  which  is  due  to  slight  i 
equalities,  would  seem  to  afford  an  explanation  of  so 
observations  by  Savart'.  When  a  circular  plate,  ribrating  i 
nodal  diameters,  is  under  the  inHtienee  of  the  bow  applied  at  a 
part  of  the  circumference,  the  nodal  diametera  indicated  by  sand  si 
so  situated  that  the  bow  lies  in  the  middle  of  a  vibrating  segmen 
If,  however,  the  bow  be  suddenly  withdrawn,  ihe  nodal  syste 
oscillates,  or  even  revolves,  during  the  subsidence  of  the  moti<] 
It  is  evident  that  no  such  displacement  could  be  expecU 
were  the  plate  absolutely  symmetrical.  The  same  would  be  t 
even  in  the  case  of  asymmetry,  if  the  bow  were  so  applied  as  t 
excite  one  only  of  the  two  determinate  vibi-ations  then  posiibl 
But  in  general  the  effect  of  the  bow  must  be  to  excite  both  kin 
of  vibrations,  and  then  the  matter  is  more  complicated.  It  we 
seem  that  so  long  as  the  constraining  action  of  the  bow  lasbt,  t 
vibrations  are  forced  to  keep  the  same  time,  and  the  effect 
much  the  same  as  in  the  case  of  symmetry.  But  on  witfadiaM 
of  the  bow  the  free  vibrations  which  then  ensue  take  place  each 
its  proper  frequency,  and  a  phase  difference  soon  arisen  by  whid 
the  effects  are  modified. 

Let  us  suppose  that  the  origin  of  9  is  so  chosen 
to  the  irregularities  that  the  types  of  vibration  are  roprewnl 
by  coend,  sin  n0.    Then  in  general  the  free  vibrations,  reeultil 
from  the  action  of  the  bow  at  an  arbitrary  point  of  the 
ference,  may  be  taken  to  be 

cos  Tin  sin  lid  cos  j>f  —  8innacosiidcos(j>e-l-  c) (1^ 

where  e  is  the  difference  of  phase  which  has  accumiikted  « 
tho  commencement  of  the  free  vibrations.  In  the  caw 
symmetry  e  —  O,  and  (1)  becomes 

8iDn(^-a)cu»^ 
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Eh  represents  a  fixed  nodal  system 
e^a  +  ,n(-,rln) (3), 
ly  arbitrary  position  depending  upon  the  point  of  application 
of  the  bow.  A  similar  fixity  of  the  nodal  system  occurs,  in  spite 
of  the  variable  e.  when  a  is  so  chosen  that  cos  na  =  0  or  sin  na  =  0. 
But  in  general  there  ia  no  fixed  nodal  system.  When  e  is  a 
cnuitiple  of  2ir,  that  is  when  the  two  vibrations  are  restored  to 
tb^  same  phase,  there  is  a  nodal  system  represented  by  (3),     And 

ita  e  is  an  odd  multiple  of  ir,  so  that  the  two  vibrations  are  in 
psite  phases,  we  have  in  place  of  (2) 
!                                   sin  Ji(^  +  a)cosj3( (4), 
\  a  nodal  system 
j                                   e  =  -a  +  7Hl«-/n) (5). 
these  cases  there  is  a  nodal  system,  and  in  a  sense  the  system 
iv  be  said  to  oscillate  between  the  positions  given  by  (3)  and  (5) ; 
I !  it  must  not  be  overlooked  that  at  intermediate  times  there  is 

I  true  nodal  system  at  all.     Thus,  when  e  =  \it.  (1)  becomes 
cos  na  sin  iiBcospt  +  sin  na  cos  nS  sin^j(. 
I  squared  amplitude  of  this  motion  is 
cos'  na  sin' n0  +  sin'  net  cos'  n 6, 

a  quantity  which  does  not  vanish  for  any  value  of  8.     In  general 

the  squared  amplitude  is 

^octt^  n«  sin'  n6  +  sin'  na  cos'  n0  —  '2  cos  na  sin  na  cos  nd  sin  n6  cos  e. 

^Has  it  may  also  be  written, 

^H      ^  — ^coB2na  cos  Ind—)^  sin  Ina.  sin  2n6  cose (6). 

^^B>  quantity  is  a  maximum  or  a  minimum  when 

^H  tan  2n6  =  cose  tan2na (7). 

^^b  minimum  of  motion  thus  oscillates  backwards  and  forwards 
^Hjreen  0s  +  a  and  0b  — a;  but  as  we  have  seen,  it  is  only  in 
^^■e  extreme  positions  that  the  minimum  is  zero. 

^^K&  Uku  phenomenon  occui-s  during  the  free  vibrations  of  a 
^^■dar  membrane,  or  in  fact  of  any  system  of  revolution  such 
^^B  thtt  position  of  nodal   tines   is  arbitrary  so   long    as    the 


366  VIBRATIONS    OF   PLATES,  [gj 

The  two  other  cases  of  a  circular  plate  in  which  the 

is  eithar  clamped  or  supported  would  be  easier  than  the  precedii 
in  their  theoretical  treatment,  but  are  of  less  practical  interest 
account  of  the  difficulty  of  experimentalty  realising  the  condilic 
assumed.  The  general  result  that  the  nodal  system  is  compoM 
of  concentric  circles,  and  diameters  symmetrically  distributed, 
applicable  to  all  the  three  cases. 

221  a.     The  use  in  the   telephone  of  ft  thiu   circular  ptil 
clamped  at  the  edge  lends  a  certain  interest  to  the  calculabum 
the  periods  and  modes  of  vibration  of  such  a  plate.     It  will  sufI 
to  consider  the  symmetrical  modes. 

By  (5)  §  218  we  may  take  as  representing  the   motion 
this  case 

to  =  J,(kr)  +  \J,iikr)  =  J..il.r)  +  \r4kr) (1). 

from  which 


dw 
kdr" 

's  write 


j;  (h-)  +  i\J,'  (ikr)  =-J,  {kr)  +  \/,  (kr) (2), 


/„(.')  =  /.(w)  =  l  +  2;  +  ^-j-.  +  .. 


/,(.)=i/;(«)  =  5  +  ^^_+^__^+ (4) 

since  the  plate  is  clamped  at  r  =  a,  both  w  and  dwfdr  m 
there  vanish.  Hence,  writing  ka  =  s,  we  get  as  the  Ire<)iu9 
equation 

./.(.)  +  /.(.)    " 

In  (5)  /,  and  I^  are  both  positive,  so  that  the  signs  of  J,  uv) 
must  be  opposite.     Hence  by  Table  B  §  206  the  finit  root  i 
lie   between    24  and  3'8,  the  second  between  .i'5  and  7*0, 
sn  on.     The  value.x  of  the  e&rlier  roots  might  be  obtained  withai 
much  difficulty  fi-om  the  scries  for  /,  and  /,  by  n^'infi  thu  uA 
§  200  for  ■/„  and  J,;  but  it  will  be  conveuieut  t-  ■ 
further  purposes  to  give  a  short  table'  of  tht-  ■ 
themselves.     Fur  targe  values  of  the  argument    ' 
analogous  to  (10)  §  200.  may  be  employed. 


CLAMPED    BOUNDARY. 


" 

J.W 

'A') 

. 

lA'i 

I  A') 

ov 

1-0000 

0-0000 

3-0 

4-8608 

3-9534 

"3 

1-0100 

-1005 

3-2 

5-7472 

4-7343 

■4 

1-0404 

-2040 

3-4 

6-7848 

5-6701 

■6 

1-0920 

■3137 

3-6 

8-0277 

6-7927 

■8 

1-1865 

■4328 

3-8 

9-5169 

8-1404 

1-0 

1-2661 

-5662 

4-0 

11-3019 

9-7595 

1-2 

1-3937 

-7147 

4-2 

13-4425 

11-7056 

1-4 

1-5534 

■8fl6l 

4-4 

16-0104 

14-0462  . 

i-e 

1-7500 

1-0848 

4-6 

19-0926 

16-8626 

1-8 

i-osee 

1-3172 

4-8 

22-7937 

20-2528 

2-0 

S-2T»e 

l-580fi 

5-0 

27-2399 

24-3356 

3-a 

3-6281 

1-9141 

5-3 

32-5836 

292543 

S-4 

3-0493 

22981 

5-4 

39-0088 

351821 

2-e 

3-5333 

2-7554 

a-6 

46-7376 

42-3283 

2-8 

4-1573 

3-3011  ! 

5-8 

56-0381 

50-9462 

6-0 

67-2344 

61-3419 

The  firat  root  of  (5)  is  z  =  3-20.  This  theu  is  the  value  of  ka 
■  i  the  gravest  symmetrical  vibration.  The  next  value  of  s  is 
-ibout  6"3.  Since  the  frequency  varies  as  k^  (§  217),  the  interval 
between  the  tones  is  nearly  two  octaves. 

Retiimiug  to  the  first  i-oot,  we  have  for  the  frequency  (n) 
^fU7, 

^m  a-  P  ^(a-grc^       (3-2)V^.A 

^H  2ir        2ira^        2ira'V3p{l -^-) ' 

This  is  the  general  formula.     For  rough  calculations  ^'  in  the 
deoumioator  may  be  omitted.     If  for  the  case  of  iron  we  take 
p  =  7-7,     9  =  2-0x1(1'"-, 
2-4xlO».2A 


,.  (6). 


m  'and 


-0). 


I  and  a  being  expressed  in  centimetres. 

I  A  telephone  plate  measured  by  the  author  gave 

u  =  2-2,     -lb  =  -020- 
I  Accttrding  to  these  values 

n  =  091  vibrations  per  second 

We  have  seen  that  in  general  Chladui's  figures  iis  traced 

,   agree   very  closely  with   the   circles   and   diameters   of 

;  but  iti  certain  cases  deviations  occur,  whicli  are  usually 

s  iu  the  pl&te.     It  must  however  be  ra- 
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mcmbered  that  the  vibrations  excited  by  a  bow  are  not  strid 
speaking  tree,  and  that  their  periods  are  therefore  liable  to 
certain  modification.  It  may  be  that  under  the  action  of  the  b 
two  or  more  normal  component  vibrations  coexist.  Tbe  ^ 
motion  may  be  simple  harmonic  in  virtue  of  the  esteroal  fort 
although  the  natural  periods  would  be  a,  little  different.  Such 
explanation  is  suggested  by  the  regular  character  of  tbe  figui 
obtained  in  certain  cases. 

Another  cause  of  deviation  may  perhaps  be  found  in  I 
manner  in  which  the  plates  are  supported.  The  requirements 
theory  are  often  difficult  to  meet  in  actual  ejcperiment.  Wt 
this  is  so,  we  may  have  to  be  content  with  an  imperfect  compe 
son  ;  but  we  must  remember  that  a  discrepancy  may  be  the  h 
of  the  experiment  as  well  as  of  the  theory. 

[In  the  oixiinary  use  of  sand  to  investigate  the  vibrations 
flat  plateti  and  membranes  the  movement  to  the  nodes  is  irrej 
in  its  chai-acter.     If  a  giftin  be  situated  elsewhere  than  at  a  i 
it  is  made  to  Jump  by  a  sufficiently  vigorous  transverse  Tibntio 
The  result  may  be  a  movement  either  towards  or  from  a  nod 
bnt  after  a  succession  of  such  jumps  the  grain  ultimately  finds  i 
way  to  a  node  as  the  only  place  where  it  can  remain  undtsIorlM 
Grains  which  have  already  arrived  at  a  node  remain  there, « 
others  are  constantly  shifting  their  position. 

It  was  found  by  Savart  that  very  fine  powder,  such  as  1 
podium,  behaves  differently  from  sand.     Instead  of  collecting 
the  nodes,  it  heaps  itself  up  at  the  places   of  greatest  i 
This  effect  was  traced  by  Faraday'  to  the  influence  of  curruita 
air,  themselves  the  result  of  the   vibration.     In   a   vacaum  I 
powders  move  to  the  nodes. 

In  some  cases  the  movement  of  sand  to  tbe  nodes,  or  to  mh 
of  them,  takes  place  in  a  more  direct  manner  as  the  reaoh 
friction.     Thus,  in  his  investigation  of  the  longitudinal  viba 
of  thin  narrow  strips  of  glass,  held  horizontally,  Savart' 
the  delineation  of  nodes  apparently  dependent  upon  on  i 
paniment  of  vibrations  of  a  transverse   choraclor.     Thu 
peculiarity  of  this  phenomenon  was  the  noa-corrvspondonce  of  i 
lines  traced  by  sand  upon  the  two  fiuros  of  the  glass  wbeo  t 


'  On  a  rMoUftr  C1m«  ot  Aoaiwtlul  Pisiu**i  ''M'-  f'* 


..  ini,  f.  A 
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hctxsBioD,  a  fact  sufficient  to  shew  that  the  trausver&e  motion 
I  connected  with  a  failure  of  uniformity.  In  consequence  of 
this  there  are  dovelnped  transverse  vibrations  of  the  same  (high) 
[litch  as  that  of  the  principal  longitudinal  motion,  and  therefore 
attended  with  many  nodes.  These  nodes  are  of  course  the  same 
whichever  face  of  the  glass  is  uppeniiost,  and  it  might  be  supposed 
(hat  they  would  all  be  indicated  by  the  sand,  as  would  happen  if 
the  tranaveree  vibrations  existed  alone.  But  the  combinatiou  of 
the  two  kinds  of  motion  causes  a  creeping  of  the  sand  towards  the 
alternate  nodes,  the  movements  of  the  sand  at  corresponding 
points  on  the  two  sides  of  the  plate  being  always  in  opposite 
directions.  On  the  one  side  an  inwards  longitudinal  motion  (for 
example]  is  attended  by  an  upwards  transverse  motion,  but  when 
the  plate  is  reversed  the  same  inwards  longitudinal  motion  is 
a.-(Sociated  with  a  transverse  motion  dh-ected  downwards,  If  there 
were  no  transverse  motion,  the  longitudinal  force  upon  any 
particle  resulting  from  friction  would  vanish  in  the  long  run,  but 
in  consetjuence  of  the  transverse  motion  this  balance  is  upset,  and 
i:  a  manner  different  upon  the  two  sides  of  the  plate.  The  above 
■/i-jderations  appear  to  afford  sufficient  ground  for  an  explanation 
ihe  remarkable  phenomenon  observed  by  Savart,  but  an  attempt 
follow    the    matter  further    into    detail    would   lead   us   too 


223.     The  first  attempt  to  solve  the  problem  with  which  we 

have  just  been  occupied  is  due  to  Sophie  Germain,  who  succeeded 

ill   obtainiug  the   correct   differential   equation,  but  was   led   to 

M'invous  boundary  conditions.     For  a  free  plate  the  latter  part  of 

■    problem   is  indeed   of  considerable  difficulty.     In  Poisson's 

iiioir  "Sur  I'^quilibre  et  le  mouvement  des  corps  ^laatiques',' 

.  ii.  bininent  mathematician  gave  three  equations  as  necessarj'  to  be 

'  i>Hed  at  all  points  of  a  free  edge,  but  Kirchhoff  has  proved  that 

i;  yoiieml  it  would  he  impossible  to  satisfy  them  all.     It  happens, 

however,  that  an  exception  occurs  in  the  case  of  the  symmetrical 

vibmtious  of  a  circular  plate,  when  one  of  the  equations  is  true 

tdcaily.     Owing  to  this   peculiarity,  Poisson's  theory  of  the 

metrical  vibrations  is  correct,  notwithstanding  the  error  in  his 

I  to  tlie  boundary  conditions.     In   1850  the  subject  was 


'  »ee  Twiaem.  C.  it.,  ii.vi..  p.  776,  ISof 
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resumed  by  Kirchboff ',  who  first  gave  the  two  equations  appi 
to  &  free  edge,  and  completed  the  theory  of  the  vibrationvl 
circular  disc. 


224.     The  correctness  of  Kirchboff's  boundary  equdtiana 
been  disputed  by  JIathieu*,  who,  without  explaining'  when 
considers  KirchbolTs  error  to  lie,  has  substituted  a  different 
equations.     He  proves  that  if  u  and  «'  be  two  normal  fiinctioi 
that  w  =  ti(ioapt,  w  =  u'<:oBp't  are  possible  vibrationa,  theo 


iP'-p"'}    I  u^'dxdy 


i-'jd^lu 


(in 


'rf>. 


an 


'*    d« 


,..(l 


This  follows,  if  it  be  admitted  that  u,  u'  satisfy  respectil 
the  equations 

Since  the  left-hand  member  is  zero,  the  same  must  be  trnfl 
the  right-hand  member;  and  this,  according  to  Mathieu. 
be  the  case,  unless  at  all  points  of  the  boundary  both  u  U(t 
satisfy  one  of  the  four  following  pairs  of  equations : 


dn 


'0 


V>u  =  0 


dM 
dn 

dn 


The  second  pair  would  seem  the  most  likely  for  n  free 
it  is  found  to  lead  to  an  impossibility.     Since  the  first  ftud 
pairs  are  obviously  inadmissible,  Matbieu  concludes  that  th«l 
pair  of  equations  must  be  those  which  really  express  the 
of  a  free  edge.     In  his  belief  in  this  result  he  is  not  shaken  lljl 
fact  thftt  the  corresponding  conditions  for  the  fme  ttad  of  4. 
would  be  du!dj:  =  0.  fPu/iir'sO,  the  first  of  which  is 
by  the  roughest  observation  of  the  vibi-ation  of  a  laips 
fork. 


HISTOBY  OF  PROBLEM. 


The  (act  is  that  although  any  of  the  four  pairs  of  equations 
ilil  secure  the  evanescence  of  the  boundary  integral  in  (1),  it 
-:  uoL  follow  coDversely  that  tbt:  integral  can  be  made  to  vanish 
J  other  way;  and  such  a  cuuclusion  is  negatived  by  Kircbhofirs 
tigation.  There  are  besides  innumerable  other  cases  in 
the  integral  in  question  would  vanish,  all  that  is  really 
|r  being  tbat  the  boundary  appliances  should  be  either  at 
Jor  devoid  of  inertia. 

'S26.  The  vibrations  of  a  rectangular  plate,  whose  edge  is 
i^forted.  may  be  easily  investigated  theoretically,  the  normal 
ii^iioQs  being  identical  nitb  those  applicable  to  a  membrane  of 
f  same  shape,  whose  boundary  is  fixed.     If  we  assume 


■''F= 


»j» (1). 


-ee  that  at  all  points  of  the  boundary, 

w  =  0.       d'w/<y'  =  0.      <Pwldy'  =  0, 

"ch  secure  the  fulfilment  of  the  necessary  conditions  (§  215). 
it  value  oip,  found  by  substitution  in  c'V'w=p''w, 


v5'*"9- 


■  »ing  that  the  aualogi,'  to  the  membrane  does  not  extend  to  the 
jienoe  of  tones. 

It,  is  not  necessary  to  repeat  here  the  discussion  of  the  primary 
I  ilerived  nodal  systems  given  in  Chapter  IX.     It  is  enough  to 

■  rve  that  if  two  of  the  fundamental  modes  (1)  have  the  same 
h «!  in  the  case  of  the  membrane,  they  must  also  have  the  same 

..'A  iu  the  case  of  the  plate.  The  derived  nodal  systems  are 
rdingly  identical  in  the  two  cases. 

The  generality  of  the  value  of  w  obtained  by  compounding 
■'n  arbitrary  amplitudes  and  phases  all  possible  particular  solu- 
i.-t  of  the  form  ( I )  requires  no  fresh  discussion. 

I  'nless  the  contrary  assertion  had  been  made,  it  would  have 
rii-d  unnecessary  to  say  that  the  nodes  of  a  supported  plate 
.  ■  DOtbing  to  do  with  the  ordinary  Chladni'e  figures,  which 
plate  whose  edges  are  free. 


372  riBBATIONS  OF  PLATES.  [221 

The  realization  of  the  conditions  for  a  supported  edge 
scarcely  attainable  in  practice.  Apjiliaiices  are  required  cajwli 
of  holding  the  boundaiy  of  the  plate  at  rest,  and  of  such  a 
that  they  give  rise  to  no  couples  about  tangential  axes.  We  mi 
conceive  the  plate  to  be  held  in  its  place  by  firiction  againat  ti 
walb  of  a  cylinder  circumscribed  closely  round  it. 

226.     The  problem  of  a  rectangular  plate,  whose  edges  a 
free,  is  one  of  great  diERculty,  and  has  for  the  most  part  resKt 
attack*.     If  we  suppose  that  the  displacement  w  is  indepeiidt 
of  y,  the  general  differential  equation  becomes  identical  with  ll 
with  which  we  were  concerned  in  Chapter  viiL     If  we  take  I 
solution  corresponding  to  the  case  of  a  bar  whose  ends  arc  frM 
and  therefore  satisfj-ing  d^wjdaj'  =  0,  d^ii'jdx^  =  0,  when  x  =  Qui 
when  a!  =  a,  we  obtain  a  value  of  w  which  satisfies  the  genenl 
differential  equatiou,  as  well  as  the  pair  of  boundarj'  equations 


d_  id'w 


..(«. 


which  are  applicable  to  the  edges  parallel  to  y ;  but  the  aeeeu 
boimdaiy  condition  for  the  other  pair  of  edges,  namolj' 


+  c 


d.f 


■J.%. 


will  be  violated,  unless  ^  =  0.  Thia  shews  that,  except  is  tl 
case  reserved,  it  is  not  possible  for  a  free  rectangular  plat*  I 
vibrate  after  the  manner  of  a  bar;  unless  indeed  aa  an  appruxinil 
tion,  when  the  length  parallel  to  one  pair  of  edges  is  so  great  tl 
the  conditions  to  be  satisfied  at  the  second  pair  of  edges  mafi 
left  out  of  account. 


Although  the  constant  ;i  (which  expresses  the  ratio  of  It 
contraction  to  longitudinal  extension  when  a  bar  is  dnwn  c 
is  positive  for  every  known  substance,  in  the  case  of  a  few  8 
stances — cork,  for  example — it  is  comparniively  verj-  smaU.   Tin 
ia,  so  far  as  we  know,  nothing  absurd  in  the  idea  of  a  %abt 

'  (TliB  eiM  tben  tiro  oppotlt*  wIsbi  uc  bw  vliiie  t)u>  oiImt  two  •■ 
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for  which  /*  vanishes.  The  investigation  of  the  problem  under 
ihis  condition  is  therefore  not  devoid  of  interest,  though  the  results 
will  not  be  strictly  applicable  to  ordinary  glass  or  metal  plates, 
for  which  the  value  of  ;i  is  about  J.' 

If  u,,  II,,  &c.  denote  the  normal  functions  for  a  free  bar  inves- 
tigated in  Chapter  viiL,  corresponding  to  2,  3 nodes,  the 

vibrations  of  a  rectangular  plate  will  be  expressed  by 


'Uj(a;/a),  &c., 
=  «,(y/6),  &c. 


In  each  of  these  primitive  modes  the  nodal  system  is  composed 
of  straight  lines  parallel  to  one  or  other  of  the  edges  of  the 
rectangle.  When  b  =  a,  the  rectangle  becomes  a  square,  and  the 
vibrations 

«=.„.(./o),    «.-«.(!,/«), 

having  necessarily  the  same  period,  may  be  combined  in  any  pro- 
portion, while  the  whole  motion  still  remains  simple  harmonic. 
Whatever  the  proportion  may  be,  the  resulting  nodal  curve  will  of 
Decessity  pass  through  the  points  detennined  by 


»(^/«)  =  0, 


ni.>//a.)  = 


^^] 


\  Now  let  us  consider  more  particularly  the  case  of  ii  =  l.  The 
nodal  system  of  the  primitive  mode,  w=  u,  {xja),  consists  of  a 
pair  of  straight  lines  parallel  to  y,  whose  distance  from  the  nearest 
edge  is  22420.  The  points  in  which  these  lines  are  met  by  the 
corresponding  pair  for  tv  =  h,  (y/«),  are  those  through  which  the 
nodal  curve  of  the  compound  vibration  must  in  all  cases  pass.  It 
is  evident  that  they  are  symmetrically  disposed  on  the  diagonals 
of  the  square.  If  the  two  primitive  vibrations  be  taken  equal, 
but  in  opposite  phases  (or,  algebraically,  with  equal  and  opposite 
iplitudes),  we  have 


!,Wa)- «,(.;/«).. 


..(3), 


'  III  order  to  xaaVe  s  plate  of  malerial.  for  wbich  ix  is  not  zero,  vibrate  in  Che 
manner  of  a  bar,  it  would  be  neoesBBr;  to  apply  con Kt raining  coupleH  to  the  edges 
paraJlel  to  tbe  pUne  of  bending  to  prevent  the  aesamption  of  a  contrary  aurvatnre. 
The  tSecC  of  tbitee  couples  would  be  to  raise  the  pitch,  and  therefore  the  oaloa- 
lation  founded  on  the  type  proper  to  ^  =  0  would  give  a  Teaolt  ■omewhat  higher  is 
pilch  than  the  trntb. 
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from  which  it  is  evident  that  w  vanishes  wheu  a'  =  ^,  that  U 

the   diagonal   which    passes    through    the   ori^n.        pig,  iu 

That  w  will  aho  vanish  nlong  the  other  diagonal 

follows  from  the  symmetry  of  the  functions,  and 

we  conclude  that  the  nodal  system  of  (3)  comprises 

both  the  diagonals  (Fig.  41).    ThLt  is  a  well-knomi 

mode  of  vibration  of  a  square  plate. 

A  second  notable  case  is  when  the  amplitudes  are  equal 
theii'  phases  the  same,  so  that 


m 


iv=ii,(x/a)+u,{!/M.. 


.■W 


The  most  convenient  method  of  constructing  graphical 
the  curves,  for  which  w  =  const.,  is  that  employed  by  Maim 
in  similar  cases.  The  two  systems  of  curves  (in  this  inaUi 
straight  lines) represented  by  Ui  (a:/a)  =  const,,  "i(j//a)  =  conHt.( 
first  laid  down,  the  values  of  the  constants  formiDg  an  aril 
metical  progression  with  the  same  common  di6Ference  in  the  tl 
ca.ses.  In  this  way  a  network  is  obtained  which  the  requiv 
curves  cross  diagonally.  The  execution  of  the  proposed  |ib 
requires  an  inversion  of  the  table  given  in  Chapter  vm.,  J  1? 
expressing  the  march  of  the  function  Mi,  of  which  the  ivsull  it 
follows : — 


«1 

a-  :  a 

M. 

X  ;  a 

+  1O0 

•5000 

-   -25 

•1871 

•75   , 

■36S0 

■50 

•1518 

•50 

•3106 

•75 

•1179 

•25 

■2647 

100 

-0846 

•00 

•2242 

1-25 

0517 

-1-50 

•0190 

The  system  of  lines  represented  by  the  abovci  valuvD  ^ 
pleted  symmetncally  on  the  further  side  of  the  centn 
the  corresponding  system  for  y  are  laid  down  in  Fig.  ■ 
these   the   curves  of  cquai   <li8placement  are  d'-dm:<-d.     At  ' 
ctMitTv  of  the  square  we  have  w  a  m&xiiiitiin  and  i-<)iiiil  tu  S  iw  M 
»Ci»lv  adopted.    The  first  curve  prococdiiig  onf*  n 
]>oiiit«  at  which  !/'=!.     The  next  ia  tlic  n<>d«l  In 
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^Kder  give  the  displacementg  - 1,  -  2,  —  S.     The  numerically  great- 
^Hn   negative  displace oient  occurs  at  the  corners  of  the  square, 
Hvhere  it  amounts  to  2  X  1-645  =  3-290.' 

H       The  nodal  curve  thus  constructed  agrees  pretty  closely  with  the 
p^  observations  of  Strehlke '.     His  results,  which  refer  to  three  care- 
fully worked  plates  of  glass,  are  embodied  in  the  following  polar 
•equations : 
_                          -40143      -0171                   00127 
H                 r= -40143 +0172    cos  4(  +  "001271  cos  8(, 

^p                -4019     -oiesj            0013 

1                                                                       Fig.  42. 
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le  centre  of  the  square  being  pole.     From  these  we  obtain  fo 
\ie  radius  vector  parallel  to  the  aides  of  the  square  (t  =  0)  -41981 

>  On  the  nodal  lines  of  a.  square  plate.    Phil.  Mag.  Anguat,  1873. 
»  Pogg,  Am..  Vol.  ciLvi.  p.  319,  ISTi. 

\                    4 

T 
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vector  measured  along  a  diagonal  is  SHoe,  -SSoo,  -3864.  and  \]f 
calculation  -3900. 

By  crossing  the  network  in  the  other  direction  we  obtain  the 
locus  of  points  for  which  m,  (.rja)  -  (t,  (y/a)  ia  constant,  which  an 

diagonals  are  nodal.     The  pitch  of  the  vibration  is  (according  b 
theory)  the  same  in  both  cases. 

Fig.  43. 
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The  primitive  modes  represented  by  «)  =  ((n(;r/«)  or«)  =  w,{y/o) 
may  be  combined  in  like  manner.     Fig.  43  shews  the  nodal  curve 
for  the  vibration 

W-«,W«)±  ».(»/«) (5). 

The  form  of  the  curve  is  the  same  relatively  to  the  other  diagonal, 
if  the  sign  of  the  ambiguity  be  altered. 

]  wheatstone's  figures.  377 

27.  The  method  of  superposition  does  not  depend  for  its 
icatiou  on  any  particular  form  of  normal  function.  Whatever 
form  may  be,  the  mode  of  vibration,  which  when  /i  =  0 
38  into  that  just  discussed,  must  have  the  same  period, 
ther  the  approximately  straight  nodal  lines  are  parallel  to 
r  to  y.  If  the  two  synchronous  vibrations  be  superposed, 
resultant  has  still  the  same  period,  and  the  general  course 
ts  nodal  system  may  be  traced  by  means  of  the  considera- 
I  that  no  point  of  the  plate  can  be  nodal  at  which  the 
oitive  vibrations  have  the  same  sign.  To  determine  exactly 
Ime  of  compensation,  a  complete  knowledge  of  the  primitive 
tnal  functions,  and  not  merely  of  the  points  at  which  they 
ish,  would  in  general  be  necessary.  Doctor  Young  and  the 
thers  Weber  appear  to  have  had  the  idea  of  superposition  as 
able  of  giving  rise  to  new  varieties  of  vibration,  but  it  is  to  Sir 
irles  Wheatstone  ^  that  we  owe  the  first  systematic  application 
t  to  the  explanation  of  Chladni's  figures.  The  results  actually 
lined  by  Wheatstone  are  however  only  very  roughly  applicable 
plate,  in  consequence  of  the  form  of  normal  function  implicitly 
imed.  In  place  of  Fig.  42  (itself,  be  it  remembered,  only  an 
roximation)  Wheatstone  finds  for  the  node  of  the  compound 
ation  the  inscribed  square  shewn  in  Fig.  44.  Fig.  44. 

J  form  is  really  applicable,  not  to  a  plate  vi- 
ing  in  virtue  of  rigidity,  but  to  a  stretched 
ibrane,  so  supported  that  every  point  of  the 
imference  is  firee  to  move  along  lines  perpen- 
lar  to  the  plane  of  the  membrane.  The 
idary    condition    applicable    under    these    circumstances    is 

=  0 ;  and  it  is  easy  to  shew  that  the  normal  functions  which 

•Ive  only  one  co-ordinate  are 

w  =  cos  (m7ra:/a),  or  w  =  cos  (mTry/a), 

origin  being  at  a  comer  of  the  square.     Thus  the  vibmtion 

27r^            27rv 
t£;  =  cos  —  +C0S  —  - (1) 

its  nodes  determined  by 

cos   ~ ^  cos    -  — ^  ■  =  0, 

a  a 

1  PHI.  Tram.  1888. 
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whence     x  +  i/  =  ^a     or    §a,    or  ; 
represent  the  inscribed  square. 

If  W  =  C03  -     - 
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y  =  ±4u,    equations 


J  (2). 

the  nodal  system  is  composed  of  the  two  diagonals.     This 
which  depends  only  on  the  symmetry  of  the  normal  fuDCtioaa^ 
strictly  applicable  to  a  square  plate. 

When  m  =  3. 


3iry 


and  the  equations  i 


M'  =  C08       — +  COB^' 

a  r 

f  the  nodal  lines  are 
5a  IT 


..jfti 


shewn  in  Fig.  4o.  If  the  other  sign  be  taken,  we 
obtain  a  similar  figure  with  reference  to  the  other 
diagonal. 


When  V 


=  *, 


47r.p 


giving  the  nodal  lines 
lu    5a    7a 
'4'  T'  T'  T  ' 


With  the  other  sign 


:'^  (Fig.  4(5), 


(5J. 

Fig.  n. 


±  I  (Fig.  47). 


we  obtain 

a         3o 


representing  a  system  composed  of  the  diagon&U, 
together  with  the  inscribed  square. 

These  forms,  which  are  strictly  applicable  to  the  loeml 
resemble  the  figures  obtained  by  mean:>  of  aand  on  a  squnto 
more  closely  Chun  might  have  bcfti  rxiwcted.    The  »<x]tionu^ 
tones  is  however  quiti)  ditferunt.    From  §  I7(i  wb  see  th»t,  if  ^ 
2eio,  the    interval    between   the   form   (4!))   derived    fhua 
primitive  nodet,  aiid  <.4l)  or  (42)  derived  ftom  two,  would 
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1'4629  octaves;  and  the  interval  between  (41)  or  (+2)  and  (46)  or 
(47)  would  be  2'43j8  octaves.  Whatever  may  be  the  value  of  ^  the 
foniia  (41)  and  (42)  should  have  exactly  the  aame  pitch,  and  the 
■ame  should  be  tnie  of  (46)  and  (47).  With  respect  to  the  first- 
mentioned  pair  this  result  in  not  in  agreement  with  Chladni's 
observations,  who  found  a  difference  of  more  than  a  whole  tone, 
(42)  giving  the  higher  pitch.  If  however  (42)  be  left  out  of 
account,  the  comparison  is  more  satiafactorj'.  According  to  theory 
(m  =  0),  if  (41)  gave  d,  (43)  should  give  /-.  and  (46),  (47) 
■bould  give  g"  +  .  Chladni  found  for  (43)  ff%  +  ,  and  for  (46), 
(47)  g"1t  and  g"S+  respectively. 

The  gravest  mode  of  a  square  plate  has  yet  to  be  consi- 
dered. The  nodes  in  this  case  are  the  two  lines  drawn  through  the 
middle  points  of  opposite  sides.  That  there  must  be  such  a  mode 
will  be  shewn  presently  from  considerations  of  symmetry,  but 
neither  the  form  of  the  normal  function,  nor  the  pitch,  baa  yet 
been  determined,  even  for  the  particular  case  of  /i  =  0.  A  rough 
calculation  however  may  be  founded  on  an  assumed  type  of 
■ribration. 

If  we  take  the  nodal  lines  for  axes,  the  form  v)  =  xi/  satisfies 
V*w  =  0,  as  well  as  the  boundary  conditions  proper  for  a  free  edge 
kt  ail  points  of  the  perimeter  except  the  actual  comera     This  is 

fact  the  form  which  the  plate  would  assume  if  held  at  rest  by 
four  forces  numerically  equal,  acting  at  the  cornera  pei-pendicu- 
larly  to  the  plaue  of  the  plate,  those  at  the  ends  of  one  diagonal 
in  one  direction,  and  those  at  the  ends  of  the  other  diagonal 
in  the  opiKjsite  direction.  From  this  it  follows  that  iv  —  a:i/ci}Spt 
would  be  a  possible  mode  of  vibration,  if  the  mass  of  the  plate 
were  concentmted  equally  in  the  four  comers.  By  (3)  §  214,  we 
■ee  that 

„       2qh'a' 

^-30'+^)°"''" "*■ 

inasmuch  as 

d'wjdx''  =  d'wldy'  =  0,       d'wjdxdy  =  co»pt. 
or  the  kinetic  energj',  if  p  be  the  volume  density,  and  M  the 
iditional  mass  at  each  comer, 


T^^'f&m-'pt  [r  "1  ^  "  ^pharifdxdy  +  ^Ma'l 


=  if.>ein'p*  j 


..(2). 
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1        (l(H-y)»'/.    ,   ~-.iI\  ,, 

where  .¥'  deuotes  the  mass  of  the  plate  without  the  loads.    Thn 
result  tends  to  become  accurate  when  M  is  relatively  great ;  othe^ 
wise  by  §  89  it  is  sensibly  less  than  the  truth.     But  even  whs 
M=0.  the  error  is  probably  not  very  great.     In  this  t 
should  have 

giving  a  pitch  which  ia  somewhat  too  high.     The  gravest  mode 
next  after  this  is  when  the  diagonals  are  nodes,  of  which  the  pitch,   | 
if  ^  =  0,  would  be  given  by 

,4-  iiimy 

^       pa*        3 
(see  §174). 

We  may  conclude  that  if  the  material  of  the  plate  were 
that  tt=0,  the  interval  between  the  two  gravest  tones  wottit 
be  somewhat  greater  than  that  expressed  by  the  ratio  1*31 
Chladni  makes  the  interval  a  fifth. 


229-     That   there   must   exist   modes   of  vibration  in  whil 
the   two   shortest   diameters  are   nodes   may  be  t-     « 

inferred  from  such  considerations  as  the  following. 
In  Fig.  (48)  suppose  that  GH  is  a  plate  of  which 
the  edgi^s  HO,  60  are  aupported,  and  the  edges 
GC,  VH  free.  This  plate,  since  it  lends  to  a 
definite  position  of  equilibrium,  must  be  capable 
of  vibrating  in  certain  fundamental  modes.  Fixing 
onr  attention  on  one  of  these,  let  us  conceive  a 
distribution  of  u>  over  the  three  remaining  quadrants,  such  tto^fl 
Huy  two  that  adjoin,  the  values  of  w  arc  erpial  nnif  oppoxiW  M 
points  which  are  the  images  of  each  other  in  the  line  of  scpc 
If  the  whole  plate  vibrate  according  to  the  law  thus  deUinntlij 
no  constraint  will  be  required  in  order  to  keep  the  lines  Gil',  / 
fixed,  and  therefore  the  whole  plate  may  be  regarded  as  fret 
same  argument  tn«y  bu  a«ed  to  prove  that  mmlea  exist  i 
the  diagonals  are  nodvs,  or  in  which  both  ilie  diag^uuli  and  \ 
diaiociera  just  coandervd  aro  tngothur  mKlal. 


i 


The  principle  of  symmetry  may  also  bo  applied  to  other  forms 
of  plate.  We  might  thus  infer  the  possibility  of  nodal  diameters 
in  a  circle,  or  of  nodal  principal  axes  in  an  ellipse.  When  the 
Fip.  49.  Fifl.  50.  FiR.  61. 


iboundary  is  a  regular  hexagou,  it  is  easy  to  see  that  Figs.  (49), 
{50),  (51)  represent  possible  forms. 

It  is  interesting  to  trace  the  continuity  of  Chladni's  figures,  as 
the  form  of  the  plate  is  gradually  altered.  In  the  circle,  for 
example,  when  there  ai-e  two  perpendicular  nodal  diameters,  it  is  a 
matter  of  indifference  as  respects  the  pitch  and  the  type  of  vibra- 
tion, in  what  position  they  be  taken.  As  the  circle  develops  into 
a  square  by  throwing  out  comers,  the  position  of  these  diameters 
becomes  definite.  In  the  two  alternatives  the  pitch  of  the  vibra- 
tion is  different,  for  the  projecting  corners  have  not  the  same  efti- 
eiency  in  the  two  cases.  The  vibration  of  a  square  plate  shewn  in 
Fig.  (42)  corresponds  to  that  of  a  circle  when  there  is  one  circular 
sode.  The  correspondence  of  the  graver  modes  of  a  hexagon  or 
an  ellipse  with  those  of  a  circle  may  be  traced  in  like  manner. 

230.  For  plates  of  uniform  material  and  thickness  and  of 
invariable  shape,  the  period  of  the  vibration  in  any  fundamental 
mode  varies  as  the  square  of  the  linear  dimension,  provided  of 
course  that  the  boundarj'  conditions  are  the  same  in  all  the  cases 
compared.  When  the  edges  are  clamped,  we  may  go  further 
and  assert  that  the  removal  of  any  external  portion  is  attended 
by  a  rise  of  pitch,  whether  the  material  and  the  thickness  be 
uniform,  or  not. 

Let  AB  be  a  part  of  a  clamped  edge  (it  is  of  no  consequence 
whether  the  remainder  of  the  boundary  be  clamped,  or  not),  and 
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let  the  piece  ACBD  be  removed,  the  uew  edge  ADB  being  a 
clamped,     The   pitch   of  any  fundamental  vibration   i: 
than   before   the   change.     This   is    evident,   since    the    alte 
vibrations   might   be  obtained  fi-om  the  original  system  Iqr 
inti-odnction  of  a  constraint  clamping  the  edge  ADB.     The  e 
of  the  constraint  is  to  raise  the  pitch  of  every  component,  a 
the  portion  ACBD  being  plane  and  at  rest  throughout  the  n 
may  be  removed.     In  order  to  follow  the  sequence  of  ch&i 
with  greater  security  from  error,  it  is  best  to  suppose  the  I 
of  clamping   to   advance   by  stages  between   the  two  positio 
ACB,  ADB.     For  example,  the  pitch  of  a  uniform  clamped  [ 
in  the  form  of  a  regulai-  hexagon  is  lower  than  for  the  inscrib 
circle  and  higher  than  for  the  circumscribed  circle. 

When  a  plate  is  free,  it  is  not  true  that  an  addition 
the  edge  always  increases  the  period.  In  proof  of  this  it  nwy 
sutBcient  to  notice  a  particular  case. 

AB  is  a  narrow  thin  plate,  itself  without  inertia  but  carryi 
loads  aX  A,  B,  C.     It  is  clear  that  the  addition  to  the  brewi 


indicated  by  the  dotted  line  would  augment  the  sti&ess  of  t 
bar,  and  therefore  lessen  the  period  of  vibration.  The  at 
consideration  shews  that  for  a  uniform  free  plate  of  given  a 
there  is  no  lower  limit  of  pitch ;  for  by  a  sntticieut  elougati 
the  period  of  the  gravest  component  may  be  made  to  ejw 
an)'  assignable  quantity.  When  the  edges  are  clamptMl,  < 
form  of  gravest  pitch  is  doubtless  the  circle. 

If  all  the  dimensions  of  a  plate,  including  thu  tbicknen 
altvred  in  the  same  proportion,  the  period  is  proportional  ta  \ 
linear  dimension,  as  in  evei^  co^  of  a  solid  body  vibrntil^ 
virtue  of  it*  own  elasticity. 

The  period  alao  varies  intereely  as  the  square  luot  at  YiWl 
modulus,  if  /»  be  constant,  and  directly  as  the  squon  ruul  df  I 
nuui^  of  unit  of  volume  of  the  substaaoe. 
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331.  Experimeoting  with  square  plates  of  thin  wood  whose 
grain  ran  parallel  to  oue  pair  of  sidei>,  Wheatstone'  found  that 
the  pitch  of  the  vibrations  was  different  according  as  the  ap- 
proximately straight  nodal  lines  were  parallel  or  perpendicular 
to  the  fibre  of  the  wood.  This  effect  depends  on  a  variation 
in  the  flexural  rigidity  in  the  two  direcfious.  The  two  sets  of 
vibrations  having  different  periods  cannot  be  combined  in  the 
usual  manner,  and  consequently  it  Js  not  possible  to  make  such 
ft  plate  of  wood  vibrate  with  nodal  diagonals.  The  inequality 
of  periods  may  however  be  obviated  by  altering  the  ratio  of  the 
sides,  and  then  the  ordinary  mode  of  superposition  giving  nodal 
diagonals  is  again  possible.     This  was  verified  by  Wheatstone. 

A  further  application  of  the  principle  of  superposition  is  due 
to  Konig',  In  order  that  two  modes  of  vibration  may  combine, 
it  is  only  necessary  that  the  periods  agree.  Now  it  is  evident 
that  the  sides  of  a  rectangulai*  plate  may  be  taken  iii  such  a 
ratio,  that  (for  instance)  the  vibration  with  two  nodes  parallel 
to  one  pair  of  sides  may  agree  in  pitch  with  the  vibration  having 
three  nodes  parallel  to  the  other  pair  of  sides.  In  such  a  case 
new  nodal  figures  arise  by  composition  of  the  two  primary  modes 
of  vibration. 

When  the  plate  whose  vibrations  are  to  be  considered 
is  naturally  curved,  Che  difficulties  of  the  question  are  generally 
much  increased.  But  there  is  one  case  in  which  the  complication 
due  to  curvature  is  more  than  compensated  by  the  absence  of  a 
free  edge ;  and  this  case  happens  to  be  of  considerable  interest,  as 
rbeiug  the  best  representative  of  a  bell  which  admits  of  simple 
imal^'tical  treatment. 

A  long  cylindrical  shell  of  circular  section  and  uuiform  thick- 
i  is  evidently  capable  of  vibrations  of  a  flexural  character 
nrhich  the  axis  remains  at  rest  and  the  surface  cylindrical, 
Irhile  the  motion  of  every  part  is  perpendicular  to  the  generating 
lines.  The  problem  may  thus  be  treated  as  one  of  two  dimensions 
tmly,  and  depends  upon  the  consideration  of  the  potential  and 
kinetic  energies  of  the  various  deformations  of  which  the  section 
capable.  The  same  analysis  also  applies  to  the  correspODding 
vibrations  of  a  ring,  formed  by  the  revolution  of  a  small  closed 
about  an  exteiiial  axis  (§  192  a). 
'  Phil.  Traiu.  1933. 
'  Fogg.  Anil.  1S84.  cull.  p.  2S8. 
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The  cylinder,  or  ring,  is  susceptible  of  two  classes  of  vibrati( 
depending  respectively  on  extensibility  and  flexural  rigidity, 
analogous  to  the  longitudinal  and  lateral  vibrations  of  straigl 
bare.  When,  however,  the  cylinder  is  thin,  the  forces  resisl 
bending  become  small  in  comparison  with  those  by  which 
tension  is  opposed ;  aid,  as  in  the  case  of  straight  bars,  the! 
vibrations  depending  on  bending  are  graver  and  more  important 
than  those  which  have  their  origin  in  longitudinal  rigidity. 
In  the  limiting  case  of  an  infinitely  thin  shell  (or  ring),  the 
flexural  vibi-ations  become  independent  of  any  extension  of  the 
circumference  as  a  whole,  and  may  be  calculated  on  the  sup- 
position  that  each  part  of  the  cii'cumference  retains  its  natural 
length  throughout  the  motion. 

But  although  the  vibrations  about  to  be  considered  are 
analogous  to  the  transverse  vibrations  of  straight  bars  in  respect 
of  depending  on  the  resistance  to  flexure,  we  must  not  fall  into 
the  common  mistake  of  supposing  that  they  are  exclusively 
normal.  It  is  indeed  easy  to  see  that  a  motion  of  a  cylinder  or 
ring  in  which  each  particle  is  displaced  in  the  dii-ectiou  of  the 
radius  would  be  incompatible  with  the  condition  of  no  extension. 
In  order  to  satisfy  this  condition  it  is  necessary  to  ascribe  to 
each  part  of  the  circumference  a  tangential  as  well  as  a  normal 
motion,  whose  relative  magnitudes  must  satisfy  a  certain  differ- 
ential equation.  Our  first  step  will  be  the  investigation  of  this 
equation. 

233.  The  original  radius  of  the  circle  being  a,  let  the  equi- 
tibrium  position  of  any  element  of  the  circumference  be  defined 
by  the  vectorial  angle  0.  During  the  motion  let  the  polai'  co- 
ordinates of  the  element  become 

If  da  represent  the  arc  of  the  deformed  curve  corresponding  to  n  d6, 
we  have 

(ds)'  =  (adey  =  {dSrY  +  r'(d0  +  dB0y ; 

whence  we  find,  by  neglecting  the  squares  of  the  small  quantities 
Sr,  Zd. 

mou,  .  .  "       "^ 

s  ol  required  relation. 
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III  whatever  manner  the  original  circle  may  be  deformed  at 
time  t,  Sr  may  be  expanded  by  Fourier's  theorem  in  the  series 

tr^  a{A^coa0  +  Bisin  0  +  AiG082d  +  BiSixi2d  +  ,.. 

+  A,coa  80  -i-  BgBin  80  +  ...} (2), 

and  the  corresponding  tangential  displacement  required  by  the 
condition  of  no  extension  will  be 

A                B 
\  ie=-'AiSm0  +  B,cos0  +  ... -9m80+ —  cos80- (3), 

I  8  8 

the  constant  that  might  be  added  to  80  being  omitted. 

If  <rad0  denote  the  mass  of  the  element  ad0,  the  kinetic 
;  energy  T  of  the  whole  motion  will  be 


+  (l  +  -j  (il,«  +  5/)+...j. (4), 


the  products  of   the  co-ordinates  Ag,  Bg  disappearing  in  the 
integratioa 

We  have  now  to  calculate  the  form  of  the  potential  energy  V, 
Let  p  be  the  radius  of  curvature  of  any  element  ds ;  then  for  the 
corresponding  element  of  V  we  may  take  ^Bds  [h  (l//o)}^  where 
£  is  a  constant  depending  on  the  material  and  on  the  thickness. 
Thus 

V^i^BaTU^  d0  (5). 

Now 

l/p  =  u  +  d'u/d<f>\ 
and 

u  =  -^-{l  —  Ai  cos  <^  —  J5i  sin  0  —  . . . }, 

for  in  the  small  terms  the  distinction  between  0  and  0  may  be 
neglected. 

Hence 


S  -  =  -  2  {(5*  —  1)  (Ag  cos  8<f>  4-  Bg  sin  s^)}, 

p       CL 


25 
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2a J,    ' 


2o 


(»'  -  1)  ( J.  cos  «9  +  B.  sin  iS}\'  da 


-If  (A! +  11,').. 


in  which  the  summation  extends  to  all  positive  integral  Tali 

of  8. 

The  term  for  which  A  =  1  contributes  nothing  to  the  potenti 
energy,  as  it  corresponds  to  a  displacement  of  the  cii'cle  as  a  whot 
without  deformation. 

We  see  that  when  the  configuratiou  of  the  system  is  defined 
above  by  the  co-ordinates  -4,,  Bi,  &c„  the  expreg&ions  for  TtaA 
involve  only  squares ;  in  other  words,  these  are  the  normal  »- 
ordinates,  whose  independent   harmonic   variation  expresses 
vibration  of  the  system. 

If  we  consider  only  the  terms  involving  cos  b6,  sin  a6,  we  hifl 
by  taking  the  origin  of  6  suitably, 

A,  .     . 


'^aA.cossS,     B$  = 


..in 


while   the   equation   defining   the   dependence   of  ^1,   upon 
time  is 


■i)^-!(- 


from  which  we  conclude  that,  if  A,  varies  at 


-0 

•0"-«). 


P  - 


•■  +  1 


..(»). 


This  result  was  given  by  Hoppe  for  a  ring  in  a  memoir  p 
lished  in  Creltc,  Bd.  63. 1871.  Hb  method,  though  more  compi 
than  the  preceding,  is  less  simple,  in  consequence  of  his  not 
cognising  explicitly  that  the  motion  contemplated  corresponds 
complete  inextensibility  of  the  circumferenct^ 

[In  the  application  of  (U)  to  a  ring  we  have,  §  192  a, 

B    e 


where  q  is  Young's  modulus,  p  the  volume  dmiiiity,  txiA  c 
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tdius  of  the  circular  section.      For  the  cylindrical  shell,  (18) 

235  flr, 

B  __      4imnh?  .     . 

c  *^3(m  +  n)p ^     ^' 

Ih  denoting  the  thickness,  and  m,  n  the  elastic  constants  in 
rhomson  and  Tait's  notation.] 

According  to  Chladni  the  frequencies  of  the  tones  of  a  ring 
areas 

3«  :  5«  :  7*  :  9« 

If  we  refer  each  tone  to  the  gravest  of  the  series,  we  find  for 
the  ratios  characteristic  of  the  intervals 

2-778,    5-445,     9,  1344,  &c. 

The  corresponding  numbers  obtained  from  the  above  theoretical 
formula  (9),  by  making  «  successively  equal  to  2,  3,  4,  &c.,  are 

2-828,     5-423,    8-771,    1287,  &c., 

agreeing  pretty  nearly  with  those  found  experimentally. 

[Observations  upon  the  tones  of  thin  metallic  cylinders,  open 
*t  one  end,  have  been  made  by  Fenkner  \  Since  the  pitch  proved 
to  be  very  nearly  independent  of  the  height  of  the  cylinders,  the 
vibrations  may  be  regarded  as  approximately  two-dimensional. 
Iq  accordance  with  (9),  (11),  Fenkner  found  the  frequency  propor- 
tional to  the  thickness  directly,  and  to  the  square  of  the  radius 
inversely.  As  regards  the  sequence  of  tones  from  a  given 
cylinder  *,  the  numbers,  referred  to  the  gravest  («  =  2)  as  unity, 
^ere  2*67,  5-00,  8*00,  12*00,  &c.  The  agreement  with  (9)  would 
be  improved  if  these  numbers  were  raised  by  about  ^  part, 
equivalent  to  an  alteration  in  the  pitch  of  the  gravest  tone. 

The  influence  of  rotation  of  the  shell  about  its  axis  has  been 
ixamined  by  Bryan*.  It  appears  that  the  nodes  are  carried 
ound,  but  with  an  angular  velocity  less  than  that  of  the  rotation, 
f  the  latter  be  denoted  by  «,  the  nodal  angular  velocity  is 

-;; — ^  ^A 
«»+l      ■" 

^  Wii^,  Ann,  vol.  8,  p.  185,  1879. 

*  Melde,  AkiuHk,  Leipzig,  1888,  p.  228. 

*  Proe.  (kmb,  Phil.  8oc.  vol.  vn.  p.  101, 1^^. 
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Wbm  r  =  1,  the  freqaeDcj  is  aen\  aa  m^kt  fawe  \ 
•■ticipated.  The  frindpd  mode  of  ribratioa  canggponda  lo» 
aod  baa  foar  nodes,  dutant  from  eaeb  otber  br  9(y.  Than 
callcrl  atAet  are  Dot.  hawvta,  plans  of  abaolnte  ree^  fa-  I 
laag«Dtul  motim  is  there  a  mBximom.  Id  bet  tbe  t 
TibrstioQ  at  these  points  is  half  the  maximum  nornu 
In  general  for  the  «">  term  the  "»"■"""■  tAngential  tnoliaa 
(Ifg)  of  the  mazimam  Donnal  motirai,  and  occms  at  the  nodei 
theUtt«r. 

When  a  bell-shaped  bod;  is  soanded  by  a  blow,  the  p 
applicatioD  of  the  blow  is  a  place  of  naiJmnm  cormal  i 
of  the  resulting  vibrations,  and  the  same  is  true  wh^i  I 
vibrations  are  excited  by  a  violin-bow.  as  generally  in  lectn 
room  experiments.  Bella  of  glass,  such  as  fioger-glaases,  i 
however  more  ^Btaly  thrown  into  regular  vtbrstion  by  fricUoo  w. 
the  wetted  finger  carried  round  the  circumference.  The  pitch 
the  resulting  sound  is  the  same  as  of  that  elicited  by  a  tap  *' 
the  soft  part  of  the  finger;  but  inasmuch  as  the  tangential  mot 
of  a  vibrating  bell  has  been  very  generally  ignored,  the  prodadi 
of  sound  in  this  manner  has  been  felt  as  a  difficulty.  It  is  D 
scarcely  necessary  to  point  out  that  the  elTect  of  the  fncti<Mi  is 
the  first  instance  to  excite  tangential  motion,  and  that  the  p 
of  application  of  the  friction  is  the  place  where  the  tangent 
motion  is  greatest,  and  therefore  where  the  normal  motio 
vanishes. 

S36.  The  i;xiHtcncc  of  tangential  vibration  tn  the  case  of  a  b( 
was  verified  in  Hit;  following  manner.  A  so-called  air-pump  r 
ceiver  wiie  securely  fastened  to  a  table,  open  end  uppermost,  and  a 
into  vibration  with  the  moistened  finger.  A  small  chip  in  therii 
reflecting  the  light  of  a  candle,  gave  a  bright  spot  whose  tQoti( 
could  be  observed  with  a  Coddington  lens  suitably  fixed.  Astl 
finger  was  curried  round,  the  line  of  vibration  was  seen  to  r 
valve  with  an  ftugidnr  velocity  double  that  of  the  6ug«r;  ai 
the  amount  of  excnniion  (indicated  by  tJio  length  of  tb«  line 
light),  thongh  variable,  was  finittt  in  every  position.  Then  wi 
hownvcr,  Hiinie  dilticulty  in  obierving  the  oorrv«pondence  betwM 
the  mon>entftry  direction  of  vibration  and  the  .titinition  of  the  poii 
of  tixcitfmcut.  To  effect  this  sntisfHctorily  it  wa»  foiiod  ihiliiisi 
to  apply  the  friction  in  the  ucighbourho«id  i>f  one  point  II  thi 
fcifiue  qvidtfut  that  lb«j  »pul  inoveil  tftBgcotJally  when  Ibe  bell  w 


excited  at  points  distant  therefrom  0, 00, 180,  or  270  degrees ;  and 
DOrmally  when  the  frictiou  was  applied  at  the  intermediate  points 
corresponding  to  45, 135,  225  and  315  degreea.  Care  is  sometimes 
required  in  order  to  make  the  bell  vibrate  in  its  gravest  mode 

Pithout  sensible  admistiire  of  overtones. 
If  there  be  u  small  load  at  any  point  of  the  circumference, 
slight  augmentation  of  period  ensues,  which  is  different  accord- 
ing as  the  loaded  point  coincides  with  a  node  of  the  normal  or 
of  the  tangential  motion,  being  greater  in  the  latter  case  than 
in  the  former.  The  sound  produced  depends  therefore  on  the 
place  of  excitation;  in  general  both  tones  are  heard,  and  by 
interference  give  rise  to  beats,  whose  frequency  is  equal  to  the 
difference  between  the  frequencies  of  the  two  tones.  This  pbe- 
■JDnenon  may  often  be  observed  in  the  case  of  large  bells. 

^r  236  a.  In  determining  the  number  of  nodal  meridians  {2s) 
corresponding  to  any  particular  tone  of  a  betl,  advantage  may  be 
taken  of  beats,  whether  due  to  accidental  irregularities  or  intro- 
duced for  the  purpose  by  special  loading  (compare  §§  208,  209).  By 
lapping  cautiously  round  a  circle  of  latitude  the  places  may  be  in- 
vestigated where  the  beats  disappear,  owing  to  the  absence  of  one 
or  other  of  the  compoueot  tones.  But  here  a  decision  must  not 
be  made  too  hastily.  The  inaudibility  of  the  beats  may  be  favoured 
by  an  unsuitable  position  of  the  ear  or  of  the  mouth  of  the  re- 
sonator used  in  connection  with  the  ear.  By  travelling  round, 
a  situation  is  soon  found  where  the  observation  can  be  made  to 
the  best  advantage.  In  the  neighbourhood  of  the  place  where  the 
blow  is  being  tried  there  is  a  loop  of  the  vibration  which  is  most 
excited  and  a  (coincident)  node  of  the  vibration  which  is  least 
excited.  When  the  ear  is  opposite  to  a  node  of  the  first  vibration, 
and  therefore  to  a  loop  of  the  second,  the  origijial  inequality  is 
redressed,  and  distinct  beats  may  be  heai-d  even  though  the 
deviation  of  the  blow  from  a  nodal  point  may  be  very  small.  The 
accurate  determination  in  this  way  of  two  consecutive  places  where 
no  beats  are  generated  is  all  that  is  absolutely  necessary  for  the 
purpose  in  view.  The  ratio  of  the  entire  circumference  of  the 
circle  of  latitude  to  the  arc  between  the  points  in  question  is  in 
lact  in.  Thus,  if  the  arc  between  consecutive  points  proved  to 
be  45",  we  should  infer  that  we  were  dealing  with  the  case  of  s  =  2, 
in  which  the  deformation  is  elliptical.  As  a  greater  security 
against  error,  it  is  advisable  in  practice  to  determine  a  larger 
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number  of  points  where  no  beats  occur.  Unless  the  devUtum 
from  symmetry  be  considerable,  these  points  should  be  uniformly 
distributed  along  the  circle  of  latitude'. 

In  the  above  process  for  determining  nodes  we  are  Biipposoilt» 
hear  distinctly  the  tone  corresponding  to  the  vibration  under 
investigation.  For  this  putpose  the  beats  are  of  assistanc«  in 
directing  the  attention ;  but  in  dealing  with  the  more  difticnll 
subjects,  such  as  church  hells,  it  i^  advisable  to  have  recourse  (o 
resonators.  A  set  of  v.  Helmholtz's  pattern,  as  manufactured  far 
Konig,  are  very  convenient.  The  one  next  higher  in  pilch  to 
the  tone  under  examination  is  chosen  and  tuned  by  advancing  the 
finger  across  the  aperture.  Without  the  security  aflforded  by 
resonators,  the  determination  of  the  octave  is  very  uncertain. 

The  only  class  of  bells,  for  which  an  approximate  theon-  cau 
be  given,  are  those  with  thin  walls,  ^  233,  235  c.  Of  such  ihi 
following  glass  bells  may  be  regarded  as  examples : — 

I,  c',      e'"^.    c"'t. 

II.  a,      c"5,     6". 
III.    /'S,  b". 

The  value  of  a  for  the  gravest  tone  was  2,  for  ihe  second  o, 
and  for  the  third  tone  4. 

Similar  observatious  have  been  made  upon  a  so-called  hemi- 
spherical bell,  of  nearly  uniform  thickness,  and  weighing  about  % 
ewt,     Four  tones  could  be  plainly  heard, 

eP,  ft.  a".  6". 
the  pitch  being  taken  from  a  harmonium.  The  gnix-est  tone  h»*  s 
long  duration.  When  the  bell  is  struck  by  a  hard  body,  ih-; 
higher  tones  are  at  first  predominant,  but  after  a  timo  they  dif 
away,  and  leave  et*  in  possession  of  the  field.  If  the  striking  Iwdi 
be  soft,  the  original  preponderance  of  the  higher  eJemeuU  i*  U« 
marked. 

Ry  the  method  described  there  was  no  difficulty  in  hbeninu 
that  the  four  tones  correspond  respectively  to  *=  2,  3,  4.  A.  Tho* 
for  the  gravest  tone  the  vibration  \*,  eltipticnl  with  4  tiodal  ti 
dians.  for  the  next  tono  thurv  nru  6  nodal  lui^ndiiuia,  and  to  \ 

■  Tbfi  belli,  or  goagii,  aj  the;  un  loinrtitnn  oalltd.  tA  rtrikbg  etneli 
diakgttnbla  becU.    A  remeilr  m«^  be  found  in  ■  mtMlilg  intetlcn  ill  dw  bril  K 
iUuf*. 
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i.tpping  alot^  a  meridian  ghewed  that  the  sounds  became  less 
ii'iir  a»  the  edge  was  departed  from,  aud  this  in  a  continuous 
iKinner  with  no  euggestion  of  a  nodal  circle  of  latitude.  A  question 
:  '  which  we  shall  recur  in  connection  with  church  bells  here 
-liggeste  itself.  Which  of  the  various  coexisting  tones  characterizes 
the  pilch  of  the  bell  as  a  whole  ?  It  would  appear  to  be  the  third 
in  order,  for  the  founders  gave  tho  pitch  as  E  natural 

In  church  bells  there  is  great  concentration  of  metal  at  the 
■  ^nmd-bow  "  where  the  clapper  strikes,  indeed  to  such  an  extent 
Unit  we  can  hardly  expect  much  correspondence  with  what  occurs 
:ij  the  case  of  thin  uniform  bells.  But  the  method  already 
'  i.  scribed  suffices  to  determine  the  number  of  nodal  meridians  for 
the  more  important  tones.  From  a  bell  of  0  cwt.  by  Meara 
8tainbank  f3  tones  could  be  obtained,  viz.  t 


0 


(*)  (*) 


(6) 


(6) 


/"■■ 


The  pitch  of  this  bell  as  given  by  the  makers  is  d",  so  that  it 
U  the  fifth  in  the  above  series  of  tones  which  characterizes  the 
bc'H.  The  number  of  nodal  meridians  in  the  various  components 
i.i  indicated  within  the  parentheses.  Thus  in  the  case  of  the  tone 
e  there  are  4  nodal  meridians.  A  similar  method  of  examination 
along  a  meridian  shewed  that  there  was  no  nodal  circle  of  latitude. 
At  the  same  time  differences  of  intensity  were  observed.  This 
■  is  most  fuUy  developed  when  the  blow  is  delivered  about 
Bway  between  the  crown  and  the  rim  of  the  bell. 
§Tbe  next  tone  is  c".  Observation  shewed  that  for  this  vibra- 
I  also  there  are  four,  and  but  four,  nodal  meridians.  But  now 
■  ifl  a  well-defined  nodal  circle  of  latitude,  situated  about  a 
6er  of  the  way  up  from  the  rim  towards  the  crown.  As  heard 
1  a  resonator,  this  tone  disappears  when  the  blow  is  accurately 
rered  at  some  point  of  this  circle,  but  revives  with  a  very  small 
sement  on  either  side.  The  nodal  circle  and  the  four  meri- 
dians divide  the  surface  into  segments,  over  each  of  which  the 
normal  motion  is  of  one  sign- 

I  tho  tone  /"  correspond  6  nodal  meridians.     There  is  no 

lefined  nodal  circle.     The  sound  is  indeed  very  faint  when 

>  is  much  displaced  from  the  sound-bow ;  it  waa  thought 

I  a  minimum  when  a  position  about  half-way  up  waa 
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The  three  graver  tonea  are  heard  loudly  from  the  soimd-lwK 
But  the  next  in  order,  b"\f,  is  there  scarcely  audible,  unlemtbl 
blow  is  delivered  to  the  rim  itself  in  a  tangential  direction.  Tl* 
maximum  etfcot  occurs  about  half-way  up.     Tapping  round  tbc 

circle  revealed  6  nodal  meridians. 

The  fifth  tone,  rf'".  is  heard  loudly  from  the  sound-bow, 
soon  falls  off  when  the  locality  of  the  blow  is  varied,  and  in 
upper  three-fourths  of  the  bell  it  is  very  faint.    No  distinct ciroulB 
node  could  be  detected.    Tapping  round  the  circumference  ahewrf 
that  there  were  8  nodal  meridians. 

The  highest  tone  recorded,  /'",  wae  not  easy  of  observation, 
and  the  mode  of  vibration  could  not  be  fixed  satisfactorily. 

Similar  results  have  been  obtained  from  a  bell  of  4  cwt..  ast 
by  Taylor  of  Loughborough  for  Anipton  church.  The  nomimu 
pitch  (without  regard  to  octave)  was  d,  and  the  following  were  lti( 
tones  observed : — 

el? -2,      d"-6,     /"  +  4,      6"^— 6",      d",      g'". 
<4)  (4)  («)  (6)  (8) 

In  the  specification  of  pitch  the  numerals  following  the 
indicate  by  how  much  the  frequency  for  the  bell  differed 
that  of  the  harmonium  employed  as  a  standard.  Thus  the  gnra 
tone  e't>  gave  2  beats  per  second,  and  was  fiat.  When  the  nomlx 
exceeds  3,  it  is  the  result  of  somewhat  rough  estimation,  u 
cannot  be  trusted  to  be  quite  accurate.  Moreover,  as  has  hm 
explained,  there  are  in  strictness  two  frequencies  under  eai 
head,  and  these  often  differ  sensibly.  In  the  case  of  the  4th  toi 
fr"& — ii"  means  that,  as  nearly  as  could  be  judged,  the  pitch  of  1 
bell  was  midway  between  the  two  specified  notes  of  t 
harmonium. 

Observations  in  the  laboratory  upon  the  above-inenliaoed  tn 
having  settled  the  modes  of  vibration  corresponding  to  the  fi 
gravest  tones,  other  bells  of  the  church  pattern  couhi  bo  soffioerDl 
investigated  by  simple  deterui! nations  of  pitch.  Tho  reraltui 
collected  in  the  following  table',  and  include,  besides  those  aJra* 
given,  observations  upon  a  Belgian  bell,  the  property  of 
HsKtis,  and  iipou  the  five  bulls  of  the  Terliog  peal.     As  n^ 
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the  nominal  pitch  of  the  latter  bella,  several  observers  concurred 
in  fixing  the  notes  of  the  peal  as 

attention  being  paid  to  the  question  of  the  octave. 


1888. 

Ampton. 

issa. 

T^,^.„  Terling  (5),iTBrliiiB  I4|.  Terling  (3).lTer!uig  (2),!TerlinB  (1). 
"^^       OBhqrn,    1     Meara,         Oraye,     1  Gwduer,  i   Wamor, 
™"-      1       1783.      1       1810.             1633.       |       1723.      |       IBttB. 

Actual  Pitch  by  HarmoQium. 

i 

A-i 

a-4 

J-3 

a+3 

««+3 

<e-s 

rf+2 

<r 

rf'-8 

«"«-d" 

J'-I 

j'«-4 

«-+e 

o'J-H 

6'+2 

r* 

r+i 

r+i 

a'+6 

i'+6 

c-J  +  4 

J-+8 

." 

n 

6"EJ_6" 

a" -6 

rf"-3 

■rt-." 

."+6 

/■«+(10) 

j"«+4 

d~ 

<f 

rt-!  1  rt-e 

»"« 

i-  +  8 

^■■S+3 

r 

f 

' 

Pitch  referred  to  fifth  tone  as  c. 

d 

ci-i 

«J-3 

««+3 

c  +  3 

.11-8 

««+2 

H> 

c-e 

«J-4 

e-4 

JH+e 

i-5 

sk+j 

.>  + 

.['  +  4 

•li+e 

.11+6 

.11  +  4 

e&+8 

•l> 

all 

at7-a 

ot^-a 

»-,»« 

/I  +  8 

tt+8 

J+4 

" 

^ 

«-j 

C-6 

(     0+! 

.+3 

Esamination  of  the  table  reveals  the  remarkable  fact  that 
in  every  case  of  the  English  bella  it  is  the  5th  tone  in  order 
which  agrees  with  the  nominal  pitch,  and  that,  with  the  exception 
of  Terling  (4),  no  other  tone  shews  such  agreement'.  Moreover, 
as  appeared  most  clearly  in  the  case  of  the  bell  cast  by  Mears  and 
Stainbank,  the  nominal  pitch,  as  given  by  the  makers,  is  an  octave 
below  the  only  corresponding  tone. 

The  highly  composite,  and  often  discordant,  character  of  the 

ninds   of  bells   tends   to   explain   the  discrepancies   sometimes 

mifested  in  estimations  of  pitch.    Mr  Simpson,  who  has  devoted 

inch  attention  to  the  subject,  has  put  forward  strong  arguments 

:  the  opinion  that  the  Belgian  makers  determine  the  pilch  of 

^eir  bells  by  the  tone  2nd  in  order  in  the  above  series,  so  that 

r  instance  the  pitch  of  Terling  (3)  would  be  a  and  not  at.     In 

subordination  to  this  tone  they  pay  attention  also  to   the   next 

(the  3rd  in  order),  classifj'ing  their  bells  according  to  the  character 


mpaTiaoQ  the  grave 


liaregarded. 
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of  the  third,  whether  major  or  minor,  so  compouaded. 
b  Terling  (3)  the  interval,  a'  to  c"  ,  is  a  vutjor  third.  The 
parative  neglect  with  which  the  Belgians  treat  the  5th  Ume, 
regarded  almost  exclusively  by  English  makers,  may  perhaps  be 
explained  by  a  leas  prominent  development  of  this  tone  in  Belgian 
bells,  and  by  a  diflference  in  treatment.  When  a  bell  is  soaod^il 
alone,  or  with  other  bells  in  a  comparatively  slow  successico. 
attention  is  likely  to  concentrate  itself  upon  the  graver  and  mor; 
persistent  elements  of  the  sound  rather  than  upon  the  acuM 
and  more  evanescent  elements,  while  the  contrary  may  !» 
expected  to  occur  when  bells  follow  one  another  rapidly  in  a  pc«L 

In  any  case  the  false  octaves  with  which  the  Table  abouodi 
are  simple  facts  of  observation,  and  we  may  well  believe  that  their 
correction  would  improve  the  geneml  effect.  Especially  shuuU 
the  octave  between  the  Snd  tone  and  the  5th  tone  be  made  Inn. 
Probably  the  lower  octave  of  the  gravest,  or  htivi-not«.  as  it  h 
called  by  English  founders,  is  of  less  importance.  The  same  mnj 
be  said  of  the  fifUt,  given  by  the  4th  tone  of  the  series,  which 
is  much  less  prominent.  The  variations  recorded  in  the  Tablt 
would  seem  to  shew  that  no  insuperable  obstacle  stands  in  the 
way  of  obtaining  accurate  harmonic  relations  among  the  variow 
tones, 

No  adequate  explanation  has  been  given  of  the  form  a 
for  church  bells.  It  appears  both  from  experiment  aad  from  ti 
theory  of  thin  shells  that  this  form  is  especially  stiff,  as  i-egar^  tl 
principal  mode  of  deformation  (a  =  2),  to  forces  applied  n 
and  near  the  rim.  Possibly  the  advantage  of  thiu  form  lies  m  ij 
rendering  less  prominent  the  gravest  component  of  tlie  soufll 
or  the  hum-note. 


CHAPTER  Xa. 

CURVED  PLATES  OR  SHELLS. 

235  b.  In  the  last  chapter  (§§  232,  233)  we  have  considered 
the  comparatively  simple  problem  of  the  vibration  in  two  dimen- 
sions of  a  cylindrical  shell,  so  iar  at  least  as  relates  to  vibrations 
of  a  flexural  character.  The  shell  is  supposed  to  be  thin,  to  be 
composed  of  isotropic  material,  and  to  be  bounded  by  infinite 
coaxal  cylindrical  surfaces.  It  is  proposed  in  the  present  chapter 
to  treat  the  problem  of  the  cylindrical  shell  more  generally,  and 
further  to  give  the  theory  of  the  flexural  vibrations  of  spherical 
shells. 

In  considering  the  deformation  of  a  thin  shell  the  most 
important  question  which  presents  itself  is  whether  the  middle 
8ur&ce,  viz.  th^  surface  which  lies  midway  between  the  boundaries, 
does,  or  does  not,  undergo  extension.  In  the  former  case  the 
deformation  may  be  called  extenaional,  and  its  potential  energy  is 
proportional  to  the  thickness  of  the  shell,  which  will  be  denoted 
by  2A.  Since  the  inertia  of  the  shell,  and  therefore  the  kinetic 
energy  of  a  given  motion,  is  also  proportional  to  K  the  frequencies 
of  vibration  are  in  this  case  independent  of  h,  §  44.  On  the 
other  hand,  when  no  line  traced  upon  the  middle  surface  under- 
goes extension,  the  potential  energy  of  a  deformation  is  of  a 
higher  order  in  the  small  quantity  h.  If  the  shell  be  conceived 
to  be  divided  into  laminae,  the  extension  in  any  lamina  is  pro- 
portional to  its  distance  from  the  middle  surface,  and  the  con- 
tribution to  the  potential  energy  is  proportional  to  the  square 
of  that  distance.  When  the  integration  over  the  thickness 
18  carried  out,  the  whole  potential  energy  is  found  to  be  propor- 
ticmal  to  M    Vibrations  of  this  kind  may  be  called  inextensionaU 
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or  flexural.  and  (§  44)  their  frequencies  ai-e  proportional  to  k, 
that  the  Houndfi  become  graver  without  limit  aa  the  thlckni 

reduced. 

Vibrations  of  the  one  class  may  thus  be  considered  to  d< 
upon  the  term  of  order  A,  and  vibrations  of  the  other  class  U| 
the  term  of  order  A',  in  the  expression  for  the  potential  enea 
In  general  both  terms  occur;  and  it  is  only  in  the  limit  that 
separation  into  two  classes  becomes  absolute.  This  is  a  questi 
which  has  sometimes  presented  di6Soulty.  That  in  the  case 
eitensional  vibrations  the  term  in  h'  should  be  negligible 
comparison  with  the  term  in  h  seems  reasonable  enough.  1 
is  it  permissible  in  dealing  with  the  other  class  of  vibrationB 
omit  the  term  in  A  while  retaining  the  term  in  A'  ? 


The  question  may  be  illustrated  by  con  side  mtion  of  a  a 
problem.     It  is  a  general  mechanical  principle  (§  74)  that,  if  gin 
displacements   (not   sufficient   by   themselves   to   determine   l 
configuration)  be  produced  in  a  system  originally  in  equilibria 
by  forces   of  corresponding   types,  the   resulting  deformatioD 
detennined  by  the  condition  that  the  potential  energy  shall  h 
as  small  as  possible.     Apply  this  principle  to  the  case  of  an  dost 
shell,  the  given  displacements  being  such  as  not  of  themsolre*  t 
involve  a  stretching  of  the  middle  surface.     The  resulting  dcfbf 
mation  will,  in  general,  include  both  stretching  and  bending,  i 
any  e-"cpression  for  the  energy  will  be  of  the  form 

.(l/i  (extension)" +  BA' (bending)* (I). 

This  energy  is  to  be  as  small  as  possible.  Hence,  when 
thickness  is  diminished  without  limit,  the  actual  dispUcen 
will  be  one  of  pure  bonding,  if  such  there  be,  consistent  ' 
the  given  conditions. 

At  first  sight  it  may  well  appear  strange  that  of  th*.-  two  tc 
the  one  proportional  to  the  cube  of  the  thickncws  is  to  bo  rotolM 
while  that  proportional  to  the  first  power  may  be  nuglcctucL 
fact,  however,   is   that   the   large    potontial   energy   thmt   w 
accompany  any  stretching  of  the  middle  surface  is  the  very  n 
why  such  Ktrotchiug  doKS  not  occur.     The  cumpurotive  Urgeni 
of  th«  coefficient  (projiortioiial  to  A)  is  more  than  neiitc 
the  sn)alliiei«i  of  the  .Htretuhing  itself,  to  the  s<{uare  of  ^ 
unvigy  b  proportional. 
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An  example  may  be  taken  from  the  case  of  a  rod,  clamped  at 
one  end  A,  and  deflected  by  a  lateral  force ;  it  is  required  to  trace 
the  effect  of  constantly  increasing  stiffness  of  the  part  included 
between  A  and  a  neighbouring  point  B,  In  the  limit  we  may 
regard  the  rod  as  clamped  at  B,  and  neglect  the  energy  of  the 
part  AB,  in  spite  of,  or  rather  in  consequence  of,  its  infinite 
stiffness. 

It  would  thus  be  a  mistake  to  regard  the  omission  of  the  term 
in  &  as  especially  mysterious.  In  any  case  of  a  constraint  which 
is  supposed  to  be  gradually  introduced  (§  92  a),  the  vibrations 
tend  to  arrange  themselves  into  two  classes,  in  one  of  which  the 
constraint  is  observed,  while  in  the  other,  in  which  the  constraint 
is  violated,  the  frequencies  increase  without  limit.  The  analogy 
with  the  shell  of  gradually  diminishing  thickness  is  complete  if 
we  suppose  that  at  the  same  time  the  elastic  constants  are  in- 
creased in  such  a  manner  that  the  resistance  to  bending  remains 
unchanged.  The  resistance  to  extension  then  becomes  infinite, 
and  in  the  limit  one  class  of  vibrations  is  purely  inextensional,  or 
flexural 

In  the  investigation  which  we  are  about  to  give  of  the 
vibrations  of  a  cylindrical  shell,  the  extensional  and  the  in- 
extensional classes  will  be  considered  separately.  It  would 
apparently  be  more  direct  to  establish  in  the  first  instance  a 
general  expression  for  the  potential  energy  complete  as  far  as 
the  term  in  A*,  from  which  the  whole  theory  might  be  deduced. 
Such  an  expression  would  involve  the  extensions  and  the  curva- 
tures of  the  middle  surface.  It  appears,  however,  that  this  method 
is  difficult  of  application,  inasmuch  as  the  potential  energy  (correct 
to  A')  does  not  depend  only  upon  the  above-mentioned  quantities, 
but  also  upon  the  manner  of  application  of  the  normal  forces, 
which  are  in  general  implied  in  the  existence  of  middle  surface 
exten8ions\ 

236  c.  The  first  question  to  be  considered  is  the  expression  of 
the  conditions  that  the  middle  surface  remain  unextended,  or  if 
these  conditions  be  violated,  to  find  the  values  of  the  extensions  in 
terms  of  the  displacements  of  the  various  points  of  the  surface. 

^  On  the  Unifonn  Deformation  in  Two  Dimensions  of  a  Cylindrical  Shell,  with 
AppUoaiiim  to  the  General  Theory  of  Deformation  of  Thin  Shells.  Proc,  Math. 
8oe,f  v«iL  n.  p.  879, 1889. 
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We  will  suppose  iu  the  first  instance  merely  that  the  sur&ce  a  0 
revolution,  and  that  a  point  is  determinod  by  cylindrical  co-ordi- 
nates s.  r,  <f>.    After  deformation  the  co-ordinates  of  the  abofl 
point   become   z  +  &z,  r  +  Sr,  ^  +  S<Ji  respectively.     If  da  c 
an  element  of  arc  traced  upon  the  suHoce, 

(«fe  +  dSsY  =  (dz  +  dSsy  +  (r  +  Sr)'  (d0  +  d8<(.)'  +  (dr  +  dBr)'. 

so  that 

diid3a  =  dzdS£  +  r'di)  dS4>  +  rBr  (d*)'  +  dr  d5r (I). 

In  this  we  regard  z  and  ift  as  independent  variables,  so  that,  it 
example, 

,.       dSx  J    ,  dSe  , 
dot  =  -y^  dz  +  ^dfi 


dz 


'd4> 


while 


dr  ,       dr  ,, 


..(S), 


in  which  by  hypothesis  dr/d<fi  =  0.     Accordingly 
dSa  _  (dzl  (d«£     dr  dSr[     (d^)=  f    dB<}>  I 

ds  ~{dsA<i''^<iz  ~dz\'^{dBy  V     d0+'""[ 

"''  {day  td^  ds      dzdif,] 

in  which  dSs/ds  represents  the  extension  of  the  element  da 
there  be  no  extension  of  any  oic  traced  upon  the  surface,  (2)  mi 
Tamsh  independently  of  any  relations  between  ds  and  d^  H«i 
dBe  ,  drdSr     „  — . 


ds      dt  dz 


F 

^^•^t- 

drdSr_^ 

d.d^ 

From  these 

by 

eliminati 

0  of  Sr, 

i 

dr  d  1 
'  didi\ 

t)-' 

w 

dl.      dH 

^:^- 

jmd  agHiiJ,  by  ulimiiiation  of  Ss, 


d  f    di^\       i^d'&^ 


'  t^di*\ 
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If  the  distribution  of  thickness  and  the  form  of  the  boundary 
KT  boundaries  be  symmetrical  with  respect  to  the  axis,  the  normal 
unctions  of  the  system  *are  to  be  found  by  assuming  B(f>  to  be 
iroportional  to  cosa0,  or  sin«0.  The  equation  for  S(f>  may  then 
)e  put  into  the  form 

't  will  be  seen  that  the  conditions  of  inextension  go  a  long  way 
owards  determining  the  form  of  the  normal  functions. 

The  simplest  application  is  to  the  case  of  a  cylinder  for  which 
•  is  constant,  equal  say  to  a.    Thus  (3),  (4),  (5),  (7)  become  simply 

dSz     ^        ^         dS<f>     ^       dhz  ,    ,d86     ^         ,_. 

5y  (9),  if  h<f>  oc  cosa^,  we  may  take 

aS0  =  {A,a  +  BfZ)  cos  8(f> (10), 

^d  then,  by  (8),  Br  =  a  (A^a -^  Bgz)  sin  s^  (11), 

Sz  =  —  s~^ Bgasins^  (12). 

^rresponding  terms,  with  fresh  arbitrary  constants,  obtained  by 
^ting  8^  +  iir  for  8(f>,  may  of  course  be  added.  If  Bg  =  0,  the 
lisplacement  is  in  two  dimensions  only  (§  233). 

If  an  inextensible  disc  be  attached  to  the  cylinder  at  -^  =  0,  so 
s  to  form  a  kind  of  cup,  the  displacements  Br  and  B^  must  vanish 
>r  that  value  of  z,  exception  being  made  of  the  case  5  =  1.  Hence 
I,  =  0,  and 

aB<f>  =  BgZ COS 8^,  Br  =  8 BgZ sin 8(f>,  Bz  =  — s'^B^a sin s(f>...(lii). 

Again,  in  the  case  of  a  coney  for  which  r  =  tan  7 .  z,  the  equa- 
ions  (3),  (4),  (5),  (7)  become 

dBz  ^  ^        dBr     ^         .         dB(f>  ,  ^       ^ 
-,-  +  tan  7  -J—  =  0,      z  tan  7  -^  +  or  =  0 

'^^  '^^  ^"^  \ (14), 

dBz      ,^    ,    dBd>  .  ^        dBr     ^ 

3f  +  ^  •»■"•■)' -3r+ ""I' 3? -" 

£("t)-« ("^ 
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If  we  take,  as  usual.  50  gc  cos  a^t,  we  get  as  the  solution  of  (15) 

Stf,  =  (A. +  B,z-')  cos  si, (16), 

and  corresponding  thereto 

Br  =  sia.ay{A,i!  +  B,)sias(j> (17), 

&z^tan'y[a-'B.-s(A,z  +  B,)]Bm84> (18). 

If  the  cone  be  complete  up  to  the  vertex  at  r  =  0,  fi,  =  0,  so  thai 

&<t>  =  A,  cos  s<l> (10), 

Sr  =  BA,rBm8<l, (20),. 

Ss=—sA,tAnyr&ina^ (SI) 

For  the  cone  and  the  cj'linder,  the  second  term  in  the  gem 
equation  (7)  vaoiishes.     We  shall  obtain  a  more  extensive  cli 
soluble  cases  by  supposing  that  tho  surface  is  such  that 

r'jj.  =  constant (22^ 

an  equation  which  is  satisfied  by  surfaces  uf  the  second  d^ree 
general     If 

5+S=i •(»] 

(!•) 


we  shall  Bud 

and  thus  (7)  takes  the  form 


..(») 


if  80  X  cos  s<i>,  and  a  is  defined  by 

a=j>-'(U 

or  in  the  present  caBC 

"w>C-^- '<'' 

The  solution  of  (25)  is 

H<^r-'>i^rh-* <» 

The  corresponding  vahies  of  fir  and  8s  are  lo  be  obtotnod  £ran 
and  (5). 


35  c]  NORMAL  MODES.  401 

If  the  8ur&ce  be  complete  through  the  vertex  z  —  ay  the  term 
altiplied  by  B  must  disappear.  Thus/  omitting  the  constant 
ultiplier,  we  may  take 

^-^^^""^"^   <29); 

hence,  by  (4),  (5). 

«6(a-^  (30), 

S-2:  =  («<a:  +  a) -— — — 4"  sin«^ (31). 

^  a*(a  +  '^)** 

[f we  measure  /  from  the  vertex,  z  ^a^ z,  and  we  may  write 
8<^=(^)'co8  50 (32), 

Sr=^^iy8in«<^ (33), 

8-^  =  -S/  =  -^I(a  +  l)a-«/U^ysin«<^  (34). 

Por  the  pambola,  a  and   6  are   infinite,   while   b^ja  =  2a',   and 
'*=4aV.     Thus  we  may  take^ 

*^  =  r*cos«^,   8r  =  ^+1  sin 5<^,  8/  =  — 2(5  +  1) aV sin 50... (35). 

We  will  now  take  into  consideration  the  important  case  of  the 
phere,  for  which  in  (23)  6  =  a.  Denoting  by  6  the  angle  between 
be  radius  vector  and  the  axis,  we  have  -?  =  a  cos  0,  r  =  a  sin  0,  and 
bus  from  (29),  (30),  (31) 

S(f>  =  co8  8<l>ta,n'^0 (36), 

Sr/a  =  8  sin  s(f>  sin  0  tan*  ^^ (37), 

Sz/a  =  (1  +  5  cos  d)  sin  s<f>  tan*  ^^ (38). 

The  other  terms  of  the  complete  solution,  corresponding  to 
58),  are  to  be  obtained  by  changing  the  sign  of  s. 

In  the  above  equations  the  displacements  are  resolved  parallel 
ad  perpendicular  to  the  axis  ^  =  0.  It  would  usually  be  more 
>nvenient  to  resolve  along  the  normal  and  the  meridian.  If  the 
>mponents  in  these  dii'ections  be  denoted  by  w  and  aS0,  we  have 

w  =  Sr  sin  0  +  Sz  cos  0,     aS0  =  Br  cos  ^  —  S^  sin  ^ ; 

>  On  tbe  IhflnitMimal  Bending  of  Sorfaoes  of  Bevolation.    Proe,  Math,  Soe,, 
iL  mL  1^  4, 1881. 
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so  that  allogeiher 

B<p  =  cos  eif)  [A,  ta.ii'^e  +  B,  cot' ^e] (39), 

B5  =  - sin  si^  sill  ^[^.tiiii'i^-B.cofif'] («). 

wja  =  sin  s<p  [A.  {n  +  cos  e)  tan"  ^6  +  B,(s-  cos  8)  cof^...{*\]. 

To  the  above  may  be  added  terms  derived  by  writing  9^  +i 

for  8^,  and  changing  the  arbitrary  constants. 

235  d.  We  now  proceed  to  apply  the  eijiiations  of  §  235  c 
the  principal  extensions  of  a  cylindrical  nurface,  with  a  view  to 
formation  of  the  expression  for  the  potential  energy.  The  & 
and  circuraferentia!  extensions  will  be  denoted  reapectivelj"  by 
fj,  and  the  shear  by  or.  The  first  of  these  is  given  by  (2)  §  ' ' 
if  we  suppose  that  d^  =  0,  dzjd&  =  \.  Since  in  the  case  of 
cylinder  drfdz  =  0,  we  tind 

'  '^'        (i> 


"  d!' 


Ill  like 


rf*  ■ 


..(!). 


..(» 


The  value  nf  the  shear  may  be  aiTived  at  by  considering  iJ 
difference  of  extensions  for  the  two  diagonals  of  an  infinite 

square  whose  sides  are  dz  and  nd^.     It  is 
1  dhz       dH 

1!^  =  -    ,.  +u     ,     

a  (19  dz 

The  next  part  of  the  problem,  viz.  the  expression  of  the  potenti 

energy  by  means  of  e,,  e.,,  or,  appertains  to  the  general  thegt; 

elasticity,  and  can  only  be  treated  here  in  a  cursory  manner.    ~ 

it  may  be  convenient  to  give  the  lending  steps  of  the  iuvesl^stia 

referring  for  further  explanatious  to  the  treatises  of  Thomson  I 

Tftit   and  of   Love.     In   the   notation   of    the   former   (JVild 

PhiloBoplty,  §  694)  the  general  equations  in  thi-ee  dinieiinotM  ti 

na  =  S,    nt=r.    nc=U {4\ 

Me  =  P-<z(Q  +  M)\ 

Mf=Q-<r{R-i-P)[ „^ 

"'  —  "  .At 

'-    2m-  "^V 

Pcinon'a  ntio,  ■  b  lb*  ooiuubi  of  rlltllVil 


when; 


ii  Yoiin(t'»  modnluj,  ir  ( 
-til)  tbal  of  oampNMMitj. 
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The  energy  w,  corresponding  to  unit  of  volume,  is  given  by 

+  2(m-w)(/5r  +  5re  +  e/)  +  M(a-  +  6»  +  c^) (7). 

In  the  application  to  a  lamina,  supposed  parallel  to  the  plane 
xy,  we  are  to  take  iJ  =  0,  /S  =  0,  T  =  0,  so  that 

9  =  -<^f^'^>     ^  =  0,     6  =  0 (8). 

Thus  in  terms  of  the  extensions  e,  /,  parallel  to  x,  y,  and  of  the 
shear  c,  we  get 

„  =  „|e^  +  /.  +  ^-;^^(e+/)^  +  ic»} (9). 

This  is  the  energy  reckoned  per  unit  of  volume.  In  oi*der  to 
adapt  the  expression  to  our  purposes,  we  must  multiply  it  by  the 
thickness  (2A).  Hence  as  the  energy  per  unit  area  of  a  shell 
of  thickness  2A,  we  may  take  in  the  notation  adopted  at  the  com- 
mencement of  this  section, 

2nhW-\-€,'  +  h^''h—^^(€i  +  €,r^ (10). 

This  expression  may  be  applied  to  curved  as  well  as  to  plane 
plates,  for  any  modification  due  to  curvature  must  involve  higher 
powers  of  A.     The  same  is  true  of  the  energy  of  bending. 

235  e.     We  are   now  prepared  for  the  investigation  of  the 

extensional  vibrations  of  an  infinite  cylindrical  shell,  assumed  to 

be  periodic  with  respect  both  to  z  and  to  0.    It  will  be  convenient 

to  denote  by  single  letters  the  displacements  parallel  to  Zy  <t>,r; 

we  take 

Bz  —  u,     aS<^  =  V,     Zr^w (1). 

These  functions  are  to  be  assumed  proportional  to  the  sines  or 
cosines  o{  jz/a  and  $<f>.  Various  combinations  may  be  made,  of 
which  an  example^  is 

u=U  cos  S(f}  cos  jz/a,    v  =  F  sin  8(f>  sin  jz/a, 

w=  W  cos  s<t>  sin  jz/a (2) ; 

80that(l),  (2),  (3),  §235d 

a.6i  =  —jU  cos  8(f>  sin  jz/a (3), 

a.  6a  =  (  TT  +  sF)  cos  8(f>  sin  jz/a (4), 

a.'GT  =  (^sU  -\-jV)  sin  s(f>  cos  jz/a (5). 

^  Additions  of  ^t  to  80,  or  to  Jz/a,  or  to  both,  may  of  course  be  made  at  pleasure. 

26—2 
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The  potential  energy  per  unit  area  b  thus  (10)  §  235  d 

r  Hi  +  « 

+  j8in"s<^cosV«/"(-sO'+jP")'l (6). 

Agaiu,  if  p  bt-  the  volume  density,  the  kinetic  energy  per  nn 


4(f) 


In  the  integration  of  (6),  (7)  with  respect  to  r  and  ^,  ^  is  t 
mean  value  of  the  square  of  each  sine  or  cosine.'     We  inav  th( 
apply    Lagrange's  method,   regarding    U,   V,   W  as  independei 
generalized    co-ordinates.     If   the   type   of   vibration   be  i 
and  ^pjn  =  l?,  the  resulting  equations  may  be  written 

12(jV  +  l)j'  +  s^-A-'tt»i  U -(^N  +  \)J8V -  iNjW  =  Q...{% 
-(2iY+l)>tr+lJ'+2(iV+l)s»-i^a=]T'+2(JV+l)«F  =  0...(9). 

-2iy;cr+2(JV"+i)*r+i2(jf+i)-t-^'!>r=o...(ifl 


where 


■.(lU 


The  frequency  equation  is  that  expressing  the  evanescence  a 
the  determinant  of  this  triad  of  equations.  On  reduction  rt  miq 
be  written 

+  *(2^-  +  l)j''|+4(2iV+I}/s*  =  0 i\ii? 

These  equations  include  of  course  the  theory  of  the 
vibrations  of  a  plane  plate,  for  which  a  =  x .     In  this  ap[^ii 
it  is  convenient  to  wi-ite  rt^  =  y,  aja  =  ^,  J/o  =  7.     The  diqilooi 
ments  are  then 

u=U ojs ^y cos tz,    V  =  V sin /Jy sin 75.    v}  =  Wcaa^Kaft 

'  la  tbo  jihyMcul  iitohltiu  of  &  umpU  cvlinder  Uin  ntago   -f    < 
troiu  0  to  Ut  :  but  mutbcinatictilL;  «b  arc  not  oanflnwl  t>>  mu  ■ 
I    oooovirs  tbe  Hbell  to  conGlst  of  MTcnl  nip«riiM«(l  Mnioluli'ii. 
«  Im  ■  wboU  nninWr, 
*  KoU  tun  tile  Fun)  Vibutiont  oT  an  mBtul«I]'  long  CfliiulncKl  HftNU.    tn 
W.,  wU  4a.  p.  4U,  U«». 
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When  a  is  made  infinite  while  /8,  7  remain  constant,  the 
equations  (10),  (8),  (9)  ultimately  assume  the  form  Tr  =  0,  and 

{2(iV^+l)72  +  i8»-A2}  i7-(2iV^+l)7y9F  =  0...(14), 

-  (2N+  1)  yl3U+  [rf  +  2  (N+  1)  /3»  -  k'}  F-  0  ...(15) ; 

and  the  determinantal  equation  (12)  becomes 

A;3|-^2_^_^j|-^.2(iV^+l)(7»  +  )80]  =  0 (16). 

In  (16),  as  was  to  be  expected,  k^  appears  as  a  function  of 
(^  +  7^).  The  first  root  lc^  =  0  relates  to  flexural  vibrations, 
not  here  regarded.     The  second  root  is 

A^  =  /9»  +  ^ (17), 

or  l>'^  =  ^(/3»  +  7») (18). 

At  the  same  time  (14)  gives 

yU-eV^O (19). 

These  vibrations  involve  only  a  shearing  of  the  plate  in  its  own 
plane.  For  example,  if  7  =  0,  the  vibration  may  be  repre- 
sented by 

n  =  cos  )8y  cos  p^,     t;  =  0,    w^O (20). 

The  third  root  of  (16) 

A-  =  2(A^+l)(^  +  7»)  =  ^(^  +  7^) (21) 

gives  p^^±^^^ (22). 

The  corresponding  relation  between  U  and  V  is 

fiU  +  yV^O (23). 

A  simple  example  of  this  case  is  given  by  supposing  in  (13), 
(23),  13  =  0.    We  may  take 

u  =  00372:  cospt,     v  =  Oy    w=^0 (24), 

the  motion  being  in  one  dimension. 

Reverting  to  the  cylinder  we  will  consider  in  detail  a  few 
particular  cases  of  importance.  The  first  arises  when  j  =  0,  that  is, 
when  the  vibrations  are  independent  of  z.  The  three  equations 
(8),  (9),  (10)  then  reduce  to 

{8'-k'a')U=0 (25), 

{2(i\r+l)«^-i=^a2}F+2(i\r+l)«Tr  =  0 (26), 

2{N+l)8V'h{2(N'\-l)''k^a'}W  =  0 (27); 
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and  they  may  be  satisfied  in  two  ways.  Fust  let  K^  ft'  =  0;  tiaa 
(I  may  be  finite,  provided  ^U 

The  correspondiug  tj^pe  for  »  is  M 

■ii  =  cos  sif)  cos  pt (^9),  J 

"i'""  1'"% <*»j 

In  this  motion  the  mato^rial  is  sheared  without  dilatation  of  ad 
or  volume,  every  generating  line  of  the  cylinder  moving  alocfl 
its  own  length.  The  fi-equency  depends  upon  the  cijcumfepeolifl 
wave-length,  and  not  nixin  the  curvature  of  the  cylinder.  I 

The  second  kind  of  vibrations  are  those  for  which  tT^Oid 
that  the  motion  is  strictly  in  two  dimensions.  The  elimination  ■ 
the  ratio  7/  If  from  (26),  (27)  gives  1 

i=«'[A-=a'-2(i\'  +  l)(l+«')]=0 .(SI). I 

an  the  frequency  equation.  The  first  root  is  k'  =  0,  inditattd 
infinitely  slow  motion.  The  modes  in  question  are  floxunl,  fl 
which,  according  to  our  present  reckoning,  the  potential  iniciq 
is  evanescent.  The  corrL'Spondlng  relation  between  V  and  Wm 
by  (26)  I 

sV+W  =  {) (811. 1 

giving  in  (.3),  (4).  (5),  I 

e,  =  0,     C;  =  0,     w  =  0.  I 

The  other  root  of  (31)  is  I 

lc'a'  =  2{N  +  l){l+s') (33)J 

or  }}>  =  — -      -,     <34)il 

while  the  relation  between  V  &ni\  H"  is  I 

V-aW  =  0 (SsJ 

The  tj^pe  of  the  motion  may  be  taken  to  be  I 

(( =  0,     V  =  ssias(^  CUB  pt,    w  =  coa  *^  oo»  p( (MM 

It  will  be  observed  that  when  a  Li  seiy  large,  th>;  dtrx>H 
vibiTitioiia  (-IS)  tend  to  bceomf  L'xolusively  rad'f.  •A 

KJonaJ  yibratioDB  (S5)  tend  to  Wcomfe  excluBivcl\  J 
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Another  important  class  of  vibrations  are  those  which  are 
characterized  by  symmetry  round  the  axis,  for  which  accordingly 
^  =  0.    The  general  frequency  equation  (12)  reduces  in  this  case  to 

{ifc«a»-j*}{ifc»a»[ifc«a»-2(^+l)(j^  +  l)]  +  4(2iV-hl)j'}  =  0 

...(37). 

Con-esponding  to  the  first  root  we  have  U=0,  Tr  =  0,  as  is 
readily  proved  on  reference  to  the  original  equations  (8),  (9),  (10) 
with  8  =  0,  The  vibrations  are  the  purely  torsional  ones  repre- 
sented by 

t^  =  0,    v  =  sin  (jz/a)  cos  pt,    w  =  0 (38), 

where  !>'  =  — a (39). 

The  frequency  depends  upon  the  wave-length  parallel  to  the 
axis,  and  not  upon  the  radius  of  the  cylinder. 

The  remaining  roots  of  (37)  correspond  to  motions  for  which 
F=0,  or  which  take  place  in  planes  passing  through  the  axis. 
The  general  character  of  these  vibrations  may  be  illustrated  by 
the  case  where  j  is  small,  so  that  the  wave-length  is  a  large 
multiple  of  the  radius  of  the  cylinder.  We  find  approximately 
from  the  quadratic  which  gives  the  remaining  roots 

=  2-f,*r (40), 


or 


i\r+i      ^{N-hiy 

^„._l(a^-. ^^^^ 


The  vibrations  of  (40)  are  almost  purely  radial.     If  we  suppose 
that  j  actually  vanishes,  we  fall  back  upon 

A;»a»  =  2(i\r+1) (42), 

J                                         -      4mn     1  ,^^^, 

and  p'=  -—    — (43)S 

obtainable  from  (33),  (34)  on  introduction  of  the  condition  « =  0. 
The  type  of  vibration  is  now 

w=:0,     t;  =  0,    w==  cos  pt (44). 

*  This  equation  was  first  given  by  Love  in  a  memoir  **0n  the  small  Free 
Vibrations  and  Deformation  of  a  thin  Elastic  Shell,"  Phil.  Trans.,  vol.  179  (188S), 
p.  528. 
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Ou  the  other  hand,  the  vibrations  of  (41)  ai'e  ultiiuattflf  pm 
axial.     As  the  tyf*  we  may  take 

u  =  cos  js la .  cos pt,     v  =  0.    w  =  -^  j  sin  jx/a .  cos  p/ ...  (45),  J 

.     3m— n  nj'  _ 

where  p-  = —^  (46)1 

Now,  if  q  denote  YouDg's  modulus,  we  have,  §  214. 

y  =  n(3m  — n)/m, 

so  that  P''='^-, (471 

^      pa'  ^    f^ 

Thus  ((  satisfies  the  equation 

d^  _  q  d'u 

dt'~~pd?' 

which  is  the  usual  formula  (§  150)  for  the  longitudinal  vibratii 
of  a  rod,  the  fact  that  the  section  is  here  a  thin  annulua  i 
influencing  the  result  to  this  order  of  approximation. 

Another  particular  case  worthy  of  notice  arises  when  «=:l,fi 
that  (12)  assumes  the  form 
k'a'(l^''a>-j'-l)[k'a'-2(N+l)(j'  +  9.)] 

+  4j'(fc"a'-j')(2iV+l)  =  0...(48).  I 

As  we  have  already  seen,  if  j  be  zero,  one  of  the  v&luea  of  Ij 
vanishes.  If  j  be  small,  the  corresponding  value  of  it"  is  of  tl 
order y*.     Equation  (48)  gives  in  this  case 

or  in  terms  of  p  and  ly, 

.  "-$ wl 

The  type  of  vibration  is 

1 

10  =  —  COS  ^  ain  jt  fa  .CMpt) 
and  corresponds  to  the  ftexural  Tibratioiie)  of  n  rod  {§  16S). 
(51)  V  satisfies  the  equation 


in  which  i  a=  represents  the  s(iuare  of  the  radius  of  gyraliou  of  the 
section  of  the  cylindncal  shell  alxmt  a  diameter. 

This  discussion  of  particular  cases  may  suffice.  It  is  scarcely 
necessary  to  add,  iu  conclusion,  that  the  most  general  deformation 
of  the  middle  surface  can  be  expressed  by  means  of  a  series  of  such 
as  are  periodic  with  respect  to  2  and  <^,  so  that  the  problem  con- 
sidered is  really  the  most  general  small  motion  of  an  infinite 
cylindrical  shell. 

The  extensional  vibrations  of  a  cylinder  of  finite  length  have 
been  considered  by  Love  in  his  Theory  of  Elasticity'  (1893),  where 
will  also  be  found  a  full  investigation  of  the  general  equations  of 
estensional  deformation. 

235  y^  When  a  shell  is  deformed  in  such  a  manner  that  no 
line  traced  upon  the  middle  surface  changes  in  length,  the  term  of 
order  h  disappears  from  the  expression  for  the  potential  energy, 
and  unless  we  are  content  to  regard  this  function  as  zero,  a 
further  approximation  is  necessary.  In  proceeding  to  this  the 
Urst  remark  that  occurs  is  that  the  quality  of  in  ex  tens  ion  attaches 
only  to  the  central  lamina.  Consider,  for  example,  a  portion  of  a 
cylindrical  shell,  which  is  bent  so  that  the  original  cur\'atiire  is 
increased.  It  is  e^ndent  that  while  the  middle  lamina  remains 
unexteiided,  those  laminse  which  lie  externally  must  be  stretched, 
and  those  that  lie  internally  must  be  contracted.  The  amount  of 
these  stretchings  and  contractions  is  proportional  in  the  Urst  place 
to  the  distance  from  the  middle  surface,  and  in  the  second  place  to 
the  change  of  curvature  which  the  middle  sui-face  undergoes.  The 
potential  energy  of  bending  is  thus  a  question  of  the  curvatures  of 
the  middle  surface.  Displacements  of  translation  or  rotation,  such 
as  a  rigid  body  is  capable  of,  may  be  disregarded. 

In  order  to  take  the  question  in  its  simplest  form,  let  us  refer 
the  original  surface  to  the  normal  and  principal  tangents  at  any 
point  P  as  axes  of  co-ordinates,  and  let  us  suppose  that  after 
deformation  the  lines  in  the  sheet  originally  coincident  with  the 
principal  tangents  are  brought  back  (if  necessary)  so  as  to  occupy 
ihe  same  positions  as  at  first.  The  possibility  of  this  will  be 
apparent  whe^  it  is  remembered  that,  in  virtue  of  the  inexten- 

L  of  the  sheet,  the  angles  of  intei-sections  of  nil  lines  traced 

I  Also  Phil.  Tram.  vol.  179  a,  1888. 
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Upon  it  remain  unaltered.    The  equatiou  of  the  original  nurftwe 
the  neighbourhood  of  the  point  being 


that  of  the  deformed  s 


=ii:^*'A 

e  may  be  written 


..i\- 


'U  +  8 


■+  2Tiy  . 


In  strictness  (p,  +  Sp,)-',  (p^  +  Sp.)"'  are  the  curvatures  of 
sections  made  by  the  planes  x,  y ;  but  since  the  principal  curvati 
are  a  maximuui  and  a  mtnimuin,  they  represent  in  general  « 
sufficient  accuracy  the  new  principal  curvatures,  although  tl 
are  to  be  found  in  slightly  different  planes.  The  condition 
inextension  shews  that  points  which  have  the  same  a-,  y  in 
antl  (2)  are  corresponding  points;  and  by  Gauss's  theorem  it 
further  necessary  that 

Sp,     5p; 


V-^  =  0.. 


..(3) 


It  thus  appears  that  the  energy  of  bending  wHIl  depend 
general  upon  two  quantities,  one  giving  the  alterations  of  print 
curvature,  and   the   other  r  depending  ujwn   the  shift,  (in 
mateiiiil)  of  the  principal  planes. 

The  case  of  »  spherical  surface  is  in  some  respects  exceptt( 
Previously  to  the  bending  there  are  no  planes  marked  out 
principal  planes,  and  thus  the  position  of  these  planes  ai 
bending  is  of  no  consequence.  The  energy  depends  only  n] 
the  alterations  of  principal  curvature,  and  these  by  Gauss's  iheowni 
are  equal  and  opposite,  so  that,  if  a  denote  the  radius  of  tiic 
sphere,  the  new  principal  radii  are  a  +  Sp,  n  -  Sp.  If  the  e 
of  the  deformed  surface  be 


2r  =  ,4x'  +  2Bjry+CY 

e  (rt  +  Sp)-'  +  (rt  -  Sp)-'  =  A-\-C. 

(a  +  ip)-' .  (a  -  Bp)~'  =  AO-B' ; 

U')'=i{A-Cr+Ji' 

We  have  now  to  esprofs  thu  vlongatiuns  of  tlie  v 
of  a  HheU  when  bent,  &Qd  Vi«  will  begin  with  th«  e 


..(4| 
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that  is,  when  the  principal  planes  of  curvature  remain  unchanged. 
It  is  evident  that  in  this  case  the  shear  c  vanishes,  and  we  have  to 
deal  only  with  the  elongations  e  and /parallel  to  the  axes,  §  235  d. 
In  the  section  by  the  plane  of  zx,  let  s,  s'  denote  corresponding 
infinitely  small  arcs  of  the  middle  surface  and  of  a  lamina  distant 
h  from  it.  If  -^  be  the  angle  between  the  terminal  normals, 
8  =  Pj-^,  s'  =  (pi  +  A)  '^,  s'  —  s  =  Ai/r.  In  the  bending,  which  leaves 
s  unchanged, 

S8'  =  AS>^  =  AsS(l/pi). 

Hence  e  =  Ss'/s'  =  hS(l/pi\ 

and  in  like  manner  /=A8(l//}j).  Thus  for  the  energy  [7  per  unit 
area  we  have 

du^  nh^dh  1(8  iy + f  s  iy + "-iz^  f  s  1 + 8  iy 

l\    pJ       \    9 J      m  +  n\    Pi        pj 
and  on  integration  over  the  whole  thickness  of  the  shell  (2A) 

i7=2^l(siy4.(aiyH-^(s-i+8Ay[ (6). 

3     iV    pJ       \   pJ       VI -{-nK   pi        pJ  \ 

This  conclusion  may  be  applied  at  once,  so  as  to  give  the  result 

applicable  to  a  spherical  shell;   for,  since  the  original  principal 

planes  are  arbitrary,  they  can  be  taken  so  as  to  coincide  with  the 

principal  planes  after  bending.     Thus   t  =  0;    and   by   Gauss's 

theorem 

8(l/pO  +  S(l/^,)  =  0, 

so  that  u^^{S-J (7), 

where  8(l/p)  denotes  the  change  of  principal  curvature.  Since 
e  =  — yi  g  =  Oy  the  various  laminae  are  simply  sheared,  and  that  in 
proportion  to  their  distance  from  the  middle  surface.  The  energj' 
is  thus  a  function  of  the  constant  of  rigidity  only. 

The  result  (6)  is  applicable  directly  to  the  plane  plate;  but 
this  case  is  peculiar  in  that,  on  account  of  the  infinitude  of  pi,  p^ 
(3)  is  satisfied  without  any  relation  between  hpi  and  8pa-  Thus  for 
a  plane  plate 

jr     27iA»fl    .    1      m-7i/l       IV)  /ox 

3     [p^     p^     m4-H\pi      pJ  ] 

where  1/pi,  l/p2>  ^^  the  two  independent  principal  curvatures  after 
bending^ 

1  This  will  be  fonnd  to  agree  with  the  value  (2)  §  214,  expressed  in  a  different 
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We  have  thus  far  considered  t  to  viiuish;  and  tt  remain 
investigate  the  effect  of  the  deformations  expressed  by 

S^  =  wy  =  iT(p-i7') 4B)l 

wheie  f,  r;  relate  to  new  axes  inclined  at  45'  to  those  of  «,y.  1 
curvatures  defined  by  (9)  are  in  the  planes  of  f,  ij.  and  are  «] 
in  numerical  value  and  apposite  in  sign.  The  elongations  in  U 
directions  for  any  lamina  within  the  thickness  of  the  shell  are 
—  liT,  and  the  corresponding  energy  (as  in  the  case  of  the  spl 
just  considered)  takes  the  form 


U'^ 


.(10). 


This  energy  is  to  be  added'  to  that  already  found  in  (fi);  t 
we  get  finally 

as  the  complete  expression  of  the  energj',  when  the  deformatioB 
such  that  the  middle  surface  is  uuextended.  We  may  interpn 
by  means  of  the  :iugle  ^,  through  which  the  priucipaJ  planes 
shifted;  thus 

-<'^ <''^ 


236  g.  Wo  will  now  proceed  with  the  calculation  of  I 
potential  energy  involved  in  the  bending  of  a  cylindrical  sh 
The  problem  before  us  is  the  expression  of  the  changes  of  pi 
cipal  cui'vature  and  the  shifts  of  the  principal  planes  at  any  p* 
P{i,^)  of  the  cylinder  in  terms  of  the  displacements  u,v,w.  A 
§  23i>/  take  as  ftxed  co-ordinate  axes  the  principal  tangeuta: 
normal  to  the  undisturbed  cylinder  at  the  point  P,  thv  luus  c 
being  parallel  to  that  of  the  cylinder,  that  of  y  tangential  to 
circular  section,  and  that  of  ^  normal,  measnred  inwards.  If,  1 
will  be  convenient  to  do.  we  measure  «  and  ^  fW)ra  the  potal  P, 
may  express  the  undisturbed  co-onlinntt-s  of  a  materinl  poinC  I 
the  neighbourhood  of  P,  by 


clc«rl;  no  Icnua  InvoUinn  t)»  pTOda«U  at  r 
>  Hp,''I,  itPi'');   fot  A  elmDgc  in  lU-   ■ 
B  apaa  tb<  tiuna  ^  ^"^  MmoAKiaa  ilvQnnl  by 
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During  the  displacement  the  co-ordinates  of  Q  will  receive  the 

increments 

u,     w8m<l>-{-v  cos  ^,     —w  cos  ^  +  v  sin  (f) ; 

so  that  after  displacement 

x  =  z  +  u,  y  =  a(f>-h  w<f>  + 1;  (1  —  ^^*), 

or,  if  u,  v,w  be  expanded  in  powers  of  the  small  quantities  z,  <^, 

du        du    . 

.             dv         dv   ,  ,^. 

y  =  a0  +  «;«^  +  r,  +  ^^  +  ^^^^+  (3), 

^     ,     .  5  dw        dw  ,  ^      , 

dv     ,      dv  ,^ 
^dz.^'^^^f W' 

«,,  Vo,  .  .  .  being  the  values  of  i*,  t;  at  the  point  P. 

These  equations  give  the  co-oixiinates  of  the  various  points  of 
the  deformed  sheet.  We  have  now  to  suppose  the  sheet  moved  as 
a  rigid  body  so  as  to  restore  the  position  (as  far  as  the  first  power 
of  small  quantities  is  concerned)  of  points  infinitely  near  P.  A 
purely  translatory  motion  by  which  the  displaced  P  is  brought 
back  to  its  original  position  will  be  expressed  by  the  simple 
omission  in  (2),  (3),  (4)  of  the  terms  u^,  Vq,  Wq  respectively,  which 
are  independent  of  z,  (f).  The  effect  of  an  arbitrary  rotation  is 
represented  by  the  additions  to  x,  y,  f  respectively  of  yco^  —  fwj, 
foh  —  iJ?fi)»,  xd}^  —  ycji ;  where  for  the  present  purpose  ©i,  Wj,  co^  are 
small  quantities  of  the  order  of  the  deformation,  the  square  of 
which  is  to  be  neglected  throughout.  If  we  make  these  additions 
to  (2),  &c.,  substituting  for  x,  y,  f  in  the  terms  containing  6  their 
approximate  values,  we  find  so  far  as  the  first  powers  of  z,  <f> 

du         du  .  ,      , 
.  »  ,  dv         dv    . 

^        dtv        rf^  .  .      .   .  jL 

azQ       a(f>o 
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Now,  since  the  sheet  is  assumed  to  be  unextended,  it  mast 


possible  so  to  determine 

i),,    M; 

Wj 

that  to  this  order  ,r  =  r.  y=< 

f-O.     Hence 

di+ ""■■•''■ 

da 

S7. -"•-"■ 

»-^.-°- 

-:--. 

The  conditions  of  inL 

xtens 

OD 

re  thus  (.if  we  drop  the  suffii! 

fts  no  longer  recjiiu'ed) 

£-■     " 

=  0 

S^-S-" « 

which  agi-ee  with  (8)  §  235  c. 

Returaitig  to  (2),  &C.,  as  modified  by  the  addition  of  the  ti 
lalory  and  i-otatory  terms,  we  get 

.t  =  z+  terms  of  2iid  order  iu  *,  ^, 


w        1       .,    ,     I  J.,         1    fi'^"    .  <f' 


fiz^tp,  '^ 


e  by  (o)  <i'w;fiz'  =  (i,  and  rfi'/d^  =  -w, 


dv     ^ 


The  equation  of  the  deformed  Hurface  after  transfereace  b  tl 
,         (1  du     1    *o  1  ,    ,  I  1       1  1    dhi})      ,,, 

f-'»  (5  fc  ~s  i'S+.f + » is.  -  a- "•-2,,-.  j*..;-('i 

Compariug  with  (2)  §  235/ we  sue  that 


L.  that  by  (11)  I  235/ 


t'  = 


4«A'i 


23 jy.]  APPLICATION   TO    CYLINDER.  4|V 

This  is  the  potential  energy  of  bending  reckoned  per  unit  of 
area.    It  can,  if  desired,  be  expressed  by  (5)  entirely  iii  terms  of  v'. 

We  wi]l  now  apply  (8)  tu  calculate  the  whole  potential  energy 
of  a  complete  cylinder,  bounded  by  plane  edges  e  =  +  l,  and  of 
tbicknees  which,  if  variable  at  all,  is  a  function  of  2  ouly.  Since 
M,  V,  w  are  periodic  when  tf>  increases  by  2Tr,  their  most  general 
expression  in  accordance  with  (5j  is  [compare  (10),  &c.,  §  235  c] 

t'  =  l[iA.a  +  B,!)coa3^-{A-a  +  B.'£)sina<t,] (9), 

ii>  =  'X[a(A,a  +  B,z)sinsif>  +  a(A,'a  +  B,'z)coBs<l>]....{10), 

.  =  -S.[-s-'B.asm3<t>~a-'B;a  coss4>-] (U), 

in  which  the  summation  extends  to  all  integral  values  of  s  from  0 
to  X.  But  the  displacements  corresponding  to  s  =  0.  8=1  are 
such  as  a  rigid  body  might  undergo,  and  involve  no  absorpttoB  of 
energj'.  When  the  values  of  u.  v,  w  are  substituted  in  (8)  all  the 
terms  containing  pi-oducts  of  sines  or  cosines  with  different  values 
of  3  vanish  in  the  integration  with  respect  to  0,  as  do  also  those 
which  contain  cos«0sina^.     Accordingly 


sf 


l(^a  +  S.j)-  +  U.'«  +  fi;2)'l+2(fi=-l)''{B,'  +  £;')    ...(12). 

Thus  far  we  might  consider  A  to  be  a  function  of  z ;  but  we  will 
now  treat  it  as  a  constant.  In  the  integration  with  respect  to  ! 
the  odd  powers  of  z  will  disappear,  and  we  get  as  the  energy  of  the 
whole  cylinder  of  radius  «.  length  '21,  and  thickness  2A, 

V=\  U(id<tidz=—^ — S(«'-l)'  iA,'  +  A,' 

+  ^,(5,'  +  fl.'^)j  +  B.'  +  S/'j (13), 

in  which  s  =  2,  3,  4,.... 

The  expression  (13)  for  the  potential  energy  suffices  for  the 
solution  of  statical  problems.  As  an  example  we  will  suppose 
that  the  cylinder  is  compressed  along  a  diameter  by  equal  forces 
F,  applied  at  the  points  2  =  2^,  4>  =  0,  <^  =  -n',  although  it  is  true 
that  so  highly  localised  a  force  hardly  comes  within  the  scope  of 

1  From  the  general  equations  □[  Mr  Love's  memoir  already  ciled  a  concordant 
remit  any  be  obtitined  on  iutroclaction  ot  (he  appropriate  conditione. 
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the  investigation,  ia  couaeqiience  of  tlie  stretclliDgs  of  the  tt 
surface,  which  will  occur  in  the  immediate  neighbourhood  of  ■ 
points  of  application'. 

The  work  done  upon  tlie  cylinder  by  the  forces  F  during  d 
hypothetical  displacement  indicated  by  hA,.  &c..  will  lie  by  (10) 

-  FSs  (oSJ/  +  i,!B,')  (1  +  cos  tw). 
80  that  the  equations  of  equilibrium  are 


dv 
dA, 


'0. 


ilB,' 


0. 


dt 


dA: 
Thusf 


dB. 


=  -  (1  +  cos  stt)  saF, 
or  all  values  of  j(, 

B.'  =  0. 


-,  =  — (1  +coss7r)  SI,  F, 


(HI 

(13): 


and  for  odd  values  of  s. 
But  when  a  is  even, 

iti^  J  '  =  _         3s«'f ^ 

m  +  )i  '         8irTi/i»/(>-  1/  ■ 

t«t  +  H3a'-        j     '~     87niA'i(s=-lV" 
and  the  displacement  w  at  any  point  (2,  ^)  is  given  by 

?r  =  2  ( J,'a  +  5,V)  cos  2(^  +  4  ( j;«  +  B^s)  cos  4<^  +  ...(16), 
where  Ai,  B/,  At',...  are  determined  by  (14),  (l.i). 

A  further  discussion  of  this  solution  will  be  fiiuad  in  iV 
memoir'  fi-om  which  tlie  preceding  results  have  been  taken. 

We  will  now  proceed  with  the  calculation  for  th«  (Vcqueooii* 
of  vibration  of  the  complete  cylindrical  shell  of  length  2^  If  d 
volume-density'  be  p.  we  have  as  the  exprettdon  of  tho  1 
energy  by  meauH  of  (9),  (10),  (11), 

=  iirphia  %  [a*(l+a')  (i,  +  i.'M 

+  [i''  (I  +«•)  +  s-^']  {&/  +  A.")|.. 

'  Whatever  tba  curvature  of  (he  aurfMo,  ati  uw  upon  it  ma;  be  tekan  »  m 
u  lo  behntv  like  •  ptaoe,  imd  tlierefore  bend,  In  viohttvoD  ot  OftOM'* 
when  tuiijcctcd  to  ■  foron  nhiob  ia  so  neuly  diwonllnaon*  ili«t  U  nti 
within  tbu  ■!«». 

>  Proe.  Roy.  Soe.  vol  15,  p.  lOS,  1663. 

■  Thl>  QUI  scarMlj  b«  oonfoBeJ  villi  th«   notation  (or  Ul»  « 
pnoMag  pan*  of  tha  invutigftiion. 


FREQUENCy   EQUATW!*.- 

From  ttie  expressions  for  V  and  T  in  (13),  (17)  the  types  and 
frequencies  of  vibration  can  be  at  once  deduced.  The  fact  that 
the  aquaree,  and  not  the  prodncts,  of  A,,  B,.  are  involved,  shews 
that   these   quantities  are  really  the  normal  co-ordinates  of  the 

ftiog  system.     If  ^,,  or  A,',  vary  as  cosp/,  we  have 
,  _      mn    ^  (s'-af 
^'  ~^m  +  npa*  S'  +  l 
This  is   the   equation   for   the   frequencies   of  vibratiou   in   two 
dimensions,  §  233.     For  a  given  material,  the  frequency  is  pro- 
portional directly  to  the  thickness  and  invereely  to  the  square 
on  the  diameter  of  the  cylinder'. 

Id  like  manner  if  B,,  or  B,',  vary  as  eoa pg't.  we  find 


1+r- 


..(18). 


..(19). 


pa*  8»+l  _____ 

(«*  +  «")? 

If  the  cylinder  be  at  all  long  in  proportion  to  its  diameter,  the 
difference  between  p,'  and  p,  becomes  very  small.  Approximately 
in  this  case 


p.  I  p. 


=  1- 


..(20); 


p,'/p,  =  l  + 


80/' 


23S  k.  We  now  pass  on  to  the  consideration  of  spherical 
shells.  The  general  theory  of  the  extensioual  vibrations  of  a 
complete  shell  has  been  given  by  Lamb',  but  as  the  subject  is 
of  small  importance  from  an  acoustical  point  of  view,  we  shall 
limit  our  investigation  to  the  very  simple  case  of  symmetrical 
radial  vibrations. 

If  w  be  the  normal  displacemeut,  the  lengths  of  all  lines  upon 
the  middle  surface  ai-e  altered  in  the  ratio  (a  +  w):a.  In  calcu- 
lating the  potential  energy  we  may  take  in  (10)  §  235  d 


w/a, 


r  =  i); 


'  There  is  nothing  in  these  Uwb  speoial  to  the  cylinder.  In  the  oaee  of  similar 
ibells  o(  an;  rarm,  vibrsting  bj  pnre  bending,  the  [reqaenaj'  will  be  as  the  thick. 
Denei  and  iuverael}'  bb  colreepondiDg  sresa.  If  the  similarity  extend  alao  to  the 
thielcneBi,  then  the  frequency  is  inveraely  aa  the  linear  dimenBion,  ID  Mcordanee 
with  the  general  law  of  Caucbj. 

'  Prot.  Land.  Math.  Soe.  xiv.  p.  50,  1883. 
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so  that  the  energy  per  unit  area  is 

.   ,3ni-ntff" 
ink' — ;, 

m  +  n   or 

or  for  the  whole  sphere 

V  =  iira- .  ink    — ; (IV 

Also  for  the  kinetic  energy,  if  p  denote  the  volume  density, 

T=^ATra'.2li.p.w' (2). 

Accordingly  if  w  =  W  cos  /;(,  we  have 

^      aV  »»  +  « 

as  tl»e  equation  for  the  freciuency  (pjiw). 

As  regards  the  general  theory  Prof.  Lamb  thus  aumnmrizes 
i-esults.  "The  fundamental  modes  of  vibration  fall  iDto 
cla^ises.  In  the  modes  of  the  First  Class,  the  motion  at  < 
point  of  the  shell  is  wholly  tangential.  In  the  nth  species 
this  class,  the  lines  of  motion  are  the  contour  lines  of  a  sur 
harmonic  S„  (Ch.  xvil.),  and  the  amplitude  of  vibration  at 
point  is  proportional  to  the  value  of  dS„jde,  where  de  is  the  ai 
subtended  at  the  centre  by  a  linear  element  drawn  on  the  sur 
of  the  shell  at  right  angles  to  the  contour  line  passing  through 
point.     The  frequency  Ip/^-n-)  is  determined  by  the  equation 

k'a' =  («-!)(« +  2) (ij 

where  a  is  the  radius  of  the  shell,  and  k'=p'pjn,  if  p  doQOle 
density,  and  n  the  rigidity,  of  the  substance." 

"  In  the  vibrations  of  the  Second  Class,  the  motion  is  pi 
radial  and  partly  tangential.  In  the  nth  speciee  of  this  class 
amplitude  of  the  radial  component  is  proportional  to  S^,  a  mi 
harmonic  of  order  n.  The  tangential  component  is  everywhei 
right  angles  to  the  contour  lines  of  the  harmonic  S^  uu  the  sai 
of  the  shell,  and  its  amplitude  is  proportional  Im  AdS^jd*,  wl 
A  is  a  certain  constant,  and  de  has  the  same  muotUUg  Hi  liel 
Prof.  Lamb  fintis 

A—    '■'"•- *^  « 

2»(«  +  l)Y •" 

vhcK  k  rctaiBS  iui  tanner  ueuniBg,  ancl  7»(l-fr)^l— • 


COMPLETE   SPHERE.' 

luting  Poisson's  ratio,  "  Corresponding  to  each  value  of  it  there 
are  tivo  values  of  k'a',  given  by  the  equation 
k'o'-k'a'I(n=  +  n  +  4)7  +  ft'  +  n-21+4,(n>  +  n-2)7  =  0...(iii). 
Of  the  two  roots  of  this  equation,  one  is  <  and  the  other  >  47.  It 
appears,  then,  from  (ii)  that  the  corresponding  fundamental  modes 
are  of  quite  different  characters.  The  mode  corresponding  to  the 
lower  root  is  always  the  more  important." 

"  When  n  =  1.  the  values  of  k"a'  are  0  and  67.  The  zero  root 
coiTesponds  to  a  motion  of  translation  of  the  shell  as  a  whole 
parallel  to  the  axis  of  the  harmonic  S,.  In  the  other  mode  the 
mdial  motion  is  proportional  to  cos  8,  where  8  is  the  co-latitude 
measured  from  the  pole  of  8, ;  the  tangential  motion  is  along  the 
meridian,  and  its  amplitude  (uieaanred  in  the  direction  of  B  in- 
creasing) is  proportional  to  J  sin  0." 

■'  When  H  =  2,  the  values  of  kii  corresponding  to  various  values 
of  <r  ai'e  given  by  the  following  table : — 


<r-0 

*=1     <r=TV 

'^-h 

<r  =  i 

1-120 
3-570 

1-176 
4-391 

1-185 
4-601 

1-190 
4-752 

1-315 
5-703 

The  most  interesting  variety  is  that  of  the  zonal  harmonic. 
Making  iS  =  ^(Scoa'f'  — 1),  we  see  that  the  polar  diameter  of 
ihe  shell  alternately  elongates  and  contracts,  whilst  the  equator 
simultaneously  contracts  and  expands  respectively.  In  the  mode 
corresponding  to  the  lower  i-oot,  the  tangential  motion  is  towards 
the  poles  when  the  polar  diameter  is  lengthening,  and  vice  versd. 
The  reverse  is  the  case  in  the  other  mode.  We  can  hence  under- 
stand the  great  difference  in  frequency." 

Prof.  Lamb  calculates  that  a  thin  glass  globe  '20  cm.  in 
diameter  should,  in  its  gravest  mode,  make  about  5350  vibrations 
per  second. 

As  regards  inextensional  modes,  their  form  has  already  been 
determined,  (39)  &c.  §  235  c,  at  least  for  the  case  where  thp 
bonudiug  curve  and  the  thickness  are  symmetrical  with  respect 
to  an  axis,  and  it  will  further  appear  in  the  course  of  the  present 
)nve3tigation.     What  remains  to  be  effected  is  the  calculation  of 
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the  iwteutial  energy  of  bending  correapondiug  thereto,  as  riep« 
ent  upon  the  alteratious  of  curvature  of  the  middle  surlace.  ' 
process  is  sitnllar  to  that  folluwed  in  §  SHiff  for  the  case  of 
cylinder,  and  consists  in  finding  the  equation  of  the  defonD 
surface  when  referred  to  rectangular  axes  in  and  perpendin 
to  the  original  surface. 

The  two  systems  of  co-ordinates  to  be  connected  are  the  u 
polar  co-ordinates  )",  8.  (f>,  and  rectangular  co-ordinates  x,  ; 
measured  &-om  the  point  P.  or  (a,  6„,  ifta),  on  the  undistuill 
sphere.  Of  these  x  is  ineasui'ed  along  the  tangent  to 
meridian,  y  along  the  tangent  to  the  circle  of  latitude,  I 
along  the  normal  inwards. 

Since  the  origin  of  0  is  arbitrary,  we  may  take  it  so  ( 
^  =  0,     The  relation  between  the  two  systems  is  then 

ar  =  r|-8in(S-^„)-)-sin^co3^o(l-coB0)J (*] 

y  =  raia0smift    (S) 

?=-rlco8(^-(9,)-sin5oBin^(I-coe^)l+o....(6); 

If  wo  suppose  7'  =  n,  these  equations  give  the  rectaogn 
co-oitiinates  of  the  point  (a,  6,  ^)  on  the  undisturbed  aphi 
We  have  next  to  imagine  this  point  displaced  so  that  its  p 
co-ordinates  become  a  +  8r,  0  +  B8,  if>  +  £^,  and  to  substitute  tl 
values  in  (4),  (5),  (6),  retaining  only  the  first  power  of  tr.  iS, 
Thus 

x  =  {a-¥Sr)  [-sin(^-e„l  +  siu^co8ff,(l-cos^)] 
-I-  aBe  [-  cos  (^  -  tfo)  +  cos  e  cos  ^„(1  -  COS  ^)} 

+  (tS0  sin  ^cos  ^osin  0 ^ 

y  =  (o-t-  Sr)  sin  &  sin  ij> 

■+  a&6  cos  0  sin  <^  -HaS^sin  6  cos^  J^ 

f  =  a -(«  + Sr)[co8(S-tf„)- sine,  sin  ^(1  -«»#)I 
-f  u£d  [sill  (9-0,) -h  sin  &,  cos  9(1  -co«^>| 

in  ^sin  0 (S; 

e  e<)uatious  give  the  co-ottlinatus  of  any  point  Q  of  the  ^ 
r  displacement ;  but  we  shall  only  need  to  apply  them  in 
e  where  Q  is  iu  the  neighbourhood  uf  P,  or  (a,  $,,  0),  i 
the  highiir  powers  ot  {fi  —  6,'i  and  4  uuiy  bo  aeg 


^K^f^  INEXTENSIONAL  MODES. 

^H  In  pursuance  of  our  plan  we  have  now  to  imagine  the  displaced 
Hbd  deformed  sphere  to  be  brought  back  as  a  rigid  body  so  that 
the  parts  about  P  occupy  as  nearly  as  possible  their  former 
poaitioQs.  We  are  thus  in  the  first  place  to  omit  from  (7),  (8), 
(9)  the  terms  (involving  B)  which  are  independent  of  (B  —  8„),  <f>. 
Further  we  must  add  to  each  equation  respectively  the  terms 
which  represent  an  arbiti-ary  rotation,  viz. 

ijm,  -  fw,,     fwi  -  xw,.     icm,  -  ^ai„ 
determining  w,,  w,,  «,  in  such  a  manner  that,  so  far  as  the  first 
powers  of  (0  —  S,,),  <f>,  there  shall  be  coincidence  between  the  original 
and  displaced  positions  of  the  point  Q. 

If  we  omit  all  terras  of  the  second  oi^der  in  {$  —  $„)  and  <f>,  we 
get  from  (7)  &c. 

-ai[Se,']  +  ^(e-ej)  +  '^,p\+aB4>,sm6,coB0,.<t>  ...  (10). 
y  =  a  sin  d, . ^  +  5r,  eiaS^.^  +  a BB^ cos  ^^ .  ^ 


+  tt8ine,j[8^]  +  ^ 
+  aB<l)^aos0,{8-ff,) 
0.)- 


'<'~'^^-tA 


..(11), 


^'- — "'M 
+  aSe,(e-B,}  +  aS<^siu^0„.<l> <12). 

Sr,  &c.  representing  the  values  appropriate  to  P,  where  (0  —  0^) 
and  if>  vanish.  The  translation  of  the  deformed  surface  necessary 
til  bring  P  back  to  its  original  position  is  represented  by  the 
omission  of  the  terms  included  in  square  bi-ackets.  The  arbitrary 
rotation  is  represented  by  the  additions  respectively  of 

a  sin  0„.4>.a>„      ai0~0„)a,.      -a{0- 0o)w,-asm0,.<f>.a,; 
and  thus  the  destruction  of  the  terms  of  the  first  order  requires 
that 

^la  +  dS0/de  =  O (13), 

sm0cos0S<f>+Bin0t^,  =  O (14); 

sin0dB<l>ide  +  co3eB4>  +  <o,  =  O (15), 

{Brja)sia0  +  S0c(,A0-i-Bm0dB<f>/d<f>  =  O (16); 

-dS(rla)ld0  +  B0-tOi  =  O (17), 

-  dB  (rla)ld<l,  + sin' 0B<f>- sin  0o>i=O (18); 

suffixes  being  omitted. 
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These  six  equations  detennine  w,,  «o„  «,,  giviug  as  the  thi 
conditions  of  inextension 

Brla  +  dSe/dS  =  0 (19)i 

dSfl/rf<^  +  siu'fld80Ai^=l)  (20), 

Sr/a  +  cot  e  Bd  +  d5<}>ld4>  =  0 (21), 

From  (10),  (20).  (21).  by  elimination  of  Br. 


d4>  Uin  e) 
d   .,       . 


+  siD& 


d&<t> 


0.. 


nedi'dd  =  d/d\ogt&a^e, 


'.)-■■ 


..(23l; 


j  /  8 


d  log  tan  id  ~ 


..(MX 


C^)-- 


dff,       d  log  tan  je  \, 

From  (24).  (25)  we  see  that  both  S^  and  8^/ 

equation  of  tho  second  order  of  the  same  form. 


{2S> 

a$  satis^ 


..(26). 


d(logtaniS)=  rfi'' 
If  the  material  system  be  sjtii metrical  about  the  axis,  ► 
periodic  function  of  0,  and  can  be  expanded  by  Fourier's  theoKfl 
in  a  series  of  sines  and  cosines  of  <f>  and  its  multiples.  Moreovq 
each  term  of  the  series  must  satisfy  the  equations  indepeodendj 
Thus,  if  u  varies  as  cos«0,  (26)  becomes 


,-fl"H  =  0.. 


..(2T)1 
...(281 


d(logtan^l9)' 

whence  h  =  A' ttai' ^0  +  B"  cot' ^6 

where  A'  and  B*  are  independent  of  &.    If  we  tale 

B4>  =  cm  tif,  [A,  taa'  \0  +  B.  col'  ^S] (Sg{ 

we  get  for  the  corresponding  vahie  of  B0  from  (24) 

S5,'sin^  =  -sin«*[-d,taii'i^-B,oot'i(?] (90] 

and  thence  from  (SI) 

fir/a  -  uin  s^  [^.(«+coh  $)  tan*  ^8  4-B.(» 
as  to  (39),  (40),  (41)  1 235  c. 
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The  second  solution  (in  Bg)  may  be  derived  from  the  first  (in  A,) 
in  two  ways  which  are  both  worthy  of  notice.  The  manner  of  deri- 
vation from  (27)  shews  that  it  is  su£Scient  to  alter  the  sign  of  8, 
tan'^^  becoming  cot'^^,  ain  8<l>  becoming  —  sin«^,  while  cos^^ 
remains  unchanged  The  other  method  depends  upon  the  con- 
sideration that  the  general  solution  must  be  similarly  related  to 
the  two  poles.  It  is  thus  legitimate  to  alter  the  first  solution  by 
writing  throughout  (tt  —  0)  in  place  of  0,  changing  at  the  same 
time  the  sign  of  80. 

If  we  suppose  «  ==  1,  we  get 

sin  0S<l>  =  cos  ^  [Ai  +  Bi  —  (Ai  —  jBj)  cos  0], 

80^"  sin  </»  [ill  -  jBi  -  (^i  +  A)  cos  0], 

Sr/a  =  sin  ^  [(Ai  +  jBj)  sin  0], 

The  displacement  proportional  to  (ili  —  Bi)  is  a  rotation  of  the 
whole  surfiuse  as  a  rigid  body  round  the  axis  0  =  ^tt,  ^  =  0 ;  and 
that  proportional  to  {Ai  +  Bi)  represents  a  translation  parallel  to 
the  axis  ^  =  ^,  ^ss^tt.  The  complementary  translation  and 
rotation  with  respect  to  these  axes  is  obtained  by  substituting 
^  +  i7r  for  ^. 

The  two  other  motions  possible  without  bending  correspond  to 
a  zero  value  of  8,  and  are  readily  obtained  from  the  original 
equations  (19),  (20),  (21).  They  are  a  rotation  round  the  axis 
OstO,  represented  by 

80  =  0,     S</»  =  const.,     8r  =  0, 

and  a  displacement  parallel  to  the  same  axis  represented  by 

or  S^  =  0,        S^  =  7sin^,        8r  =  — yacos^. 

If  the  sphere  be  complete,  the  displacements  just  considered, 
and  corresponding  to  «  =  0,  1,  are  the  only  ones  possible.  For 
higher  values  of  8  we  see  from  (31)  that  8r  is  infinite  at  one  or 
other  pole,  unless  A,  and  Bg  both  vanish.  In  accordance  with 
Jellet's  theorem*  the  complete  sphere  is  incapable  of  bending. 

If  neither  pole  be  included  in  the  actual  surface,  which  for 
example  we  may  suppose  bounded  by  circles  of  latitude,  finite 

^  **0d  the  Properties  of  Inextensible  Sarfaoes,"  Irith  Acad,  Tratu.,  toI.  22, 
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[2. 


S$  =  ~A.sut0  tan'  |l9  sin  3^  I 

Sr  =  .4,rt(8+co8^>tan'Jl9sins0  ) 


..<32 


values  of  both  A  and  B  are  idmisHible.  and  therefore  necesawi 
a  complete  solatioo  of  the  problem.     Bui  if,  as  would  more  a 
happen,  taw  of  the  poles,  say  tf  =  0.  is  included,  the  < 
most  be  eoosidered  to  vanish.     Under  these   circumstances 
solution  is 

S^  =  A,ian')[8ca»st^ 

5$  = 

ir 

to  which  is  to  be  added  that  obtained  by  writing  8tf>  +  iv  for 
and  changing  the  arbitmrj'  constant. 

From   (32)   we   see   that,   along   those    meridians   for   ' 
sin^sO,  the  displacement  is  tangential  and  in  longitude 
while  along  the  intermediate  meridia«a  for  which  cos«A  =  0,tl 
is  no  displacement  in  longitude,  but  ou<;  in   latitude,  and 
normal  lo  the  surface  of  the  sphere. 

Along  the  equator  0  =  ^, 
t^iAtOWt^,       SO  =  -A,Bia»<f>,       Sr/a  =  A.s  sin  s<f>. 
so  that  the  maximum  displacements  in  latitude  and  longitude 
equal. 

Reverting  now  to  the  expressions  for  a-,  y.  f  in  (7),  (8), 
with  the  addition  of  the  transl&toiy  and  rotatory  terras  bv  wl 
the  deformed  sphere  is  brought  back  as  nearly  as  possible  Ut 
original  position,  we  know  that  so  far  as  the  terms  of  the 
order  in  (tf  —  ft)  and  4>  ^"^  concerned,  they  are  reduced  lo 

j.=._a(^-ft),       y  =  «8inft.^.       f=0 (33). 

These  approximationa  will  suffice  for  the  values  of  x  and  y; 
in  the  case  of  f  we  require  the  expression  complete  so  i 
include  all  terms  of  the  second  order.    The  calculation  is  si 
forward.    For  any  displacement  such  as  £r  in  (9)  ve  write 

The  additiunal  rotatory  terms  are  by  (17),  (18) 
ld«r1  .  _.  (     1      dir 


Sr,+ 


l(^-''.>'  +  .?l(^-''.)*  +  i^0'. 


{-'-mM. 
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P96  we  are  to  retain  only  those  terms  in  x,  y,  which  are  of  the 
order  and  independent  of  8,  so  that  we  may  write 

a;=sia^'8in^oC08^o,    y  =  a(^- ^o)^cos  ^o. 

In  the  complete  expression  for  ^  as  a  quadratic  function  of 
9—0o)  and  4>  ^hus  obtained,  we  substitute  a  and  y  from  (33). 
The  final  equation  to  the  deformed  surface,  after  simplification  by 
he  aid  of  (19),  (20),  (21),  may  be  written 

^^^U_^^     Id^Sr]         gjy     (I  d'Sr      cotgd8r] 
^     2a(        a      a  cW)      asin^l     ad0d4>'^    a     dif>] 

^2a\       a        a     d0  "asin««  d^j ^"^  ^' 

be  suffixes  being  now  unnecessary. 

Taking  the  value  of  Sr/a  fix)m  (32)  we  get 

Sr     IcPSr        «•«« 

a      a  00^        8m*0    '        ^  ^  ^     ^* 

asin0 d0d<f>     asm* 5  o^         sm*d  *  t'      \     /» 

Sr     cot^dSr  1       {?8r     ^'-^.^    *i/i-      *     /o»tx 

'jzr ^-Th  jTr  =  -=-ra-^«tan«*58m«6...(37). 

a        a     d0      a  sm'  5  o^'      sm'  0  *  t'    \     / 

To  obtain  the  more  complete  solution  corresponding  to  (31),  we 
lave  only  to  add  new  terms,  multiplied  by  Bg,  and  derived  from 
ihe  above  by  changing  the  sign  of  8.  As  was  to  be  expected,  the 
^ues  in  (35)  and  (37)  are  equal  and  opposite. 

Introducing  the  values  now  found  into  (5)  §  235/,  we  obtain 
IS  the  square  of  the  change  of  principal  curvature  at  any  point 

U  ly  «  %^^^  [A,^  tan"  i«  +  B,^  cot"  \0  -  iA,B,  cos  2«<^| . .  .(38). 

It  should  be  remarked  that,  if  either  Ag  or  B^  vanish,  (38)  is 
ilidependent  of  ^,  so  that  the  change  of  principal  curvature  is  the 
same  for  all  points  on  a  circle  of  latitude,  and  that  in  any  case 
(38)  becomes  independent  of  the  product  A^B^  after  integration 
round  the  circumference.  The  change  of  curvature  vanishes  if 
<«0,  or  «=sl,  the  displacement  being  that  of  which  a  rigid  body 
is  capable. 

Equations  (35)  &c.  shew  that  along  the  meridians  where  5^ 
liiiialiefl  (ooB^acO)  the  principal  planes  of  curvature  are  the 
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meridian  and  its  perpendicuW,  while  along  the  meridiuu  win 
£r  vaniBhes,  the  principal  planes  are  ioclined  to  th«  meridiaii 
angles  of  45'. 

The  value  of  the  sqnare  of  the  change  of  curratare  obtained 
(38)  corresponds  to  that  assumed  for  the  displacements  in  (S9)A 
and  for  some  purposes  needs  to  be  generalised-  We  may  id 
terms  with  coefficients  J,'  and  B,'  corresponding  to  a  cfaaoj 
of  s<fi  to  (s^  +  Jir),  and  there  is  further  to  be  considered  t' 
summation  with  respect  to  s.  Putting  for  brevity  (  in  place 
tan)0,  we  may  take  as  the  complete  expression  for  [S(l/p)p, 

fs-^'    [(A.f  +  B.r*)  sin  s<f>  +  (A,'e  +  B.-t"")  sin  («*  +  wyJ 

'g{{A.lf-B,r')<xss<f,  +  iA;f-B,'t-*)coa(s^  +  \ir)\\ 

When  this  is  integrated  with  respect  to  0  round  the  entil 
circumference,  all  products  of  the  generalised  co-ordinates  A,.  / 
A,',B,'  disappear,  so  that  (7) §235/ we  have  as  the  expression  ( 
the  potential  energy  of  the  surface  iDcIuded  between  two  poiuUe 
of  latitude 

V-'2ir^{^-syJHsiu-'0[(Af-hA.'')P 

+  (B/  +  B."^)  (—;  (W {3»), 

where  ff=.^nk' .(40^. 

In  the  following  applications  to  spherical  surfaces  where  th 
pole  0=^0  is  included,  we  may  omit  the  terms  in  B;  and. 
the  thickness  be  constant,  H  may  be  removeil  fmni  under  ill 
integral  sign.     We  have 


^[^. 


dS. 


if* 

"l+C 


f«i^-se-de.ij(i  +  (■)■  ("-  df  -  i  (^'^^  +  T*iVi)-^*' 


In  the  case  of  the  hemisphere  t  =  \,  and  (41)  a 


Hence  for  a  hvmisphei-e  of  UDiform  thickness 


■  tlie 
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If  the  extreme  value  of  ^  be  60°,  instead  of  90*",  we  get  in 

dace  of  (42) 

8^  +  48-3  ... 

4.3'+n«'-«) 

md         F=  ^HX 3~<'+»>  («' -  «)  (&j»  +  4«  -  3)  {A,^  +  A^^). . .(45). 

These  expressions  for  F,  in  conjunction  with  (32),  are  sufficient 
or  the  solution  of  statical  problems,  relative  to  the  deformation  of 
.nfinitely  thin  spherical  shells  under  the  action  of  given  impressed 
forces.  Suppose,  for  example,  that  a  string  of  tension  F  connects 
the  opposite  points  on  the  edge  of  a  hemisphere,  represented  by 
^  =  i^>  ^  =  i^  or  |7r,  and  that  it  is  required  to  find  the  deforma- 
tion. It  is  evident  from  (32)  that  all  the  quantities  A^  vanish, 
and  that  the  work  done  by  the  impressed  forces,  coiTesponding  to 
the  deformation  BAg,  is 

—  BAgdS  {sin  ^sir  +  sin  |«7r}  F. 

It  8  he  odd  this  vanishes,  and  if  8  be  even  it  is  equal  to 

—  2BAta8  sin  ^^tt.jP. 

Hence  if  «  be  odd  A,  vanishes ;  and  by  (43),  if  8  be  even, 

dF/di4,  =  7rir(«»-«)(2«»-l)il,  =  -2cwsini57r.^; 

whence  A  -^        2aFsin ^stt 

wnence  il,-     ^^(^_i)(2^^  1) (^ 

By  (46)  and  (32)  the  deformation  is  completely  determined. 

If,  to  take  a  case  in  which  the  force  is  tangential,  we  suppose 
;hat  the  hemisphere  rests  upon  its  pole  with  its  edge  horizontal, 
ind  that  a  rod  of  weight  W  is  laid  symmetrically  along  the 
liameter  &  =  ^7r,  we  find  in  like  manner 

^•"iriT  (*«-*)  (25-^-1) ^*^^ 

>r  all  even  values  of  «,  and  J.,  =  0  for  all  odd  values  of  8. 

We  now  proceed  to  evaluate  the  kinetic  energy  as  defined  by 
lie  formula 

\  which  0*  denotes  the  sur&ce  density,  supposed  to  be  uniform. 
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flf  -we  take  the  complete  value  of  £^  from  (29),  as  supplemented  a 
the  terms  in  vl,',  B,',  we  have 

S  [cos  8^  (A,t'  +  B,(-)  +  cos  (8<^  +  Jtt)  (A.'i*  +  5,'r')]. 

When  this  expression  ia  squared  and  integrated  with  i 
to  0  round  the  entire  circumference,  all  products  of  letters  i 
different  suffix,  and  all  products  of  dashed  and  iindashed  lette 
even  with  the  same  suffix,  will  disappear.     Hence  replacing  c 
&c.  by  the  mean  value  J,  we  may  take 


■■^sm^eiiA,^ +!;■')(>• 


+  i  sin'  e  S  (B.'  +  £/=)  r"  +  sin'  ^  S  {A,B,  +  A^Bi^ 

The  mean  value  (30)  of  (dBd/dty  is  the  same  as  that  JM 
written  with  the  substitution  throughout  of  —  .S  for  B,  so  tbkt  n 

may  take 

/dSe\*/sia6dS^\'      .  .flv/;._.  J '1^*- 

+  8in=eS(S,'  +  B,'')«-=" (W)^! 

as  the  mean  available   for  our   present   purpose.     In   (49) 
products  of  the  symbols  have  disappeared,  and  if  the  expi 
for  the  kinetic  energy  were  as  yet  fully  formed,  the  co^rcUnati 
would  be  shewn  to  be  nonmil.     But  we  have  still  to  include  t 
part  of  the  kinetic  energy  dependent  upon  dirjdt.     As  the  B 
value,  applicable  for  our  purpose,  we  have  from  (31) 

I  ^^^)'  =  i  S  {A;'  +  i.--)  (*  +  cos  ^Z  (- 

+  i  s  (B,' + ^,'')  (« -  COB  ^  r~ 

+i(vi,fi.+i;A')(«'-c»'^ t«ox| 

The  expressions  (4&)  and  (.iO)  have  now  to  be  added.     If  we  ^ 
for  brevity 


lati-id;(«  +  cosfly+2si»'ejMntfrffl-/(») («),■ 


or  putting  x  =  1  +  cob  ^, 
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we  get 

r=  iinra*  [1/(8)  (i,«  -h  ^/*)  +  2/(-  s)  (B,^  +  £;«) 

+  22[(«»-co8>tf)8mtfdtf(i.^,  +  i;£;)} (53). 

It  will  be  seen  that,  while  V  in  (39)  is  expressible  by  the 
squares  only  of  the  co-ordinates,  a  like  assertion  cannot  in  general 
be  made  of  T.  Hence  Ag,  B,  &c.  are  not  in  general  the  normal 
oo-ordinates.  Nor  could  this  have  been  expected.  If,  for  example, 
we  take  the  case  where  the  spherical  surface  is  bounded  by  two 
circles  of  latitude  equidistant  from  the  equator,  symmetry  shews 
that  the  normal  co-ordinates  are,  not  A  and  B,  but  {A  +  B)  and 
{A  -  B).    In  this  case  /(-  a)  ==/(«). 

A  verification  of  (53)  may  readily  be  obtained  in  the  pai-ticular 
case  of  9=1,  the  surface  under  consideration  being  the  entire 
sphere.     Dropping  the  dashed  letters,  we  get 

T  =  i^im*  {^  (i,»  +  A»)  +  Mi  A] 
^\iraa^[  4(i,  +£,)«  + 1 (i, - ^,)'} (54). 

In  this  case  the  displacements  are  of  the  purely  translatory  and 
rotatory  types  already  discussed,  and  the  correctness  of  (54)  may 
be  confirmed. 

Whatever  may  be  the  position  of  the  circles  of  latitude  by 
which  the  surfisu^  is  bounded,  the  tme  types  and  periods  of 
vibration  are  determined  by  the  application  of  Lagrange's  method 
to  (39),  (53). 

When  one  pole,  e.g.  ^  =  0,  is  included  within  the  surface,  the 
co-ordinates  B  vanish,  and  A^,  A,  become  the  normal  co-ordinates. 
If  we  omit  the  dashed  letters,  the  expression  for  T  becomes 
simply 

r=i7r(ra*2/(«)^'' (55)- 

From  (43),  (55)  the  frequencies  of  free  vibrations  for  a  hemi- 
sphere are  immediately  obtainable.    The  equation  for  Ag  is 

cra*/(«)i.+  ir(j?»-«)(2«»-l)il,«0 (56); 

so  that,  if  A,  vary  as  coajp^^, 


..m 


-'(i  -  ir  +  X=)(l  +Qa:-  s?)iLc 
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if  we  introduce  the  value  of  H  from  (■10),  and  express  a-  by  tw 
of  the  volume  density  p. 

In  like  manner  for  the  saucer  of  120°,  from  (44), 
^^/f(a"-tf)(8a*+48-3) 
^'  ~  <ruV(s).3'+' 

The  values  of  /(a)  can  be  calculated  without  difficulty  in  I 
various  cases.     Thus,  for  the  hemisphi 

=  20  log  2-12^  =  1-52961, 
/(3)  =  57i  -  80  log  2  =  1-88156, 
/(4)  =  200  log  2  -  136J  =  2-29009,  &q.  ; 

so  that 

„,=  "f^  X  5-2400,     !>,=  ^,-^  X  14-726.     p.  =  4?   x  28-48! 

la  experiment,  it  is  the  interval/i  between  the  various  to 
with  which  we  are  most  concerned.     We  find 

p,lp\  =  2Sl0i.     ;>,/;),  =  5-4316 (59), 

In  the  case  of  glass  bells,  such  as  are  used  with  air-pun 
the  interval  between  the  two  gravest  tones  is  usually  samew 
smaller ;  the  representative  traction  being  nearer  to  2*5  than  fr 
For  the  saucer  of  120°,  the  lower  limit  of  the  integral  in  ( 
is  j .  and  we  get  on  calculation 

/(2)  = -12864.    /(3)  =  054884. 


giving 


p,= 


79y47. 


/),=  i~  X  20-911, 
p,:i,.  =  2-6157. 
The  pitch  of  the  two  gravest  tones  is  thus  deciiledly  higher 
for  the  hemisphere,  and  the  interval  between  them  is  luM. 

With  reference  to  the  theory  of  tuning  bells,  it  may  bo  v 
"while  to  consider  the  effect  of  a  small  change  in  the  auglc,  liir 
case  of  a  nearly  hemispherical  bell.     In  gi-nernl 


f '•*  =■ 71 • . 

a'o  \  tan"  ^0  [{«  +  w*  0)'  +  2  sin*  e\  sin  tfdtf 


..(« 


Thus 
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Ii6»^  +  S09  and  P«  denote  the  value  of  p,  for  the  exact  hemi- 
sphere, we  get  from  previous  results 

,,=P,[.,,,|^^)_-^;^|] (ei, 

K=p4i  +  «^  {?f -r^ej]  =  p.' (1 -20  8^). 

shewing  that  an  increase  in  the  angle  depresses  the  pitch.    As  to 
the  interval  between  the  two  gravest  tones,  we  get 

shewing  that  it  increases  with  0.    This  agrees  with  the  results 
given  above  for  0  =  60°. 

The  &ct  that  the  form  of  the  normal  functions  is  independent 
)f  the  distribution  of  density  and  thickness,  provided  that  they 
rary  only  with  latitude,  allows  us  to  calculate  a  great  variety  of 
lases,  the  difficulties  being  merely  those  of  simple  integration.  If 
Ne  suppose  that  only  a  narrow  belt  in  co-latitude  0  has  sufficient 
ihickness  to  contribute  sensibly  to  the  potential  and  kinetic 
energies,  we  have  simply,  instead  of  (60), 

P'       a*<r  {{8  +  COS  0y  +  2  sin' 6} ^"  ^' 

.hence  ^  -  *  J  \vA^^^^f^\ (63). 

Pa         V    (ll  +  6cOstf  — COS'tf]  ^      ^ 

rhe  ratio  varies  very  slowly  from  3,  when  ^  =  0,  to  2*954,  when 

If  2A  denote  the  thickness  at  any  co-latitude  0,  H x,h\  ace  h. 
I  have  calculated  the  ratio  of  frequencies  of  the  two  gravest  tones 
)f  a  hemisphere  on  the  suppositions  (I)  that  hocco8  0,  and  (2)  that 
I QC  (I  -f  cos  0).  The  formula  used  is  that  marked  (60)  with  H  and  a 
mder  the  integral  signs.  In  the  first  case,  jps :  />a  =  1'7942,  differing 
^[■eatly  from  the  value  for  a  uniform  thickness.  On  the  second 
nore  moderate  supposition  as  to  the  law  of  thickness, 

j^ :  p,  =  2-4591,     p4 :  ft  »  4-4887. 


It  would  appear  that  the  smallness  of  the  interval  between  ) 
gravest  tones  of  common  glaaa  bells  ia  due  in  great  measure  to  tl 
thickness  dimioiahing  with  increasing  0. 

It  is  worthy  of  notice  that  the  curvature  of  defonnation  5  (p"* 
which  by  (38)  varies  as  sin"' ^ tan*  J^,  vanishes  at  the  pole  1 
a  =  3  and  higher  values,  but  ie  finite  for  s  =  2. 

The  present  chapter  has  been  derived  very  largely  froi 
various  published  memoirs  by  the  author'.  The  methods  hav( 
not  escaped  criticism,  some  of  which,  however,  is  obviated 
the  remark  that  the  theory  does  not  profess  to  be  strict! 
applicable  to  shells  of  finite  thickness,  but  only  to  the  limitit^ 
case  when  the  thickness  is  infinitely  small.  When  the  thicknea 
increases,  it  may  become  necessary  to  take  into  account  certaii 
"  local  perturbations  "  which  occur  in  the  immediate  neighbourbo( 
of  a  boundary,  and  which  are  of  such  a  nature  as  to  involv 
extensions  of  the  middle  surface.  The  reader  who  wishes  i 
pursue  this  rather  difficult  question  may  refer  to  memoirs  1 
Love',  Lamb',  and  Basset*.  From  the  point  of  view  of  the  preseo 
chapter  the  matter  is  perhaps  not  of  great  importance.  For  i 
seems  clear  that  any  extension  that  may  occur  must  be  limited  I 
a  region  of  infinitely  small  area,  and  affects  neither  the  types  n 
the  frequencies  of  vibration.  The  question  of  what  precise 
happens  close  to  a  free  edge  may  require  further  elucidation,  ba 
this  can  hardly  be  expected  from  a  theory  of  thin  shells. 
points  whose  distance  from  the  edge  is  of  the  same  order  as  th 
thickness,  the  characteristic  properties  of  thin  shells  are  likely  t 
disappear. 


'  Froe.  Lond.JUath.3oe„i3U.p.i,  1881;  n,  p.  372,  1889;  Prne.Roii,  Soc. 
46,  p.  106,  1888;  vol.  45,  p,  44S,  18SB. 

•  Phil.  TranM.,  179  (i),  p.  491,  1880;  Froe.  Hoy.  Soc.,  fol.  49,  p.  100, 
Tlttory  nf  EUutieity,  cb.  xxi. 

•  Prtte.  Lond.  Math.  Soc..  toL  hi.  p.  119.  1890. 

•  Phil.  Tram.  181  (a),  p.  4S3,  1890 ;  Ani.  Math.Jmm.,  vol.  xn.  p.  364,  1N4., 
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ELECTRICAL   VIBRATIONS. 


236  i.  The  introduction  of  the  telephone  into  practical  use, 
and  the  numerous  applications  to  scientific  experiment  of  which 
it  admits,  bring  the  subject  of  alternating  electric  currents 
within  the  scope  of  Acoustics,  and  impose  upon  us  the  obligation 
of  shewing  how  the  general  principles  expounded  in  this  work  may 
best  be  brought  to  bear  upon  the  problems  presenting  themselves 
Indeed  Electricity  affords  such  excellent  illustrations  that  the 
temptation  to  use  some  of  them  has  already  (§§  78,  92  a,  111  6) 
proved  irresistible.  It  will  be  necessary,  however,  to  take  for 
granted  a  knowledge  of  elementary  electrical  theory,  and  to  abstain 
for  the  most  part  from  pursuing  the  subject  in  its  application  to 
vibrations  of  enormously  high  frequency,  such  as  have  in  recent 
years  acquired  so  much  importance  from  the  researches  initiated 
by  Lodge  and  by  Hertz.  In  the  writings  of  those  physicists  and  in 
the  works  of  Pro£  J.  J.  Thomson^  and  of  Mr  O.  Heaviside^  the 
reader  will  find  the  necessary  information  on  that  branch  of  the 
subject 

The  general  idea  of  including  electrical  phenomena  under  those 
of  ordinary  mechanics  is  exemplified  in  the  early  writings  of  Lord 
Kelvin ;  and  in  his  "  Dynamical  Theory  of  the  Electro-magnetic 
Field' "  Maxwell  gave  a  systematic  exposition  of  the  subject  from 
this  point  of  view. 

1  Recent  Reuareha  in  Eleetrieity  and  MagnetUm^  1S98. 

s  SUarieal  Pe^en,  1S92. 

•  PkSL  Trum.  i6L  165,  p.  459, 1865;  CoUected  WorkM,  voL  1,  p.  59a. 
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235^'.  We  commence  ^vith  the  consideratiou  of  a  i^iiop^| 
electrical  circuit,  consisting  of  an  electro-magnet  whose  termin^H 
are  connected  with  the  poles  o(  a  condenser,  or  let/den',  of  c&pttci^^| 
C.  The  electro-magnet  may  be  a  simple  coil  of  insulated  win,  ^H 
resistance  R,  and  of  self-induction  or  hiductance  L.  If  there  b«  ^H 
iron  core,  it  is  necessary  to  suppose  that  the  metal  is  divided  so  ^H 
to  avoid  the  interference  of  internal  induced  currents,  and  furth^H 
that  the  whole  change  of  magnetism  is  small'.  Otherwise  tl^| 
behaviour  of  the  iron  is  complicated  with  hysteresis,  and  its  effe^| 
cannot  be  represented  as  a  simple  augmentation  of  L.  Also  flH 
the  present  we  will  ignore  the  hysteresis  exhibited  by  many  kiuH 
of  leydens.  ■ 

If  X  denote   the   charge  of  the   leyden  at   time  t,  i  is  tlwl 

current,  and  if  E,  cos  pt  be  the  imposed  electro-motive  forct;,  the  i 

equation  is  I 

L£  +  R!i  +  3'/C  =  Exempt (!)■  J 

The  solution  of  (1)  gives  the  theory  oi/orced  electrical  vibratjoi^| 
but  we  may  commence  with  the  consideration  of  the  free  vib^l 
tions  corresponding  to  Ei  =■  0.  This  problem  has  already  ba^| 
treated  in  §  43,  from  which  it  appears  that  the  currents  ^M 
oadllatory,  if  ^M 

R<2V(LIC) (SH 

The  fact  that  the  discharges  of  leydens  are  often  oscillatoty  li^M 
suspected  by  Henry  and  by  v.  Helmholtz,  but  the  mathenuui^H 
theory  is  due  to  Kelvin'.  ^H 

When  R  is  much  smaller  than  the  critical  value  id  (2),  ft  lo^| 
number  of  vibrations  occur  without  much  loss  of  atapUtode,  ^H 
the  period  t  is  given  by  ^M 

T  =  2irV(Ci) (SH 

la  (2),  (3)  the  data  may  be  supposed  to  be  expressc-d  in  C.(^H 
electro-magnetic  measure.  If  we  introduce  practical  ututs,^| 
that  L,  R'.  C  represent  the  inductance,  resistance  and  «pM^| 
reckoned  respectively  in  earth-quadrants  or  hentys,  ohnu,  adl 
microfarads*,  we  have  in  place  of  (2) 

ii'<2ooov(i'/n (n 

■  Thii  Wrm  hA*  be«D  «pptoved  b; Lonl  Ktivb  C'Oi)  »K«wFonii  ot  AiTLtl^" 
«0."  Pror.  Hoy.  Soe.,  vol.  fi'2,  p.  6,  1809)- 

>  Phil.  Mag.,  vol.  39.  p.  S36. 1B87.  ^J 

'  "  On  Tniniient  ElMtrie  CiimaU,"  MfJ.  Hai).,  inat,  VU».  ^| 

•  Ohin=10',  huitTslV,  nueiofuBd* lO-".  ^| 
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and  in  place  of  (3) 

T  =  27r.lO-V(C'Z0 (3'). 

With  ordinary  appliances  the  value  of  t  is  very  small ;  but  by 
including  a  considerable  coil  of  insulated  wire  in  the  discharging 
circuit  of  a  leyden  composed  of  numerous  glass  plates  Lodge ^  has 
BQCceeded  in  exhibiting  oscillatory  sparks  of  periods  as  long  as 
jjy  second. 

If  the  leyden  be  of  infinite  capacity  or,  what  comes  to  the 
lame  thing,  if  it  be  short-circuited,  the  equation  of  free  motion 
"educes  to 

Lx-^-Rx-^O (4); 

vhence  x^x^e^^l^^^ (5)«, 

Bo  representing  the  value  of  x  when  f  =  0.  The  quantity  LjR  is 
M)metimes  called  the  time-constant  of  the  circuit,  being  the  time 
luring  which  free  currents  fall  off  in  the  ratio  of  e  :  1. 

Returning  to  equation  (1),  we  see  that  the  problem  falls  under 
the  general  head  of  vibrations  of  one  degree  of  freedom,  discussed 
in  §  46.  In  the  notation  there  adopted,  n'  =  ((7i)-S  k  —  R/L, 
EssEi/L;  and  the  solution  is  expressed  by  equations  (4)  and  (5). 
It  is  unnecessary  to  repeat  at  length  the  discussion  already  given, 
but  it  may  be  well  to  call  attention  to  the  case  of  resonance, 
where  the  natural  pitch  of  the  electrical  vibrator  coincides  with 
that  of  the  imposed  force  (p^LC^l).  The  firsthand  third  terms 
then  (§  46)  compensate  one  another,  and  the  equation  reduces  to 

Rx^E^cospt (6). 

In  general,  if  the  leyden  be  short-circuited  ((7=  x  ), 

K>  that,  if  p  much  exceed  R/L,  the  current  is  greatly  reduced  by 
lelf-induction.  In  such  a  case  the  introduction  of  a  leyden  of 
mitable  capacity,  by  which  the  self-induction  is  compensated, 
■esults  in  a  large  augmentation  of  current'.  The  imposed  electro- 
notive  force  may  be  obtained  from  a  coil  forming  part  of  the 
drcuit  and  revolving  in  a  magnetic  field. 

1  Proe.  Ro^.  Inst,,  March,  18S9. 

*  Hdmholtz,  Pogg.  Ann,,  Lzxxni.,  p.  505, 1851. 

<  Ifaacwdl*  "Experiment  in  Magneio-Eleotrio  Induction,*'  Phil,  Mag,,  Bfay, 
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In  auy  circuit,  where  vibrationa,  whether  forced  or  free, 
portioual  to  cos  pt  are  in  progress,  we  have  x  =  —  p'x,  and  tbiu 
terms  due  to  self-induction  and  to  the  leydeu  enter  into 
eijuation  in  the  same  manner.  The  law  is  more  readily  ex'pn 
if  we  use  the  stiffness  fA,  equal  to  IjC,  rather  than  the  ct^ia 
itself.  We  may  say  that  a  stiffness  ft  compensates  an  inductl 
L,  if  /*  =  p'L,  and  that  an  additional  inductance  AL  ia  competul 
by  an  additional  stiffness  Afi,  provided  the  above  proportiooi 
hold  good.  This  remark  allows  us  to  simplify  our  equatiooi 
omitting  in  the  first  instance  the  stiffness  of  leydens.  When 
solution  has  been  obtained,  we  may  at  any  time  generalis 
by  the  introduction,  in  place  of  Z,  o!  L  —  ftp-',  or  L  —  (p^€)-^. 
following  this  course  we  must  be  prepared  to  admit 
values  of  L. 

235 1.     We  will  next  suppose  that  there  are  two  indepem 
circuits  with  coefficients  of  self-inductiou  L,  X,  and  of  mu 
induction  M,  and  examine  what  will  be  the  effect  in  the  t 
circuit  of  the  instantaneous  establishment  and  subsequent 
tenance  of  a  current  i  in  the  first  circuit.     At  the  first  mi 
the  question  is  one  of  the  function  T  only,  where 

r  =  iii'  +  J/iy  +  iiVy* (1 

and  by  Kelvin's  rule  {§  79)  the  solution  is  to  be  obtained 
making  (1)  a  minimum  under  the  condition  that  x  haa  the  j 
value.     Thus  initially 

M  . 
?•  =  -!?« (' 

and  accordingly  (§  235  j)  after  time  t 

j--yie-""-™ ffl 

if  S  be  the  resistance  of  the  cbcuit.  The  whole  induced  CUII 
AS  measured  by  a  ballistic  galvanometer,  is  given  by 

S  ^* 

in  which  .V  does  not  appear.  The  current  in  the  seoondat^  dl 
due  lo  the  cessation  of  a  previously  established  st«sdf  coireiit' 
the  prinmry  circuit  is  the  opposite  uf  the  ftbovc^ 

A  curious  property  of  the  initial  Induct^I  uumwi  td  at  4 
erident  from  Kelvin's  theorem,  or  from  uquatiun  (2).    Itaplt 


f'ydt  = 
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iS  Mhe  given,  the  initial  current  is  greatest  when  N  is  least. 

ler,  if  the  secondary  circuit  consist  mainly  of  a  coil  of  n  turns, 
initial  current  increases  with  diminishing  n.  For,  although 
'XJi,  Nocn*;  and  thus  yoocl/n.  In  fact  the  small  current 
through  the  more  numerous  convolutions  has  the  same 
pfect  as  regards  the  energy  of  the  field  as  the  larger  current  in  the 
Inrer  convolutions.  This  peculiar  dependence  upon  n  cannot  be 
ttvestigated  by  the  galvanometer,  at  least  without  commutators 
ipable  of  separating  one  part  of  the  induced  current  from  the 
itot ;  for,  as  we  see  from  (4),  the  galvanometer  reading  is  affected 
ft  the  reverse  direction.  It  is  possible  however  to  render  evident 
he  increased  initial  current  due  to  a  diminished  n  by  observing 
he -magnetizing  effect  upon  steel  needles.  The  magnetization 
lepends  mainly  upon  the  initial  maximum  value  of  the  current, 
aid  in  a  less  degree,  or  scarcely  at  all,  upon  its  subsequent 
Imration.^ 

The  general  equations  for  two  detached  circuits,  influencing 

ne  another  only  by  induction,  may  be  obtained  in  the  usual 

oanner  from  (1)  and 

F^iRx'  +  ^Sy' (5). 

lius  Lx  +  My-^Rx^^X)  .  . 

Mx'\-Ny^Sy^Y\ ^  ^* 

These  equations,  in  a  more  general  form,  are  considered  in 
116.     If  a  harmonic  force  X  =  e*^*  act  in  the  first  circuit,  and 
he  second  circuit  be  free  from  imposed  force  (F=0),  we  have  on 
limination  of  y 

hewing  that  the  reaction  of  the  secondary  circuit  upon  the  first  is 
o  rediu>e  the  inductftnce  by 


Old  to  increase  the  resistance  by 

P  p'N'  +  S' ^^^• 

1  PhU.  Mag.,  vol.  8S,  p.  1, 1S69 ;  vol.  89,  p.  428, 1870. 

*  ICftxweU,  Phil  Tram,,  vol  155,  p.  459,  1865,  where,  howeyer.  If*  is  mis- 
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The  formulfe  (8)  and  (9)  may  be  applied  to  deal  with  a  nw 
general  problem  of  considemble  interest,  which  arises  when  (as 
some  of  Henry's  experiments)  the  secondary  cii-cuit  acts  upon 
third,  this  upon  a  fourth,  and  so  on,  the  uuly  condition  being  tl 
there  must  be  no  mutual  induction  except  between  i 
neighbours  in  the  series.  For  the  sake  of  distinctness  we 
limit  ourselves  to  four  circuits. 


In  the  fourth  ciixiuit  the  current  is  due  6x  hypotheei  only  U 
induction  from  the  third.  Its  reaction  upon  the  third,  for  the  rate 
of  vibration  under  contemplation,  is  given  at  once  by  (8)  and  (9)j 
and  if  we  use  the  complete  values  applicable  to  the  third  c 
under  these  conditions,  we  may  thenceforth  ignore  the  fourth 
cii-ciiit.  In  like  manner  we  can  now  deduce  the  reaction  upot 
the  secondary,  giving  the  effective  resistance  and  inductance  0 
that  circuit  under  the  influence  of  the  third  and  fourth  circuital 
and  then,  by  another  step  of  the  same  kind,  we  may  arrive  at  ti* 
values  applicable  to  the  primary  circuit,  under  the  influence  of  ill 
the  others.  The  process  is  evidently  general ;  and  we  know  b 
the  theorem  of  §  111  h  that,  however  extended  the  train  of  circniS 
tlie  influence  of  the  others  upon  the  first  must  be  to  increase  it 
efl'ectiTe  resistance  and  diminish  its  effective  inertia,  : 
and  greater  degree  as  the  frequency  of  vibration  increases. 

In  the  limit,  when  the  frequency  increases  indefinitely, 
distribution  of  currents  is  determined  by  the  induction-coefBcieitl 
irrespective  of  resistance,  and,  as  we  shall  see  presently,  it  ii 
such  a  character  that  the  currents  are  alternately  opposite  in  nf 
as  we  pass  along  the  series. 


236 1.     Whatever  may  be  the  number  of  independent  ci 
or  degrees  of  freedom,  the  general  equations  are  always  of 
kind  already  discussed  §g  82,  103,  104,  viz. 


~X  . 


where  T,F.  K  are  (§  82)  homogeneous  qnadraltc  runctiout.  In 
tfao  co-urdinates  ^i,  x^, ...  denote  the  whole  quantity  of  elMtnG 
which  has  passed  at  time  (,  the  currenta  being  i,,  i,,  tK. 
>  0,  it  is  simpler  to  expresH  the  phenomena  by  nieatu  of  i 
9.    Thus,  in  lh«  problem  of  neady  electric  flow  wbcce 


m 
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die  quantities  X,  representing  electro-motive  forces,  are  constant, 
tie  currents  are  determined  directly  by  the  linear  equations 

dF/di,^X,,    dFjdx^^X^.izc (2). 

On  the  other  hand  when  the  question  under  consideration  is 
one  of  initial  impulsive  eflfects,  or  of  forced  vibrations  of  ex- 
ceedingly high  frequency,  everything  depends  upon  T,  and  the 
equations  reduce  to 

~— =Z       ^  —  ^X    &c  ....(3). 

dt  dxi         '     d^  dx^ 

As  an  example  we  may  consider  the  problem,  touched  upon  at 
the  close  of  §  235  k,  of  a  train  of  circuits  where  the  mutual  induc- 
tion is  confined  to  immediate  neighbours,  so  that 

+012^1^4- ctjsaJjaJs-h  0,40:30:4+ (4)\ 

coeflScients  such  as  Oj,,  014,  a^  not  appearing.     If  x^  be  given, 

either  as  a  current  suddenly  developed  and  afterwards  maintained 

constant,  or  as  a  harmonic  time  function  of  high  frequency,  while 

no  external   forces  operate  in   the  other  circuits,  the   problem 

is  to  determine  x^,  x^^  &c  so  as  to  make  T  as  small  as  possible, 

S  79.    The  equations  are  easily  written  down,  but  the  conclusion 

aimed  at  is  perhaps  arrived  at  more  instructively  by  consideration 

of  the  function  T  itself.    For,  T  being  homogeneous  in  aji,  o^a,  &c., 

we  have  identically 

g^m        dT        dT  /^v 

^^^'^'d^.+^'d^/ ^'^' 

ind,  since  when  T  is  a  minimum,  dTjdx^,  dT/dx^,  &c,  all  vanish, 

2-^niin.  ~  ^1  J~  ^  ^11^1   4"  CtijOqaJj. 

3ut  if  a?„  a?„  &c.,  had  all  been  zero,  2T  would  have  been  equal  to 
tiifl?!*.  It  is  clear  therefore  that  aiaa;,a?2  is  negative;  or,  as  Oi,  is 
aken  positive,  the  sign  of  x^  is  the  opposite  to  that  of  Xi. 

Again,  supposing  x^^  a?,  both  given,  we  must,  when  T  is  a 
oinimum,  have  dT/dx^,  dTjdx^,  &c.,  equal  to  zero,  and  thus 

Srmin.  ==  (hi^  +  2aiaa?iOra  +  Oja^^a'  +  2aasa;aa?8- 
U  before,  2T  might  have  been 

OiiiCi*  +  ioi^XiX^  +  On^tt 
^  The  dot!  are  omitted  m  mmecesMay. 
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aimply.  The  minimuin  value  is  necessarily  lest,  than  this,  ai 
accordingly  the  signs  of  x,  and  x^  are  opposite.  This  arguinei 
may  be  continued,  and  it  shews  that,  however  long  the  series  nu 
be,  the  ind\iced  currents  are  alternately  opposite  in  sign',  a  resn 
in  harmony  with  the  magnetizations  observed  by  Henry. 

In  certain  cases  the  miniimim  value  of  T  may  be  very  neaii 
zero.  This  happens  when  the  coils  which  exercise  a  mutui 
inductive  influence  are  so  close  throughout  their  entire  leogtl 
that  they  can  produce  approximately  opposite  magnetic  forcea  l 
all  points  of  space.  Suppose,  for  example,  that  there  are  Vt 
similar  coils  A  and  B,  each  wound  with  a  double  wire  {A^,  A^ 
(B,,  B,),  and  combined  so  that  the  primaiy  circuit  consists  of  A 
the  secondary  of  A,  and  B,  joined  by  indiictionlesa  leads,  and  U 
tertiary  of  B,  simply  closed  upon  itself.  It  is  evident  that  T 
made  approximately  zero  by  taking  a\  =  —  a;  and  2',  =  — «,=i 
The  argument  may  be  extended  to  a  tmn  of  such  coils,  howevi 
long,  and  also  to  cases  where  the  number  of  convolutiona  j 
mutually  reacting  coils  is  not  the  same. 

In  a  large  class  of  problems,  where  leyden  elTectf  do  not  ocei 
sensibly,  the  course  of  events  is  determined  by  T  and  F  simp^ 
These  functions  may  then  be  reduced  to  sums  of  squares ;  and  U 
typical  equation  takes  the  form 

ax  +  bd  =  X (6). 

If  X  =  0,  that  is  if  there  be  no  imposed  electro-motive  forces,  t1 
solution  is 

i  =  i„e-^'» (7). 

Thus  any  system  of  initial  currents  flowing  whether  in  detach* 
or  connected  linear  conductors,  or  in  solid  conducting  masses,  mi 
be  resolved  into  "normal"  components,  each  of  which  dies  do« 
exponentially  at  its  own  proper  rate, 

A   general   property  of  the   "  persistences,"   equal    to  o/6,  is 

proved  in  §  92  a.     For  example,  any  increase  in  permeability,  due 

to  the  introduction  of  iron  (regarded  as  non-conducting),  or  any 

diminution  of  resistance,  however  local,  will  in  general  bring  abml 

be  values  of  all  the  persistences', 

V  of  the  discussions  of  Chapter  V,  it  U  not  nec«BMi;  fl 

I  dwell  upon  the  solution  of  equations  (1)  when  X  is  retained. 

'  PhU.  Mas.,  vol.  38,  p.  13,  1 


■  Srii.  i.«toc.  Rtpin,  IMS,  p.  tfU. 
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reciprocal  theorem  of  §  109  has  mauy  interesting  electrical  appli- 
cations ;  but,  after  what  has  there  been  said,  their  deduction  will 
present  no  difficulty. 

236  m.  In  §  111  6  one  application  of  the  general  formulae  to 
an  electrical  system  has  already  been  given.  As  another  example, 
also  relating  to  the  case  of  two  degrees  of  freedom,  we  may  take 
the  problem  of  two  conductors  in  parallel.  It  is  not  necessary  to 
include  the  influence  of  the  leads  outside  the  points  of  bifurcation; 
for  provided  that  there  be  no  mutual  induction  between  these  parts 
and  the  remainder,  their  inductance  and  resistance  enter  into  the 
result  by  simple  addition. 

Under  the  sole  operation  of  resistance,  the  total  current  Wi 

would  divide  itself  between  the  two  conductors  (of  resistances  R 

and  S)  in  the  parts 

S  .      R 

R-^-S^'  and  ^:^g^i\ 

and  we  may  conveniently  so  choose  the  second  co-ordinate  that 
the  currents  in  the  two  conductors  are  in  general 

S        ^  .       R 


R  +  S  '  ■    '     "^   it  +  S 

«i  still  representing  the  total  cuiTent  in  the  leads.  The  dissi- 
pation-function, found  by  multiplying  the  squares  of  the  above 
currents  by  ^R,  ^S  respectively,  is 

per 

Also,  L,  M,  N  being  the   induction  coefficients  of  the  two 
branches, 

''"*  (R  +  S)'  '^' 

Thus,  in  the  notation  of  §  111  6, 
_LS'-^2MRS'\'NR^  _(£- Jf)ig-h(J/-iV^iZ 

^^"       (R+sy      "'    ^""  ij+iS 
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R  = 


Accordingly  by  (5),  (8)  §  lU  6, 

RS  p'      \(L-M)S  +  IM-N')R]- 

'R  +  S'*'  R  +  S{R  +  Sy  +  p'(L-iM  +  N)' 
LS'  +  2MRS  +  NR' _  [{L -M)S  +  {M-N)R\' 
(R  +  Sy  ~(R  +  S)'{L-fiM  +  N)~ 


sy  (R  +  sy{L-2M-i 

l(L~M)S  +  (M-N)R]* 


.(4).  I 


These  are  respectively  the  effective  resistance  and  the  efTectiv 
inductance   of    the   combination'.      It   is  to   be   remarked   thi 
(L  —  23/"  4-  iV)  is  necessarily  positive,  representing  twice  the  kind 
energy  of  the  system  when  the  currents  in  the  two  conduct 
are  +  1  and  —  1. 

The  expressions  for  R'  and  L'  may  be  put  into  a  form'  whifl 
for  many  purposes  ia  more  convenient,  by  combining  the  ( 
ponent  fractional  terms.     Thus 

„,     RS(R+S)+p'{R(M-Ny-^-S{L-My]  „  | 

"      "     iR  +  Sy  +  jf(L-2M-\-Ny  ^**" 

/'     ^-S'  +  2MRS  +  NR*  +  f  {LN  -  iV)  (Z,  -  23/  +  if)      .  -  J 
(R  +  Sy  +  p--[L--2M+Ny  ■i*)4 

in  which  (£JV  —  3/')  is  positive  by  virtue  of  the  nature  of  T. 

As  p  increases  from  zei-o,  we  know  by  the  general  theorem 
I  111  b,  or  from  the  particular  expressions  (3),  (4),  that  Jf  con- 
tinually increases  and  that  L'  continually  decreases. 
When  p  is  very  small, 


R~ 


.{H 


RS  ,,     LS'+2MRS  +  yR* 

'R  +  S'       ^"         (R  +  sy 

In    this  case  the  distribution  of  the  main  current  betwi>«&  tfa« 
conductors  is  determined  by  the  resiatanceH,  and  (§  11 1  b)  th*  wJlMf-J 
of  R  and  L  coincide  respectively  with  iF/x,\  iT/x,'.     The  r 
nnce  is  manifestly  the  same  as  if  the  currents  were  steady. 
On  the  other  hand,  when  p  is  very  great, 

R(M-Ny+sa~My        „      LX-M*      ,_,  I 


R'  = 


In  this  case  the  distribution  of  currents  is  indcpi-ndt-nl  of  t 
resistanceis,  being  determined  in  accordance  with  Kvlviii'«  the< 

'  Fhit.  Jfflff..  vol.  SI,  p.  Sn,  IBM. 
*  ].].i:boa>Ma,Uc-iit.tm- 
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in  such  a  manner  that  the  ratio  of  the  currents  in  the  two  con- 
ductors is  (N^M)  :  (L  —  M).  As  when  p  is  small,  the  values  in 
(6)  coincide  with  2Flx^\  2T/xj\ 

When  the  two  wires  composing  the  conductors  in  parallel  are 
wound  closely  together,  the  energy  of  the  field  under  high  fre- 
quency may  be  very  small.  There  is  an  interesting  distinction  to 
be  noted  here  dependent  upon  the  manner  in  which  the  con- 
nections are  made.  Consider,  for  example,  the  case  of  a  bundle 
of  five  contiguous  wires  wound  into  a  coil,  of  which  three  wires, 
connected  in  series  so  as  to  have  maximum  inductance,  constitute 
one  of  the  branches  in  parallel,  and  the  other  two,  connected 
similarly  in  series,  constitute  the  other  branch.  There  is  still  an 
alternative  as  to  the  manner  of  connection  of  the  two  branches. 
If  steady  currents  would  circulate  opposite  ways  (if  negative),  the 
total  curfent  is  divided  into  two  parts  in  the  ratio  3  :  2,  in  such  a 
manner  that  the  more  powerful  current  in  the  double  wire  nearly 
neutralises  at  external  points  the  magnetic  effects  of  the  less 
powerful  current  in  the  triple  wire,  and  the  total  energy  of  the 
system  is  very  small  But  now  suppose  that  the  connections  are 
such  that  steady  currents  would  circulate  the  same  way  in  both 
branches  (M  positive).  It  is  evident  that  the  condition  of  mini- 
mum energy  cannot  be  satisfied  when  the  currents  are  in  the  same 
direction,  but  requires  that  the  smaller  current  in  the  triple  wire 
should  be  in  the  opposite  direction  to  that  of  the  larger  current  in 
the  double  wire.  In  fact  the  currents  must  be  as  3  to  —  2 ;  so 
that  (since  on  the  same  scale  the  total  current  is  unity)  the 
component  currents  in  the  branches  are  both  numerically  greater 
than  the  total  current  which  is  algebraically  divided  between 
them.  And  this  peculiar  feature  becomes  more  and  more  strongly 
marked  the  nearer  L  and  N  approach  to  equality  \ 

The  unusual  development  of  currents  in  the  branches  is,  of 
course,  attended  by  an  augmented  effective  resistance.  In  the 
limiting  case  when  the  m  convolutions  of  one  branch  are  supposed 
to  coincide  geometrically  with  one  another  and  with  the  n  convo- 
lutions of  the  second  branch,  we  have 

and  from  (6)  R^'^'^J^f. (7), 

^  Phil  Map,,  vol.  21,  p.  876, 1886. 
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an  expression  which  increases  without  limit,  as  wt  and  n  apprc 
i»  equality. 

The  Tact  that  under  cei'tatn  conditions  the  currents  in  1 
branches  of  a  divided  circuit  may  exceed  the  current  in  the  mai 
has  been  veriiied  by  direct  experiment'.  Each  of  the 
currents  to  be  compared  traversed  short  lengths  of  similar  Gennal 
silver  wire,  and  the  test  consisted  in  iindiug  what  lengths  of  tm 
v'vK  it  was  necessary  in  the  various  cases  to  include  between  tl| 
terminals  of  a  high  resistance  telephone  in  order  to  obtain  soutu 
of  equal  intensity.  The  variable  curi-euts  were  derived  from  I 
battery  and  scraping  contact  apparatus  (§  235  r\  directly  includ< 
in  the  main  circuit. 

The  general  fonoulse  (3'),  (4')  undergo  simpliBcatiun  when 
conductol^  in  parallel  exercise  no  mutual  induction.  Thus,  wl 
M-H. 

_  BS(J{  +  S)  +  f(RN-  +  Sir) 

lR+sy+p'(L  +  ifY     ■■■ 


«=■ 


(8). 


i'- 


LS'  +  lfa'^ 


'  (R+'sy 

If  further  A^  =  0,  (8)  and  (9)  reduce  to 
_S[R(,R+S)  +  ii'L' 


p-LSil,*_S) 
ifiL  +  lfy 


■  (9).  , 


if. 


(.R+sy+p^L' 


?a,     I'. 


LS' 

(R+sy+ifi- 


,..{10> 


The  peculiar  features  of  the  coinbitiation  are  brought  out  r 
strongly  when  S,  the  i-esiatance  of  the  inductionleas  component,  1 
great  in  compaiison  with  R.    lo  that  case  if  the  current  be  att 
or  slowly  vibrating,  it  flows  mainly  through  R,  while  the  resistam 
and  inductance  of  the  combination  approximate  to  R  and  L  i 
tively ;  but  if  on  the  other  hand  the  current  be  a  rapidly  vibni 
one,  it  flows  mainly  through  S,  so  that  the  resistance  of  the  o 
Datiou  approximates  to  S,  and   the   inductance  to  zero, 
conclusions  are  in  agreement  with  (10). 

If  the  branches  iu  parallel  be  simplu  electromagneta,  L  and  iV 

are  necessarily  positive,  and  the  ntiinemtor  iu  (9)  i«  lucapublo  ot 

kDLshiug.     But,  as  we  have  seen,  when  leydens  on;  admitted,  llij 

reittnctioi)  may  be  removed.     Ad  iutereMitig  ca»e  arts<.>s  wbeu  t 

[  aceoad  branch  is  iuductiouless,  and  in  iuterrupttKl  by  a  leydeo  j 

'  PhU.  Uaj^,  vol.  23.  p.  *93.  IBM. 
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capacity  (7,  so  that  i\rss  — ((7/)*)"^  while  at  the  same  time  R=^S. 
The  latter  condition  reduces  the  numerator  in  (9)  to 

Thus  Z'  vanishes,  (i)  when  LCp'  =  1,  and  (ii)  when  Ci?  =  L,  The 
first  alternative  is  the  condition  that  the  loop  circuit,  considered 
by  itself,  should  be  isochronous  with  the  imposed  vibrations. 
The  second  expresses  the  equality  of  the  time-constants  of  the  two 
branches.  If  they  be  equal,  the  combination  behaves  like  a  simple 
resistance,  whatever  be  the  character  of  the  imposed  electro- 
motive forced 

235  n.  When  there  are  more  than  two  conductors  in  parallel, 
the  general  expressions  for  the  equivalent  resistance  and  induc- 
tance of  the  combination  would  be  very  complicated ;  but  a  few 
particular  cases  are  worthy  of  notice. 

The  first  of  these  occurs  when  there  is  no  mutual  induction 
between  the  membera  If  the  quantities  relating  to  the  various 
branches  be  distinguished  by  the  suffixes  1,  2,  3, ...,  and  if  J?  be 
the  difference  of  potentials  at  the  common  terminals,  we  have 

E  =  {ipLi-{'Rj)x^=={ipL^'\'R.)x^^ (1); 

by  which  R  and  L'  are  determined.    Thus,  if  we  write 

we  have  from  (2) 

A                             B 
^'^  A^^^y^'         ^'"  A^-^p^B' ^'*^' 

Equations  (3)  and  (4)  contain  the  solution  of  the  problem  ^ 
When  p  =  0, 

^  "  2(/e-^)'         "  {2(iJ"^)l« ;•*  ^  ^• 

When  on  the  other  hand  p  is  very  great, 

1  ChiTBtal,   "On  the  Differential  Telephone,'*  Edin,  Tram.,  vol.  29,  p.  615, 
s  FkiL  Mag^  toL  21,  p.  879,  18S6. 
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Even  when  the  mutual  induction   between  various  nieniU 
cannot  be  neglected,  tolerably  simple  expressions  can  be  fouod  fl 
the  equivalent  resistance  and  inductance  in  the  extreme  coses  o 
infinitely  small  or  infinitely  large.     As  has  already  been  prore 
(§111  6),  the  above-mentioned  quantities  then  coincide  in  i 
with  2F/{wi  +  x^  +  ...y.  and  2TI{x,+x,+ ...y,  and  the  calculati 
of  these  values  is  easy,  inasmuch  as  the  distribution  of  cuir 
among  the  branches  is  deteixiined  in  the  first  case  entirely  byJ 
and  in  the  secoud  case  entirely  by  T.     Thus,  when  p  is  infiuito 
small,  F  is  R  minimum,  and  the  currents  are  in  proportion  to  tj 
conductances  of  the  seveml  branches.    Accordingly,  if  the  inductid 
coefficients  of  the  branches  be  denoted,  as  in  §  111  b,  by  a,,,  a„, . 
a„,  flu, ...,  and  the  resistances  by  R,,  iJ,,  &c.,  we  have 

~(i/R,+ifit,+...y        i/B,+i/it,+...'" 


if-  - 


..(7). 


Z'  =  "! 


(l!Rt+llR,  +  llIi,  +  ...y 


■•{»}■ 


A  similar  method  applies  when  j)  =  « ,  but  the  result  is  l««i 
simple  on  account  of  the  complication  in  the  ratios  of  currents  due 

to  mutual  induction '. 

23C  0.  The  induction-balance,  originally  contrived  by  Dove 
for  use  with  the  galvanometer,  has  in  recent  years  been  adapticd 
to  the  telephone  by  Hughes*,  who  has  described  experitnenlH 
illustrating  the  marvellous  sensibility  of  the  arrangement.  11^1 
essential  features  are  a  primary,  or  batter}',  circuit,  in  whi^H 
circulates  a  current  rendered  intermittent  by  u  make  and  bre^H 
interrupter,  or  by  a  simple  scraping  contact,  and  a  secuodai^l 
circuit  containing  a  telephone.  By  suitable  adjustniouts  the  l^^| 
circuits  are  rendered  conjugate,  that  is  to  say  the  coefficiont  ^| 
mutual  induction  is  caused  to  vanish,  so  as  to  reduce  the  telepb(M^| 
to  silence.  The  introduction  into  the  neighbourhood  of  «  thi^H 
circuit,  whether  composed  of  a  coil  of  wii-e,  or  of  a  nmple  coi^l 
ducting  mass,  such  as  a  coin,  will  then  in  general  cause  a  revi^H 
of  sound.  ^H 

The  destruction  uf  the  mutual  induction  in  the  ca»c  of  two  l^H 
I  coiU  can  be  arrived  at  by  placing  them  at  n  short  djxtatwe  «|M^| 

^^^k                            >  J.  J.  IboBuon,  loc.  eit.  i  Ul  ^H 

^ >  PhO,  JIft(|.t«*.'rai.,^.»,  1879.  ^H 
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in  parallel  planes,  and  with  accurately  adjusted  overlapping.    But 
in  Hughes'  apparatus  the  balance  is  obtained  more  symmetrically 
by  the  method  of  duplication.    Four  similar  coils  are  employed. 
Of  these  two  Ai,  A^,  mounted  at  some  distance  apart  with  their 
pl&nes  horizontal,  and  connected  in  series,  constitute  the  primary 
induction   coil.     The  secondary  induction  coil   consists  in  like 
manner  of  B^  B^,  placed  symmetrically  at  short  distances  from 
Ai,  A^,  and  also  connected  in  series,  but  in  such  a  manner  that 
the  induction  between  Ai  and  Bi  tends  to  balance  the  induction 
between  A^  and  B,.    If  the   four  coils  were   perfectly  similar, 
balance  would  be  obtained  when  the  distances  were  equal.    This 
of  course  is  not  to  be  depended  upon,  but  by  a  screw  motion  the 
distance  between  one  pair,  e.g.  Ai  and  Bi,  is  rendered  adjustable, 
and  in  this  way  a  balance  between  the  two  inductions  is  obtained. 
Wooden  cups,  fitting  into  the  coils,  are  provided  in  such  situations 
that  a  coin  resting  in  one  of  them  is  situated  symmetrically 
between   the  corresponding  primary  and  secondary  coils.    The 
balance,  previously  adjusted,  is  of  course  upset  by  the  introduction 
of  a  coin  upon  one  side,  but  if  a  perfectly  similar  coin  be  intro- 
duced upon  the  other  side  also,  balance  may  be  restored.    Hughes 
found  that  very  minute  differences  between  coins  could  be  ren- 
dered evident  by  outstanding  sound  in  the  telephone. 

The  theory  of  this  apparatus,  when  the  primary  currents  are 
harmonic,  is  simple  ^  especially  if  we  suppose  that  the  primary 
current  Xi  is  given.  If  Xi,  cc^,.,.  be  the  currents;  6i,  6.j, ...  the 
resistances;  an,  a^t  a^,  ...  the  inductances,  the  equations  for 
the  case  of  three  circuits  are 


(l^X»2  "T  fl^^^'s    I    O^X^  —  ~"  0,12^1 

Clasps 

We  now  assume  that  Xi,  x^,  &c.  are  proportional  to  e^P^,  where 
'p/27r  is  the  frequency  of  vibration.    Thus, 

ip  {a^x^  +  a^x^)  +  6,0?,  =  —  ipa^Xi ; 
whence  by  elimination  of  x^ 

^  Brit.  Auoc.  Rep.  ISSO,  p.  472. 
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Fi-oni  this  it  appears  that  a  want  of  balance  depending  on  J 
cannot  compensate  for  the  aetian  of  the  third  circuit, 
produce  silence  in  the  secoudary  circuit,  unless  b,  be  aegligili 
in  comparison  with  paa,  that  is  unless  the  tinie-constani  of  t 
third  circuit  be  very  gi-eat  in  comparison  with  the  period  of  t 
vibration.  Otherwise  the  effects  are  in  different  phaf 
therefore  incapable  of  balancing. 

We  will  now  inti-oduce  a  fourth  circuit,  and  suppose  that  t 
primary  and  secondary  circuits  are  accurately  conjugate,  so  t" 
a„  =  0,  and  also  that  the  mutual  induction  n^  between  the  thi 
and  fourth  circuits  may  be  neglected.     Then 

ip  {a^x,  +  a^x,  +  ttniCj)  +  6,a;,  =  0, 

ip  {a^X;  +  a-n"^-)  +  bt^i  =  —  ipaux, , 

ip  (OjsX,  +  aux,)  +  &,ic«  =  -  »pau«i  | 


3-.<ipn^  +  b,+ 


P'^^'^ 


_f}h 


ipiia  +  bt     ipa^  +  b,\ 


=  —  p?Xx 


(3).| 


[ipaa  +  b,     ipo^  +  fr*) 
It  appears  that  two  conditions  must  be  satisfied  in  order 
secure  a  balance,  since  both  the  phases  and  the  intensities  (rf 
separate  effects  must  be  the  same.     The  first  condition  reqt 
that  the  time-constants  of  the  third  and  fourth  circuits  be  i 
unless  indeed  both  be  very  great,  or  both  be  very  small,  in 
parison  with  the  period.     If  this  condition  be  satisfied, 
ensuts  when 

On  ff« 

and  it  is  especially  to  be  noted  that  the  adjustment  is  indepeoifa 
of  pitch,  so  that  (by  Fourier's  theorem)  it  suffices  wbateTer  be  t 
nature  of  the  variable  currents  operative  in  the  primary. 

As  regards  the  position  of  the  third  and  fourth  circnits,  nnully 
represented  by  coins  in  illustrative  experiments,  it  will  bi?  ^.r.  n 
fmm  the  symmetry  of  the  right-hand  member  of  (8>  ih.i'  ih 
middle  podtiou  between  the  primaiy  and  secondsr}'  ooils  u^  'Sdii- 
able,  inasmuch  aa  the  product  ai,a«  ia  stationary  in  value  whl 
the  coin  is  moved  slightly  so  as  to  bu  UL-arur  say  to  tbv  j 
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and  further  from  the  secondary  ^  Approximate  independence  of 
other  diaplacements  is  secured  by  the  geometrical  symmetry  of  the 
coils  round  the  axis. 


Fig.  53  a. 


235  ji.  For  the  accurate  comparison  of  electrical  quantities 
the  "bridge"  arrangement  of  Wheatstone  is  usually  the  most 
convenient,  and  is  equally  available  with  the  galvanometer  in  the 
case  of  steady  or  transitory  currents,  or  with  the  telephone  in  the 
case  of  periodic  currents.  Similar  effects  may  be  obtained  in  most 
cases  without  a  bridge  by  the  employment  of  the  differential 
galvanometer  or  the  differential  telephone^. 

In  the  ordinary  use  of  the  bridge  the  four  members  a,  b,  c,  d 
combmed-in  a  quadrilateral  Fig.  (53  a)  are 
dmpile  resistances.-^  The  battery  branch/ 
joins  one  pair  of  opposite  comers,  and  the 
indicating  instrument  is  in  the  "bridge" 
e  joining  the  other  pair.  "  Balance  "  is 
obtained,  when  ad^hc.  But  for  our 
purpose  we  have  to  suppose  that  any 
member,  e.g.  a,  is  not  merely  a  resistance, 
or  even  a  combination  of  resistances.  It  may  include  an  electro- 
magnet, and  it  may  be  interrupted  by  a  leyden.  But  in  any  case, 
80  long  as  the  ourrent  x  is  strictly  harmonic,  proportional  to  e^^^, 
the  general  relation  between  it  and  the  difference  of  potentials  V 
at  the  extremities  is  given  by 

V^{ai'\'%a^x (1), 

where  Oi  and  to,  are  the  real  and  imaginary  parts  of  a  complex 
coefficient  a,  and  are  functions  of  the  frequency  pl2ir.  In  the 
particular  case  of  a  simple  conductor,  endowed  with  inductance  L, 
Oi  represents  the  resistance,  and  a,  is  equal  to  pL,  In  general,  Oi 
is  positive;  but  o^  may  be  either  positive,  as  in  the  above  ex- 
ample, or  negative.  The  latter  case  arises  when  a  resistance  R  is 
interrupted  by  a  leyden  of  capacity  C,  Here  ai  =  5,  a,  =  —  1/pC 
If  there  be  also  inductance  Z, 

ai^Ry      a^^pL-ljpC (2). 

As  we  have  already  seen,  §  235  j,  a,  may  vanish  for  a  particular 
frequency,  and  the  combination  is  then  equivalent  to  a  simple 


1  See  Lodge,  Phil,  Mag.,  toI.  9,  p.  128,  1880. 
*  Chxjntol,  EdifL  IVanf .,  2oe.  cit. 
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resistance.  But  a  variation  of  frequency  gives  rise  to  a  pOMt 
or  negative  a,. 

In  all  electrical  problems,  where  there  is  ao  mutual  inducU 
the  generalized  quantities,  a,  b,  &c.,  combine,  just  as  they  do  v 
they  represent  simple  resistances^  Thus,  if  a,  a  be  two  comp 
quantities  representing  two  conductors  in  series,  the  correspond] 
quantity  for  the  combination  is  («  +  a).  Again,  if  a,  a'  repre 
two  conductors  in  parallel,  the  reciprocal  of  the  resultant  i«  gi* 
by  addition  of  the  reciprocals  of  a,  a.  For,  if  the  currents  be  x, 
corresponding  to  a  difference  of  potentials  V  at  the  eomn 
terminals, 

V=aji:  =  a'x', 

so  that  x  +  x'=  V{lla  +  l/ti'). 

In  the  application  to  Wheatstone's  combination  of  the  gem 
theoiy  of  forced  vibrations,  we  will  limit  the  impressed  forces 
the  battery  and  the  telephone  branches.  If  a^,  y  be  the  ciirrei 
ia  these  branches,  X,  Y  the  corresponding  electro-motive  foi 
we  have,  §  107,  linear  relations  between  n;  y,  and  X,  ¥,  which  i 
be  written 

r-B^  +  csS <'>• 

the  coefficient  of  y  in  the  first  equatioQ  being  identical  with  tfa 
of  X  in  the  second  equation,  by  the  reciprocal  property.  The  th 
constants  A,  B,  C  are  in  general  complex  quantities,  fuuctious  o 

The   reciprocal   relation  may  be   interpreted  as  follows. 
y=O,ffj-+Cy=0.and 

BX  „, 

"^  B'-AC ™ 

In  like  manner,  if  we  had  supposed  A'«=0,  we  ahonld  hmf*  ' 

found 

BY 


.(S). 


shewing  that  the  ratio  of  the  current  in  one  member  to  th«  el«etR)- 
motive  force  operative  in  the  other  is  independent  of  tfao  way  in 
which  the  parts  are  assigned  to  the  two  merobeiK 

'  For  4  more  complete  dlwuMioa  ol  tbia  rabject  toe  BekvUfd*  *•  Ob  B>*utaii° 
snd  Coaduotuice  Operftton."  Phil,  itas-,  toL  M,  pl  in,  lUT ;  Eltetht^l  Ffi" 
nl.  a.t  p.  S66. 
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We  have  now  to  determine  the  constants  A,  B,  C  in  terms  of 
the  electrical  properties  of  the  system.  If  y  be  maintained  zero 
by  a  suitable  force  Y,  the  relation  between  x  and  X  is  X  =  Ax. 
A  therefore  denotes  the  (generalized)  resistance  to  any  electro- 
motive force  in  the  battery  member,  when  the  telephone  member  is 
open.  This  resistance  is  made  up  of  /,  the  resistance  in  the 
battery  member,  and  of  that  of  the  conductors  a  +  c,  b  +  d, 
combined  in  parallel     Thus 

In  like  manner 

C  =  e  +  <^±^H^> (7). 

To  determine  B  let  us  consider  the  force  Y  which  must  act 
in  0  in  order  that  the  current  through  it  may  be  zero,  in  spite 
of  the  operation  of  X.  We  have  Y^Bx.  The  total  current  x 
flows  partly  along  the  branch  {a-k-cX  and  partly  along  (&  +  e2). 
The  current  through  {a-\'C)  is 

l/(a H- c)  +  1/(6  +  d)     a-^b'-^c^-d ^  ^' 

and  that  through  (6  +  d)  is 

a  +  6  +  c  +  d ^^^• 

The  difference  of  potentials  at  the  terminals  of  e,  supposed  to 
be  interrupted,  is  thus 

c(b'\-d)x-'d{a-\-c)x 
a+6+c+d         ' 

and  accordingly  5  =  _J|^^ (10). 

By  (6),  (7),  (10)  the  relationship  of  X,  F  to  a?,  y  is  completely 
determined. 

The  problem  of  the  bridge  requires  the  determination  of  the 
current  y  as  proportional  to  X,  when  F=0,  that  is  when  no 
electro-motive  force  acts  in  the  bridge  itself;  and  the  solution  is 
given  at  once  by  the  introduction  into  (4)  of  the  values  ot  A,  B,  C 
from  (6),  (7),  (10). 

If  there  be  an  approximate  *'  balance,"  the  expression  simplifiea 
Per  {be  ~  ad)  is  then  small,  and  £*  may  be  neglected  relatively  to 
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AC  in  the  denominator  of  (*),    Thus,  as  a  aiifficient  approximari 

in  this  case,  we  mdy  write 

X     AC     (6)x{r) ^  ^ 

The  following  interpretation  of  the  procesa  leads  very  sim 
to  the  approximate  form  (11),  and  is  independent  of  the  gem 
theory.  Let  iis  first  inquire  what  electro-motive  force  is  neoess 
in  the  telephone  member  to  stop  any  current  through  it.  If  su< 
a  force  act.  the  conditions  are,  externally,  the  same  as  if  I 
member  were  open ;  and  the  current  x  in  the  battery  member  d 
to  a  force  equal  to  X  in  that  member  is  X/A.  where  A  is  writt 
for  brevity  as  representing  the  right-hand  member  of  (6). 
difference  of  potentials  at  the  terminals  of  e.  still  supposed  to 
open,  is  found  at  once  when  x  is  known.     It  Is  given  by 

cx(8)-dx(9)  =  Bd', 
where  B  is  defined  by  (10).     In  terms  of  X  the  differenoc 
potentials  is  thus  BXjA.     If  e  be  now  closed,  the  same  fmcti 
expresses  the  force  necessary  in  e  in  order  ti>  prevent  the  gew 
tion  of  a  current  in  that  meniber. 

The  case  with  which  we  have  to  deal  is  when  X  act6  in  /• 
there  is  no  force  in  e.    We  are  at  liberty,  however,  to  suppose  t 
two  opposite  forces,  each  of  magnitude  BX/A,  act  in  e.     One 
these,  as  we  have  seen,  acting  in  conjunction  with  X  in  /,  give;) 
current  in  e ;  so  that,  since  electro-motive  forees  act  independentir  * 
of  one  another,  the  actual  current  in  e,  closed  without  internal 
electro- motive  force,  is  simply  that  due  to  the  other  component 
The  question  is  thus  reduced  to  the  determination  of  the  cum-iil 
in  e  due  to  a  given  force  in  that  member. 

So  far  the  argument  is  rigorous :  but  we  will  now  suppose  tlwC 
we  have  to  deal  with  an  approximate  balanca  In  this  case  a  forci- 
in  e  gives  rise  to  very  little  current  in  /,  and  in  calcnUting  the 
current  in  e.  we  may  suppose  /  to  be  broken.  The  total  ri.-.L-\iiii^ 
to  the  force  in  e  is  then  given  simply  by  C  of  equation  (7  j.  i  . 
approximate  \'alue  for  y  in  derived  by  dividing  —BXIA  li>  '  > 
we  found  in  (11). 

A  continued  application  of  the  foregoing  pn>c«M  gives  y/X  in 
the  form  of  an  infinite  geometric  series : — 
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T'lis  U  the  rigorous  solution  already  found  io  (4);  but  the  first 
vrm  of  the  series  suffices  for  practical  purposes. 

The  form  of  (11)  enables  us  at  once  to  compare  the  effects  of 
■  riirremwnts  of  resistance  and  of  inductance  iu  diBturbing  a  balance. 
r"'ir  let  ad  =  6c,  and  then  change  d  to  d  +  d',  where  d'  =  d,'  +  irf,'. 
i  hi-  value  of  y/X  is  propoitional  to  d',  and  the  amplitude  of  the 
.:br»tory  current  in  the  bridge  is  proportional  to  mod.  d',  that  is, 
^  •i/{di''  +  rf/').  Thus  d,',  d,'  ore  equally  efficacious  when  nu- 
merically equal*.  In  most  casee  where  a  telephone  is  employed, 
the  balance  is  more  eteusitive  to  changes  of  inductance  than  to 
diauges  of  resistance. 

In  the  use  of  the  Wheataione  balance  for  purposes  of  measure- 
ment, it  is  best  to  make  u  equal  to  c.  The  equality  of  h  and  d  can 
then  be  tested  by  interchange  of  a  and  c,  independently  of  the 
'lactitude  of  the  equality  of  these  (juantitiea.  Another  advantage 
lies  in  the  fact  that  balance  is  independent  of  mutual  induction 
between  a  and  c  or  between  b  and  d. 

236  f.  In  the  formulae  of  §235^  it  has  been  assumed  that 
:h(-ru  in  no  mutual  induction  between  the  various  members  of  the 
Lotnbination.  The  more  general  theory  has  been  consitlered  very 
fully  by  Heaviside',  but  to  enter  upon  it  would  lead  us  too  far. 
It  may  be  well,  however,  to  sketch  the  theory  of  the  arrangement 
ipt«<l  by  Hughes,  which  possesses  certain  advantage^^  iu  dealing 
pit  the  electrical  properties  of  wires  in  short  lengths*. 
■The  apparatus  consists  of  a  Wheatstone's  quadrilateral,  Fig.  nS  b, 
\  a  telephone  in  the  bridge,  one  of  the 
1  of  the  quadrilateral  being  the  wire  ^^' ^''-  _ 

■  oo\\  under  examination  (P),  and  the 
her  three  being  the  parts  into  which  a 
■^iugle  Gemian-ailver  wire  is  divided  by 
two  sliding  contacts.  If  the  battery- 
bmnch  {B)  be  closed,  and  a  suitable  in- 
terrupter be  introduced  into  the  telephone- 
ranch  (.r),  balance  may  be  obtained  by 
hifting  the  contacts.  Provided  that  the 
•upter    intr  I  Alices    no    electro-motire 

"On  (he  Brid)(e  Method  in  its  ApplicatioD  to  Periodic  Electric  Current*." 
k.  »oa.  soc..  vol,  4U.  p.  ma.  isyi. 

■'0»  th«  Selt-IndoMioQ  (.f  Wire*,"  Port  vi. ;  Phil.  Hag. .  Feb.  1887 :  EUrlrical 


rn.  ttl.  Enff..  vol.  »v.  (188U)  p.  I  ;  Pra 


I.  Sue.,  vol.  iL.  {l«vG)  p.  *51. 
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force  of  its  own ',  the  balauce  indicates  the  proportionality 
the  four  resistances.  If  P  be  the  uuknowti  resistance  of  I 
conductor  under  teat,  Q,  R  the  resistances  of  the  adjacent  ports 
the  divided  wire.  S  that  of  the  opposite  part  (between  the  slidi 
contacts),  then,  by  the  ordinary  rule,  PS=  QR;  while  Q.Ji.S» 
subjecl  to  the  relation 

Q  +  R  +  S=W, 

W  being  a  constant.  If  now  the  interrupter  be  transferred  fr 
the  telephone  to  the  battery-branch,  the  balance  is  usually  C 
turbed  on  acconnt  of  induction,  and  cannot  be  restored  by  a 
mere  shifting  of  the  contacts.  In  order  to  compensate  I 
induction,  another  influence  of  the  same  kind  must  be  inti 
duced.  It  ia  here  that  the  peculiarity  of  the  apparatus  lies. 
coil  (not  shewn  in  the  figure)  is  inserted  in  the  battery'  and  anotb 
in  the  telephone-branch  which  act  inductively  upon  one  anoth 
and  are  so  mounted  that  the  effect  may  be  readily  varied.  1 
two  eoila  may  be  concentric  and  relatively  movable  about  1 
common  diameter.  In  this  case  the  action  vanishes  when  1 
planes  are  perpendicular.  If  one  coil  be  very  much  smaller  tl 
the  other,  the  coeiBcient  of  mutual  induction  M  is  proportional 
the  cosine  of  the  angle  between  the  planes.  Bj"  means  of  I 
two  adjustments,  the  sliding  of  the  contacts  and  the  rotation  of  t 
coil,  it  is  usually  possible  to  obtain  a  &ir  silence. 

Hughes  interpreted  his  observations  on  the  basis  of  an  I 
sumption  that  the  inductance  of  P  was  represented  by  H,  xr 
spective  of  resistance,  and  that  the  resistance  to  variable  currei 
could  (as  in  the  case  of  steady  currenlal  be  equated  to  QR 
But  the  matter  ia  not  quite  so  simple.  The  true  furmulfi  • 
however,  readily  obtained  for  the  case  where  the  only  »eoSl 
induction  among  the  sides  of  the  cguadrilateral  is  the  inducuuw) 
of  the  conductor  P. 

Since  there  is  no  current  through  the  bridge,  there  must 
the  same  current  {x)  in  P  and  in  one  of  the  adjacent  aides  (My) 
and  for  a  like  reason  the  same  cun'ent  y  in  Q  and  S.  Thv  diA 
ence  of  potentials  at  time  t  between  the  junction  of  P  utd  it  m 
the  junction  of  Q  and  S  may  be  expressed  by  e«:h  of  the  three 
following  equated  quantities : — 
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Introducing  the  assumption  that  all  the  quaotities  vai-)'  hai- 
M;otiicaily  with  frequency  p;'2x,  and  elitninating  the  ratio  y  :  ir,  we 
"ind  as  the  conditions  required  for  silence  in  the  telephone 

QR-SP  =  p'ML (1). 

Af(P  +  Q  +  R  +  S)  =  SL (2). 

It  will  be  seen  that  the  ordinarj'  resistance  balance  (SP  =  QR) 
,'  departed  from.  The  change  here  considered  is  peculiar  to  the 
.i|iai-ams  and,  so  far  as  its  influence  is  concerned,  it  does  not 
hcrile  a  real  alteration  of  resistance  in  the  wire.  Moreover, 
-ince  p  is  involved,  the  disturbance  depends  upon  the  rapidity  of 
ibrstion,  iKt  that  in  the  case  of  ordinary  mixed  sounds  silence  can 
I  --  attained  only  approximately.  Again,  from  the  second  equation 
■>-r  see  that  M  is  not  in  general  a  correct  measure  of  the  value 

If,  however.  P  be  known,  the  application  of  (2)  presents  no 
difficulty.  In  many  cases  we  may  be  sure  beforehand  that  P, 
riz.  the  effective  resistance  of  the  conductor,  or  combination  of 
conductors,  to  the  variable  currents,  is  the  same  as  if  the  currents 
were  steady,  and  then  P  may  be  regarded  as  known.  But  there 
•re  other  cases, — some  of  them  will  be  alluded  to  below — in 
*hich  this  assumption  cannot  be  made;  and  it  is  impossible  to 

I-  lemaine  the  unknown  quantities  L  and  P  from  (2)  alone.     We 

nay  then  fall  back  upon  (1).  By  means  of  the  two  equations 
P  and  L  can  always  be  found  in  terms  of  the  other  quantities. 
iiut  among  these  is  included  the  frequency  of  vibration  ;  so  that 

he  method  is  pi-acttcally  applicable  only  when  the  interrupter  is 
-lich  as  to  give  an  absolute  periodicity.    A  scraping  contact, 

irherwi.te  verj'  convenient,  is  thus  excluded;  and  this  is  un- 
■  i"iibtedly  an  objection  to  the  method. 

If  the  member  P  be  without  inductance,  but  be  interrupted  by 
I  leyden  of  capacity  C,  the  same  formulce  may  be  employed,  with 
'ibetitiition  of  —  1/^'C  for  Z.  Equation  (1)  then  gives  a  measure 
i"  C  which  is  independent  of  the  frequency. 

235  n  The  success  of  experiments  with  this  kind  of  apparatus 
i-.'pends  very  largely  upon  the  action  of  the  interrupter  by  which 
ue  carrents  are  rendered  variable.  When  periodicity  is  noi 
.  Tel.  Enjj.,  nl.  it.,  p.  M, 
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DecessRiy,  n  scrapiiig  contact,  actuated  by  a  clock  or  by  a  Btnslt) 
motor,  answers  very  well ;  but  it  is  advisable,  following  Lodge 
and  Hughes,  so  to  arrange  matters  that  the  current  is  suspended 
altogether  at  short  intervals.  The  faint  scraping  sound,  heard  in 
the  neighbourhood  of  a  balance,  is  more  certainly  identified  when 
thus  rendered  intermittent. 

But  for  many  of  the  most  interesting  experiments  a  scraping 
contact  is  unsuitable.  When  the  inductance  and  resistance  under 
observation  are  rapidly  varying  functions  of  the  frequency,  it  is 
evident  that  no  sharp  results  are  possible  without  an  interrupter 
giving  a  perfectly  regular  electrical  vibration.  With  proper  appli- 
ances an  absolute  silence,  or  at  least  one  disturbed  only  by  a  slight 
sensation  of  the  octave  of  the  principal  tone,  can  be  arrived  at 
under  circumstances  where  a  scmpiug  contact  would  admit  of  no 
approach  to  a  balance  at  all. 

Tuning-i'orks,  driven  electromagnetically  with  liquid  or  solid 
contacts  (§  64),  answer  well  so  long  as  the  frequency  required 
does  not  exceed  (say)  300  per  second ;  but  for  experiments  with  the 
telephone  we  desire  frequencies  of  from  500  to  2000  per  second. 
Good  results  may  be  obtained  with  harmonium  reed  interrupters, 
the  vibrating  tongue  making  contact  once  during  each  period 
with  a  stop,  which  can  be  adjusted  exactly  to  the  required  position 
by  means  of  a  screw'. 

But  perhaps  the  best  interrupter  for  use  with  the  telephone  is 
obtained  by  taking  advantage  of  the  instability  of  a  jet  of  fiuid. 
If  the  diameter  and  the  speed  be  chosen  suitably,  the  jet  may  be 
caused  to  resolve  itself  into  drops  under  the  action  of  a  tuning- 
fork  in  a  perfectly  regular  manner,  one  drop  corresponding  to 
each  complete  vibration  of  the  fork.     Each  drop,  as  it  passes, 
may  be  made  to  complete  an  electric  circuit  by  squeezing  itself 
between   the   extremities   of  two   fine   platinum   wires.     If  the 
electro- motive   force   of  the  battery  be  pretty  high,  and  if  the 
jet  be  salted  to  improve  its  conductivity,  sufficient  current  passes, 
especially  if  the  aid  of  a  small  step-down  transformer  be  invoked. 
Finally  the  apparatus  is  made  self-acting  by  bringing  the  foi 
under  the  influence  of  an  electro-magnet,  itself  traversed  by  tl 
same  intermittent  current.     Such  an  apparatus  may  be  madi 
work  with  frequencies  up  to  2000  per  second,  and  it  posse: 
many  advantages,  among  which  may  be  mentioned  almost  absolal 

■  Phil.  Hag.,  vol.  n.  p.  473,  1666. 


I 


INTERRUPTERB. 

constancy  of  pitch,  and  the  avoidance  of  lond  aerial  disturbance. 
The  principles  upon  which  the  action  of  this  interrupter  depends 
will  be  further  considered  in  a  subsequent  chapter. 

23fi  «.  Scai-cely  less  important  than  the  interrupter  are  the 
arrangements  for  measiuiiig  induction,  whether  mutual  induc- 
tion, as  required  in  §  2S5  q.  or  self-induction.  Inductometers,  as 
Heaviflide  calls  them,  may  be  conveniently  constructed  upon 
the  pattern  of  Hughes.  A  small  coil  is  mounted  so  that  one 
diameter  coincides  with  a  diameter  of  a  larger  coil,  and  is 
movable  about  that  diameter.  The  mutual  induction  M  between 
the  two  circuits  depends  upon  the  position  given  to  the  smaller 
coil,  which  is  read  by  a  pointer  attached  to  it,  and  moving  over  a 
graduated  circle.  If  the  smaller  coil  were  supposed  to  be  infinitely 
email,  the  value  of  M,  as  has  already  been  stated,  would  be  pro- 
portional to  the  sine  of  the  displacement  from  the  zero  position 
{M  =  0).  But  an  approximation  to  this  state  of  things  is  not 
desirable.  If  the  mean  radius  of  the  small  coil  be  increased  until 
it  amounts  to  '55  of  that  of  the  larger,  not  only  is  the  efficiency 
much  enhanced,  but  the  scale  of  M  is  brought  to  approximate 
coincidence,  over  almost  the  whole  practical  range,  with  the  scale 
of  degrees'.  The  absolute  value  of  each  degree  may  be  arrived  at 
o  various  ways,  perhaps  most  simply  by  adjusting  the  mutual 
induction  of  the  instrument  to  balance  a  standard  of  mutual 
induction. 

For  experiments  upon  the  plan  of  §  2-S5  q  the  one  coil  is 
included  in  the  telephone  and  the  other  in  the  battery  branch, 
but  when  the  object  is  to  secure  a  variable  and  measurable 
inductance,  the  two  coils  are  connected  in  series.  The  inductance 
of  the  combination  is  then  i  +  23/  +  JV,  of  which  the  first  and 
third  terms  are  independent  of  the  relative  position  of  the  coils, 

236  t.  Good  results  by  the  method  of  §  235  q  have  been 
'iobtained  by  Weber',  and  by  the  author'  using  a  reed  interrupter 
of  frequency  1050  per  second ;  but  the  fact  that  inductance  and 
resistance  are  mixed  up  in  the  measurements  is  a  decided  draw- 
back, if  it  be  only  because  the  readings  require  for  their  interpre- 
tation calculations  not  readily  made  upon  the  spot. 


>  Phil.  Mag.,  Tol.  22,  p.  498,  1886. 
'  EUctrieal  Rrrieie,  April  fl,  Joly  9, 
•  Fhil.  ,Vaji..  loe.  til. 
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Tlie   more   obvioua   arraBgemeot   is   one   iu  which  both 
iudiictioD  and  the  resistance  of  the  branch  containing  the  subj 
under  examination  are   in  every  case  brought  up  to  the  gi' 
totals  necessary  for  a  balance.     To  cany  this  out  couventently 
reqnire  to  be  able  to  aild  inductance  without  altering  resistai 
and  resistance  without  altering  inductance,  and  both  in  a 
able  degree.     The  first  demand  is  easily  met     If  we  include 
the  circuit  the  two  coils  of  an  iuductomcter,  connected  in  sei 
the  inductance  of  the  whole  can  be  varied  in  a  known  maouer 
rotating  the  smaller  coil.     On  the  other  baud  the  introduction, 
removal,  of  resistance  without  alteration  of  inductance  cannot 
be  carried  out  with  rigour.     But  in  most  cases  the  object  can 
suflSciently  attained  with  the  aid  of  a   resistance-sli<Je  of 
German-silver  wire  which  may  be  in  the  form  of  a  nearly  cl^ 
loop. 

In  the  Wheatstone's  quadrilateral,  as  arranged  for  these 
penments,  the  adjacent  sides  R.  S  may  be  made  of  similar  wi 
of  German  silver  of  equal  resistance  (J  ohm).     If  doubled  tl 
give  rise  to  little  induction,  but  the  accuracy  of  the  method 
independent   of    this   circumstance.     The   side   P   includes    ' 
conductor,  or  combination  of  conductors,  under  examination, 
inductometer,  and  the  resistance-slide.     The  other  side,  Q,  ml 
possess  resistance  and  inductance  greater  than  any  of  the  \ 
duclors  to  be  compared,  but  need  not  be  susceptible  of  ready 
measurable  variations.     In  order  to  avoid  mutual  induction 
tween  the  branches,  P  and  Q  should  be  placed  at  some  distj 
away,  being  connected  with  the  rest  of  the  apparatus  by  leads 
doubled  wire. 

It  will  be  evident  that  when  the  interrupter  acts  in 
battery  branch,  balance  can  be  obtained  at  the  telophoue  in 
bridge  only  under  the  conditions  that  both  the  inductance 
the  resistance  in  P  are  equal  in  the  aggregate  to  the 
ing  quantities  in  Q.    Hence  when  one  conductOT  is  subxtitated 
another  in  P,  the  alterations  demanded  at  the  iuductunu>ter  i 
in  the  .-^lide  give  respectively  the  changes  of  inductance  sod 
resistance.     In   this  arrangement  inductance   and   n;»i!tan<n!  i 
well   separated,  so  that  thti  results  cau  be  iut4;rpivted  wi(li4 
calculation;   but   the   movable   coulacts  of  the  slide  appear 
introduce  uncertainty  into  the  detcrtniiiatiou  of  rv^taiice. 

In  order  to  gel  rid  of  the  objectionable  movable  omUi 
aome  sacrifice  of  theowUcaV  wmigWa-ty  awm*  uiiavwdabto,    ^ 
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11  no  longer  keep  the  total  resistances  P  aad  Q  constant ;  but  by 
:■  verting  to  the  arrangement  adopted  in  a  well-known  form  of 
■  heats  tone's  bridge,  we  cause  the  resistances  taken  from  P  to  be 
'iiied  to  Q,  and  vice  versd.  The  transferable  resistaiice  is  that  of 
i  straight  wire  of  German-silver,  with  which  one  telephone  ler- 
Biiaal  mokes  contact  at  a  point  whose  position  is  read  off  on  a 
ilinded  scale.  Any  uncertainty  in  the  resistance  of  this  contact 
«  not  influence  the  measurements. 


Me) 


<o)= 


[  The  diagram  Fig.  (53  c)  shows  the  connection  of  the  parts.    One 

I  lie  telephone  termioals  T  goes  to  the  junction  of  the  (J  ohm) 

Utances  B  and  S,  the  other  to  a  point  upon  the  divided  wire. 

e  branch  P  includes  one  inductometer  (with  coils  connected  in 

Jnes),  the  subject  of  examination,  and  part  of  the  divided  wire. 

The  branch  Q  includes  a  second  inductometer  (replaceable  by  a 

iiiiple  coil  possessing  suitable  inductance),  a  rheostat,  or  any 
'"siitance  roughly  adjustable  fi-om  time  to  time,  and  the  re- 
Msinder  of  the  divided  wire.  The  battery  branch  S,  in  which  may 
■'Ui-j  be  included  the  inteiTUpter,  has  its  terminals  connected,  one 
■ '  the  junction  of  P  and  R,  the  other  to  the  junction  of  Q  and  8. 
^Vhen  it  is  desired  to  use  steady  currents,  the  telephone  can  of 

lunie  be  replaced  by  a  galvanometer. 

In  this  an'angeraent,  as  in  the  other,  balance  requires  that  the 
''ranches  P  and  Q  be  similar  in  respect  both  of  inductance  and  of 
I'^sistance.  The  changes  in  inductance  due  to  a  shift  in  the 
i""Vlible  contact  may  usually  be  disregarded,  and  thus  any  alte- 
•  ition  in  the  subject  (included  in  P)  is  measured  by  the  rotation 
■"-■cessitated  at  the  inductometer.  As  for  the  resistance,  it  is 
"iilent  that  [R  and  S  being  equal)  the  value  for  any  additional 
inductor  interposed  in  /*  is  measured  by  twice  the  displacement 
'!  the  sliding  contact  necessary  to  regain  the  balance. 

Experimental  details  of  the  application  of  this  method  to  the 
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laeasuremeiit  of  various  combinations  will  be  found  in  the  paper' 
from  which  the  above  sketch  is  derived.  Among  these  may  b- 
mentioned  the  verification  of  Maxwell's  formula?,  (8),  (9)  §  2S5  *■. 
aa  to  the  influence  of  a  neighbouring  circuit,  especially  in  the 
extreme  case  where  the  eijuivalent  inductance  is  almost  destroyed, 
and  of  the  formula  (10)  §  235  m  relating  to  the  behaviour  of  an 
electro-magnet  shunted  by  a  relatively  high  simple  resistance. 
But  the  most  interesting  in  many  respects  is  the  application  u> 
the  phenomena  presently  to  be  considered,  where  the  coiiductoia^ 
in  question  are  no  longer  approximately  linear  but  must 
regarded  as  solid  masses  in  which  the  currents  are  distributed  i 
a  manner  that  needs  to  be  determined  by  general  electrici 
theory. 

As  has  already  been  remarked  more  than  once,  a  leyden  t 
always  be  supposed  to  be  included  in  the  circuit,  the  stiffnd 
thereof  having  the  effect  of  a  negative  inductance.  If  there  be  f 
hysteresis  in  the  action  of  the  leyden,  the  whole  effect  is 
represented;  but  when  the  dielectric  employed  is  solid,  it  app« 
that  dissipative  loss  cannot  be  avoided.  The  latter  effect  manirei 
itself  BB  an  augmentation  of  apparent  rei^istance,  iudistinguishan 
unless  the  fi-equency  be  varied,  from  the  ordinary'  resistance  of  tl 
leads,  A  similar  treatment  may  be  applied  to  an  electrolytic  c 
the  stiRhess  and  resistance  being  presumably  both  functions  of  tl 
frequency. 

236  a.  It  was  proved  by  Maxwell*  that  a  perfectly  con- 
ducting sheet,  forming  a  closed  or  aa  iofiuite  surface,  acta  as  a 
magnetic  screen,  no  magnetic  actions  which  may  take  place  imj 
one  side  of  the  sheet  producing  any  magnetic  effect  on  the  other 
aide.  "  In  practice  we  cannot  use  a  sheet  of  perfect  coiiductivitj  ; 
but  the  above  described  state  of  things  may  be  approxiniatod  t« 
in  the  case  of  periodic  magnetic  changes,  if  the  time-con8t«nt8  of 
the  sheet  circuitn  be  large  in  comparison  with  the  periods  of  ttic 
changee." 

"  The  experiment  is  made  by  connecting  up  into  a  pnauujj 
circuit  a  battery,  a  microphone-clock,  and  a  coil  of  iusutated  wir< 
The  secondary  circuit  includes  a  parallel  coil  and  a  telephin 
Under  these  circumstances  the  hissing  sound  ia  beard  almost  | 
well  as  if  the  telephone  were  inserted  in  the  primaiy  i 
'  PhiL  Haff.,  Inf.  cU. 
'  KUclrieitll  and  MuijMti«in,  l^TB.  |6Sfi. 
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itseUl  But  if  a  large  and  stout  plate  of  copper  be  interposed 
between  the  two  coils,  the  sound  is  greatly  enfeebled.  By  a  proper 
choice  of  battery  and  of  the  distance  between  the  coils,  it  is  not 
difficult  so  to  adjust  the  strength  that  the  sound  is  conspicuous  in 
the  one  case  and  inaudible  in  the  other  "K 

One  of  the  simplest  applications  of  Maxwell's  principle  is  to 
the  case  of  a  long  cylindrical  shell  placed  within  a  coaxal  magnet- 
izing helix.  The  condition  of  minimum  energy  requires  that  such 
enrrents  be  developed  in  the  shell  as  shall  neutralize  at  internal 
points  the  action  of  the  coil.  Thus,  if  the  conductivity  of  the 
shell  be  sufficiently  high,  the  interior  space  is  screened  from  the 
magnetizing  force  of  periodic  currents  flowing  in  the  outer  helix,. 
and  conducting  circuits  situated  within  the  shell  must  be  devoid 
of  induced  currents.  An  obvious  deduction  is  that  the  currents 
induced  in  a  solid  conducting  core  will  be  more  and  more  confined 
to  the  neighbourhood  of  the  surface  as  the  frequency  of  electrical 
▼ilnration  is  increased. 

The  point  at  which  the  concentration  of  current  towards  the 
Borfoce  becomes  important  depends  upon  the  relative  values  of  the 
imposed  vibration-period  and  the  principal  time-constant  of  the 
core  circuit.  It  phe  the  specific  resistance  of  the  material,  fi  its 
magnetic  permeability,  a  the  radius  of  the  cylinder,  the  expression 
for  the  induction  (c)  parallel  to  the  axis,  during  the  progress  of  the 
subsidence  of  free  currents  in  a  normal  mode,  is 

c^e^^Mkr) (1>. 

where  i^  =  -^V (2)^ 

P 

and  ka  is  determined  by  the  condition  that 

Jo{ka)  =  0 (3). 

The  roots  of  (3)  are,  §  206, 

2-404,     5-520,    8*654,     11-792,  &c., 
so  that  for  the  principal  mode  of  gi-eatest  persistence 

c  =  e^<  Jo  (2-404  r/a) (4), 

— *-"e-' <'^ 

Aoooatioal  ObservationB,  Phil,  Mag,,  toI.  18,  p.  844,  188S. 
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For  copper  in  C.G.s.  measure  />  =  16+2.  ft  =  \.  and  thiis 


T  =  (-M- 


no  °^*^'>''- 


"800 


In  the  case  of  iron  we  may  take  as  apprositiiate  values,  /*  =  100. 
p  =  10*.  Thus  for  an  iron  wire  of  diameter  (2a)  equal  to  SS  cm., 
the  value  of  t  is  about  ^^  of  a  second,  and  is  therefore  comparable 
with  the  periods  concerned  in  telephonic  experiments. 

Regarded  from  an  analytical  point  of  view  the  theory  of  forced 
vibrations  in  a  conducting  core  is  equally  simple,  and  was  worked 
out  almost  simultaneously  by  Lamb',  Oberbeck'  and  HeavisideVJ 
In  this  case  we  are  to  regard  X  as  given,  equal  (say)  to  ip.  wherftl 
p/2w  is  the  frequency.     If  le'f  be  the  imposed  magnetizing  force,  ■ 
the  solution  is 


fii^.. 


..(6), 


the  value  of  k  being  given  by  (2). 

"  When  the  period  in  the  field  is  long  in  comparison  with  the 
time  of  decay  of  free  currents,  we  have  j"„(fcr)=  1,  nearly,  so  that 
c  is  approximately  constant  and  =fi,I  throughout  the  section  of 
the  cylinder.  But,  in  the  opposite  extreme,  when  the  oscillations 
in  the  intensity  of  the  field  are  rapid  in  comparieoo  with  the  decay 
of  free  currents,  the  induced  currents  extend  only  to  a  small  depth 
beneath  the  surface  of  the  cylinder,  the  inner  strata  (so  to  speak) 
being  almost  completely  sheltered  &om  electromotive  force  by  the 
outer  ones.     Writing  ^"  =  (1  —  ifq'.  where 

P 
we  have,  when  qr  is  large, 

J,{kr)  =  const,  x j- , 

Vr 

approximately,  and  thence 

c  =  ^J.  v'{a/r).e» "-"'*'*"—'  [e^]. 
This  indicates  that  the  electrical  disturbance  in  the  cyltM 

'  -^Oo   tlie  Dunllon   uf    Fi««  EUctrle  Ctursnu   In   id   InfiiuUi  ( 
C'vUodu."  Jlrtt  .(».«■-  Report  for  18«3.  p.  4Jf>. 
'  ttw.  JtfalA.  Soe..  tdI.  it.,  p.  189.  Ju.  IBM. 
>  WitA.  Ann.,  to),  in.,  p.  6T9.  Ap.  ISM. 
'  SttctritittA,  Uk«,  1«U.    EUctrtoU  Paym,  Tol.  a.,  p.  3S9. 
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consists  in  a  series  of  waves  propagated  inwards  with  rapidly 
diminishing  amplitude^" 

For  experimental  purposes  what  we  most  require  to  know  is 

the  reaction  of  the  core  currents  upon  the  helix,  in  which  alone 

we  can  directly  measure  electrical  effects.    This  problem  is  fully 

treated  by  Heaviside',  but  we  must  confine  ourselves  here  to  a 

mere  statement  of  results.    These  are  most  conveniently  expressed 

by  the  changes  of  effective  inductance  L  and  resistance  R  due  to 

the  core.     If  m  be  the  number  of  turns  per  unit  length  in  the 

magnetizing  helix,  and  if  SZ,  hR  be  the  apparent  alterations  of  L 

and  R  due  to  the  introduction  of  the  core,  also  reckoned  per  unit 

length,  we  have 

Si  =  47/i«7r»a«(/iP-l)' 

iR^^m^ir^a^yL.pQ       )  

where  P  and  Q  are  defined  by 

P-iQ^il>'l<f> (8), 

the  function  <f>  being  of  the  form 

<^(a:)  =  /o(2iV^)  =  l+^+j^+...+ji^^^+ (9), 

and  the  argument  x  being 

ipfi.Tra^/p (10). 

If  the  material  composing  the  core  be  non-conducting,  x  =  0,  and 

therefore 

P  =  l,         Q  =  0. 

Accordingly        8Z  =  4m27r«a»  (m  -  1),        BR^O (11). 

These  values  apply  also,  whatever  be  the  conductivity  of  the 
core,  if  the  frequency  be  suflSciently  low. 

At  the  other  extreme,  when  p  =  oo ,  we  require  the  ultimate 
form  of  (f>y<f>.  From  the  value  of  Jq  given  in  (10)  §  200,  or  other- 
wise, it  may  be  shewn  that  in  the  limit 

f/*  =  ^-* (12). 

so  that  P  =  Q=__-1 — —^ (13). 

The  introduction  of  these  values  into  (7)  shews  that  in  the 
limit,  when  the  frequency  is  exceedingly  high, 

8Z  «  -  4m«7r»a«,        8JK  =  0 (14), 

^  Lunb,  loc,  eit,t  where  is  also  discussed  the  problem  of  the  oorxents  indnoed  by 
Htm  iodden  cessation  of  a  previously  constant  field. 
t  loe.  etL 
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aa  might  also  have  been  inferred  from  the  coDEideration  that  t 
induced  currents  are  then  confined  to  the  surface  of  the  core. 

An  example  of  the  application  of  these  formulie  to  bq  inti 
mediate  case  and  a  comparison  with  experiment  will  be  found 
the  paper  already  refened  to'. 

236  V.  The  application  of  MftKwcirs  principle  to  the  cajse 
a  wire,  iu  which  a  longitudinal  electric  current  ia  induced,  is  U 
obvious;  and  Heaviside'  appears  to  have  been  the  first  to  sta 
distinctly  that  the  current  ia  to  be  regarded  as  propagated  inwat 
from  the  exterior.  The  relation  between  the  electromotive  fin 
E  and  the  total  current  C  had,  however,  been  given  many  >ei 
earlier  by  Maxwell'  in  the  form  of  a  series.  His  result  is  eqi 
valent  to 

in  which  R  denotes  the  whole  rusistance  of  the  length  t 
steady  cunents,  ft  the  permeability,  and  p/2ir  the  frequency.  1 
function  <f>  is  that  defined  by  (9)  §  235  u.  and  A  is  a  conAi 
dependent  upon  the  situation  of  the  return  current*. 

The  most  convenient  form  of  the  results  is  that  which  we  hi 
already  several  times  employed.     If  we  write 

E  =  R'G  +  ipLV (2). 

in  which  R!  and  L  are  real,  these  quantities  will  represent  ihi- 
effective  resistance  and  inductance  of  the  wire.  When  the  argu- 
ment in  (1)  is  small,  that  is  when  the  frequency  is  relatively  tow, 
we  thus  obtain 


..(1). 


r=r[x^^p'';^-^^^^. 


■■■} (3), 


£7i«^+/i|i-V5^^'+s4|^^*+...| (4)'. 

>  Phil  Man..  Tol.  as.  p.  4!(3,  1886. 

<  RttntHcian.  Jau..  li«85 :  Klectrieal  Fapen.  >o[.  t..  y.  440, 

>  FUiL  Tram..  1805 ;  Eltetrielly  and  ilagiutiitn,  roL  U.,  i  690. 

'  Tha  limpletl  oMe  bthm  oImii  ths  dial*otrlc,  wlileti  bmod*  tiw  qjlbdhMl 
nira  of  ndiua  u,  is  eiiBloH«d  vilhiu  •  M«ond  cnnilucting  n  ~~  ~ 

to  InSnit^  and  bounded  iulenuittj'  At  s  cjliudriMl  aurfwEi  i  =  a. 
J^aloeil'ta).     Sc<  J.J.  ThomKiii,  Icv.dt,,}  S13. 

*  Phil,  ilag^  rol.  31,  p.  tOfJ,  UWO.    It  it  ilDSitlu  tlint  HuteU  (hK.  ril.) « 
lo  twf  u  ngaided  Ul*  loliitioii  a*  ominjing  >  eorracilon  to  the  Mlt.lndtxtiaii  in  ' 


235 17.]  LIMITING   FORMS.  465 

When  p  is  very  small,  these  equations  give,  as  was  to  be 
expected, 

R^R,        r^l{A+^ti) (5). 

If  we  include  the  next  terms,  we  recognise  that,  in  accordance 
with  the  general  rule,  L'  begins  to  diminish  and  i2'  to  increase. 

When  p  is  very  great,  we  have  to  make  use  of  the  limiting 
form  of  <f//<f>.    As  in  §  235  u, 

<^/f  =  (l+i)V(il'Wi2) (6); 

and  thus  ultimately 

R^^i^plfiR) (7), 

L/l  =  A'{-s/(fiR/2pl) (8), 

the  first  of  which  increases  without  limit  with  p,  while  the  second 
tends  to  the  finite  limit  A,  correspouding  to  the  total  exclusion  of 
current  from  the  interior  of  the  wire. 

Experiments^  upon  an  iron  wire  about  18  metres  long  and  3"3 
millimetres  in  diameter  led  to  the  conclusion  that  the  resistance 
to  variable  currents  of  frequency  1050  was  such  that  R'lR  =  1*9. 
A  calculation  based  upon  (1)  shewed  that  this  result  is  in  harmony 
with  theory,  if  fi  =  99'o.  Such  is  about  the  value  indicated  by 
other  telephonic  experiments. 

236  k;.  The  theory  of  electric  currents  in  such  wires  as  are 
commonly  employed  in  laboratory  experiments  is  simple,  mainly  in 
consequence  of  the  subordination  of  electrostatic  capacity.  When 
this  element  can  be  neglected,  the  current  is  necessarily  the  same 
at  all  points  along  the  length  of  the  wire,  so  that  whatever  enters 
a  wire  at  the  sending  end  leaves  it  unimpaired  at  the  receiving 
end.  In  this  case  the  whole  electrical  character  of  the  wire  can 
be  expressed  by  two  quantities,  its  resistance  R  and  inductance  Z, 
and  these  may  usually  be  treated  as  constants,  independent  of  the 
frequency.  The  relation  of  the  current  to  the  electromotive  force 
under  such  circumstances  has  already  been  discussed  (7)  §  235  j. 
When  we  have  occasion  to  consider  only  the  amplitude  of  the 
current,  irrespective  of  phase,  we  may  regard  it  as  determined 
by  VL-R'  +  p'-i'],  a  quantity  which  is  called  by  Heaviside  the 
impedance.  Thus  in  circuits  devoid  of  capacity  the  impedance  is 
always  increased  by  the  existence  of  L. 

1  Phil.  Mag.,  Tol.  32,  p.  48S,  1886. 
R.  %^ 
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Circuits  employed  for  practical  telephony  may  often  be  re- 
garded as  coining  under  the  above  description,  especially  when 
the  wires  are  suspended  and  are  of  but  moderate  length.  But 
there  are  othei'  cases  in  which  electrostatic  capacity  is  the  domi- 
nating feature.  The  theory  of  electric  cables  was  establishe<1 
many  years  ago  by  Lord  Kelvin'  for  telegraphic  pui-poses.  If  iS 
be  the  capacity  and  R  the  resistance  of  the  cable,  reckoned  per 
unit  length,  V  and  C  the  potential  aud  the  current  at  the  point  t, 
we  have 

SdV!dt  =  -dCid2,        JiC  =  -dVldi (1), 

whence  RSdC/dt  =  ^Cjdi* (2), 

the  well  known  equation  for  the  conduction  of  heat  discussed  by 
Fourier.  On  the  assumption  that  C  is  proportional  to  c'>',  it 
reduces  to 

d'C/d3'=W(^pRS).{l  +  i)YC (3>; 

so  that  the  solution  for  waves  propagated  in  the  positive  direc* 
tion  is 

C  =C,e-''ip^>- cos  { pt  -  ^/{iipRS).i]  (4). 

The  distance  in  traversing  which  the  current  in  attenuated  in 
ratio  of  e  to  1  is  thus 

s  =  ^/{-2lpRS) (6; 

A  very  slight  consideration  of  the   magnitudes   involved] 
sufficient  to  give  an  idea  of  the  difficulty  of  telephoning  throtij 
long  cable.     If,  for  example,  the  frequency  (p/iir)  be  that  of 
note  rather  more  than  an  octave  above  middle  c,  aud  the  cable  I 
such  as  are  used  to  cross  the  Atlantic,  we  have  in  c.o.s.  meawitri- 

■jp  =  r,o,      (fli'r'  =  2xi0'", 

and  accordingly  from  {b) 

2  =  3x11}'  cm.  =  20  miles  approximately. 

A  distance  of  20  miles  would  thus  reduce  the  intc-nwty  ■ 
sound,  measured   by  the  square   of  thu  ainptitudu,   t»  nl   i   • 
tenth,  an  operation  which  could  not  be  repeated  often    ^m'  i   i: 
rendvriug  it  inaudible.     With  »uch  a  cable  the  practuM:    l.i. 
would   Hot  be   lilc'ly   in   exceed   fifty  miles,   more   eap.- ;   ' 
the  easy   intelligibility  of  tipc-cch  requires  the  pre*enci-  ■( 
Btill  higher  than  is  supposed  in  the  above  nomerical  ivi  i 
'  Pme.  Sob-  SoC;  L8JSG ;  .V-uhrmitiiMl  nmt  Pkgttttt  t^per;  *ol.  n.  \ 
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236  X.  In  the  above  theory  the  insulation  is  supposed  to  be 
perfect  and  the  inductance  to  be  negligible.  It  is  probable  that 
these  conditions  are  sufficiently  satisfied  in  the  case  of  a  cable, 
but  in  other  telephonic  lines  the  inductance  is  a  feature  of  great 
importance.  The  problem  has  been  treated  with  full  generality 
by  Heaviside,  but  a  slight  sketch  of  his  investigation  is  all  that 
our  limits  permit. 

If  jR,  S,  i,  K  be  the  resistance,  capacity  or  permittance,  in- 
ductance, and  leakage-conductance  respectively  per  unit  of  length, 
V  and  C  the  potential-diflference  and  current  at  distance  z,  the 
equations,  analogous  to  (1)  §  235  k;,  are 

Thus,  if  the  currents  are  harmonic,  proportional  to  e*^*, 

^^j^^{R  +  ipL){K  +  ipS)C. ^....(2), 

with  a  similar  equation  for  V, 

It  might  perhaps  have  been  expected  that  a  finite  leakage  K 
would  always  act  as  a  complication;  but  Heaviside^  has  shewn 
that  it  may  be  so  adjusted  as  to  simplify  the  matter.  This  case, 
which  is  remarkable  in  itself  and  also  serves  to  throw  light  upon 
the  general  question,  arises  when  RjL  =  KjS.     We  will  write 

ZSv^=l,        R/L^K/S^q (2), 

where  t?  is  a  velocity  of  the  order  of  the  velocity  of  light.  The 
equation  for  V  is  then  by  (1) 

v^d'V/dz^  =  {d/dt  +  qyr (3); 

or  if  we  take  U  so  that 

V^er^U (4), 

v^d'U/dz^^d^U/dt* (5), 

the  well-known  equation  of  undisturbed  wave  propagation  §  144. 
"Thus,  if  the  wave  be  positive,  or  travel  in  the  direction  of 
increasing  z,  we  shall  have,  if /i  {z)  be  the  state  of  V  initially, 

V^^e-^'/Az-vtl        C,=  VJLv (6). 

If  Fj,  C3  be  a  negative  wave,  travelling  the  other  way, 

Va''e-^Mz  +  vt\        C^^VJLv (7). 

^  ^Uetrieian,  June  17, 1887.    EUcirUdi  Papen^  toI  n.  pp.  186«  8(MI. 
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Thus,  any  initial  state  being  the  sum  of  V,  and  V.,  to  make  V. 
and  of  C,  and  G,  to  make  C,  the  decomposition  of  an  arbitratily 
given  initial  state  of  V  and  C  into  the  waves  is  effected  by 

V,  =  li(V+vLC),        V,  =  ^{V-vLC) (S>. 

We  have  now  merely  to  move  F,  bodily  to  the  right  at  speed 
r,  and  Vj  bodily  to  the  left  at  speed  v.  and  attenuate  them  to  the 
extent  e~^,  to  obtain  the  state  at  time  ( later,  provided  no  changes 
of  condition  have  occurred.  The  solution  is  therefore  true  for  all 
future  time  in  an  infinitely  long  circuit.  But  when  the  end  of  a  , 
ciixmit  is  reached,  a  reflected  wave  usually  results,  which  must  be  J 
iidded  on  to  obtain  the  real  result."  I 

As  iu  §  144,  the  precise  character  of  the  reflection  depends  I 
upon  the  terminal  conditions.  "  One  ease  is  uniquely  simple.  I 
Let  there  be  a  resistance  inserted  of  amount  vL.  It  introduces  I 
the  condition  Y  =  vLC  if  at  say  B,  the  positive  end  of  the  circuij 
and  V=  —  vLC  if  at  the  negative  end,  or  beginning.  These  M^| 
the  characteristics  of  a  positive  and  of  a  negative  wave  respeq^f 
ively ;  it  follows  that  any  disturbance  arriving  at  the  resistance  ^H 
at  once  absorbed.  Thus,  if  the  circuit  be  given  in  any  sta^H 
whatever,  without  impressed  force,  it  is  wholly  cleared  of  electri^H 
cation  and  current  in  the  time  l/v  at  the  most,  if  /  be  the  leng^H 
of  the  circuit,  by  the  complete  absorption  of  the  two  waves  in^| 
which  the  initial  state  may  be  decomposed."  ^H 

"  But  let  the  resistance  be  of  amount  iZ,  at  say  B ;  and  let  ^H 
and  V,  be  corresponding  elements  in  the  incident  and  reflect^H 
waves.     Since  we  have  ^H 

we  have  the  reflected  wave  given  by  ^H 

r,    JB,  +  flZ 

If  R,  be  greater  than  the  critical  resistance  of  complete  abl 
sorption,  the  current  is  negatived  by  reflection,  whilst  the  electril 
fication  does  not  change  sign.  If  it  be  less,  the  electrification  ia 
negatived,  whilst  the  current  does  not  reverse."  I 

"Two  cases  are  specially  notable.  They  are  those  in  whiid 
there  is  no  absorption  of  energy.  If  R^  =  0,  meaning  a  slun 
circuit,  the  reflected  wave  of  Via  a  perverted  and  inverted  copyfl 
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the  incident.     But  if  ii  =  x  ,  representing  insulation,  it  is  C  that 
is  inverted  and  perverted*." 

The  cases  last  mentioned  are  evidently  analogous  to  the  reflec- 
tion of  a  sonorous  aerial  wave  travelling  in  a  pipe.  If  the  end  of 
the  pipe  be  closed,  the  reflection  is  of  one  character,  and  if  it  be 
open  of  another  character.  In  both  cases  the  whole  energy  is 
reflected,  §  257.  The  waves  reflected  at  the  two  ends  of  an  electric 
circuit  complicate  the  general  solution,  especially  when  the  sim- 
plifying condition  (2)  does  not  hold.  But  in  many  cases  of 
practical  interest  they  may  be  omitted  without  much  loss  of 
accuracy.  One  passage  over  a  long  line  usually  introduces  con- 
siderable attenuation,  and  then  the  effect  of  the  reflected  wave, 
which  must  traverse  the  line  three  times  in  all,  becomes  insigni- 
ficant. 

In  proceeding  to  the  general  solution  of  (2)  for  a  positive 
wave,  we  will  introduce,  after  Heaviside,  the  following  abbrevia- 
tions, 

r»iS=l,      EILp=f.      KjSp^g (11). 

lu  terms  of  these  quantities  (2)  may  be  written 

d'C/dz'^iP  +  iQyC (12), 

where 

P«  or  Q»  =  i  (p/vY  {(1  +/*)*  (1  +^')»  ±  (f9  - 1)}  -.  (13). 

Thus,  if  P  and  Q  be  taken  positively,  the  solution  for  a  wave 
travelling  in  the  positive  direction  is 

C^Coe-^'cosipt-Qz) (14), 

the  current  at  the  origin  being  Gq  cos  pt 

The  cable  formula,  §  235  w,  is  the  particular  case  arrived  at  by 
supposing  in  (13)/=  oo  ,  5^  =  0,  which  then  reduces  to 

P^^Q^  =  ^pRS (15). 

Again,  the  special  case  of  equation  (3)  is  derivable  by  putting 
f=  0  =  q'P'     The  result  is 

P  =  3/i;,        Q^pIv (16). 

If  the  insulation  be  perfect,  5r=  0,  and  (13)  becomes 

P»or(?  =  i(i>/t;)»{(l-h/>)*Tl} (17). 

^  Heaviside,  ColUeUd  TForki,  yo\.  u.  ^^^  ^\%. 
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In  certain  examples  of  lung  copper  Hues  of  high  conductivity,! 
/  may  be  regarded  as  small  so  far  as  telephonic  freqaencies  anfl 
concerned.     Equation  (IT)  then  gives 

P  =  p/l-2v  =  RI2vL.       Q=p!v (18). 

For  a  further  discussion  of  the  various  cases  that  may  i 
the  reader  must  be  referred  to  the  writings  of  Heaviside  alreaC 
cited.  The  object  is  to  secure,  as  far  as  may  be.  the  propa^tidl 
of  waves  without  alteration  of  tj-pe.  And  here  it  ia  desirable  tf 
distinguish  between  simple  attenuation  and  distortion.  If,  e 
(16)  and  (18),  P  is  independent  of  p.  the  amplitudes  of  all  cottf 
poneiit«  are  reduced  in  the  same  ratio,  and  thus  a  complex  wan 
travels  without  i^uttorttofi.  The  cable  formula  (15)  is  an  exanipT 
of  the  opposite  state  of  things,  where  waves  of  high  frequency  a 
attenuated  out  of  proportion  to  waves  of  low  frequency.  It  appeal 
from  Heaviside's  calculations  that  the  distortion  is  lessened  t 
even  a  moderate  inductance. 

The  effectiveness  of  the  line  requires  that  neither  the  attenu 
tiou  nor  the  distoition  exceed  certain  limits,  which  bowevtjr  it  is 
hard  to  lay  down  precisely.  A  considerable  amount  of  distortion 
is  consistent  with  the  intelligibility  of  speech,  much  that  is 
imperfectly  rendered  being  supplied  by  the  imagination  of  the 
bearer. 

236  .y.  It  remains  to  consider  the  transmitting  and  receiring 
appliances.  In  the  early  days  of  telephony,  as  rendered  pi-actical 
by  Graham  Bell,  similar  instruments  wei-e  employed  for  both 
purposes.  Bell's  telephone  consists  of  a  bar  magnet,  or  battery 
of  bar  magnets,  provided  at  one  end  with  a  short  pole-pieoe 
which  serves  as  the  core  of  a  coil  of  fine  insulated  wire.  Ia  close 
proximity  to  the  outer  end  of  the  pole-piece  is  placed  a  circular 
disc  of  thin  iron,  held  at  the  circumference.  Under  the  intliiuncw 
of  the  permanent  magnet  the  disc  is  magnetized  radially,  the 
polarity  at  the  centre  being  of  course  opposite  lo  that  of  th« 
neighbouring  end  of  the  steel  magnet. 

The  operation  of  the  instrument  as  a  transmitter  is  tvad{ 
traced.     When  sonoroua  waves  impinge  upon  the  di«,  it  resf 
with  a  symmetrical  transvento  vibration  br  which  its 
from    the    pule-piece    is  alternately   im  ■ 
When  the  interval  is  Avtn\Tas\i';4. wiw^ 
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Invelopiug  coil.  The  periodic  movemeat  of  the  disc  thus 
3  to  a  periodic  current  in  any  circuit  connected  with  the 
e  coil. 

electro-motive  force  is  iu  the  first  instance  proportional 
permanent  magnetism  to  which  it  is  due;  and  thi^s  law 
continue  to  hold,  were  the  behaviour  of  the  pole-piece  and 
disc  conformable  to  that  of  the  "  soft  iron  "  of  approximate 
ory.     But  as  the  majfnetLsra  rises,  and  the  state  of  saturation 
more  nearly  approached,  the  response  to  periodic  changes  of 
2e  becomes  feebler,  and  thus  the  efficiency  falls  below  that 
ieated  by  the  law  of  proportionality.     If  we  could  imagine  the 
to  of  saturation  in  the  pole-piece  to  be  actually  attained,  the 
ion  through  the   coil   would  become  almost   incapable  oH 
ion.  being  reduced  to  such  as  might  occur  were  the   ira^| 
ed.     There  is  thus  a  point,  dependent  upon  the  propertiiH 
ignetic  matter,  beyond  which  it  is  pernicious  to  raise  f^M 
jt  of  the  permanent  magnetism ;  and  this  point  marks  H^M 
aum  efficiency  of  the  transmitter.    It  is  probable  that  tl^| 
favourable  condition   is  not  fully  reached  in   instruments 
led    with    steel    magnets;    but    the    considerations    above 
id  may  serve  to  explain  why  au  electro-magnet  w  not 
tuted.  ^M 

i  action  of  the  receiving  instrument  may  be  explained  qH 
tne  principles.     The  periodic  cun-enl  in  the  coil  alternately 

8  and  cooperates  with  the  permanent  magnet,  and  thus  the 
3isc  is  subjected  tu  a  periodic  force  acting  at  its  centre, 
ibrations  are  thence  communicated  to  the  air,  and  so  reach 

f  of  the  observer.  As  in  the  case  of  the  transmitter,  the 
Dcy  attains  a  maximum  when  the  magnetism  of  the  pole- 
is  still  far  short  of  saturation.  M 

explanation  of  the  receiver  in  terms  of  magnetic  foroaH 
at  the  disc  is  sometimes  regai-ded  as  inadequate  or  even  as 
ither  wide  of  the  mark,  the  sound  being  attributed  to  "  mole- 
idisturbances "  in  the  pole-piece  and  disc.     There  is  indeed 
reason   to   suppose  that  molecular  movements  accompaaj 
ange  of  magnetic  state,  but  the  question  is  how  do  thet^J 
aen^  influence  the  ear.     It  would  appear  that  they  can  fl^l 
f  by  causing  a  transverse  motion  of  the  surface  of  the  diai^| 
aa  from  wliich  nodal  subdivisions  are  not  excluded.  H 
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In  support  of  the  "  push  and  pull  theory  "  it  may  be  useful  I 
cite  a  a  experiment  tried  upon  a  bipolar  telephone.  In 
instrument  each  end  of  a  horse-shoe  magnet  is  provided  wit 
pole-piece  and  coil,  and  the  two  pole-piecea  are  brought  i 
proximity  with  the  disc  at  places  symmetrically  situated  wid 
regard  to  the  centre.  In  the  normal  use  of  the  inn^trument  t 
two  coils  are  permanently  connected  as  in  an  ordinai-y  horee-aht^ 
electro-ntagnet.  but  for  the  purposes  of  the  experiment  provisicn 
was  made  whereby  one  of  the  coila  could  be  reversed  at  pleasure 
by  means  of  a  reversing  key.  The  sensitiveness  of  the  telephone 
in  the  two  conditions  was  tested  by  including  it  in  the  circuit  of 
a  Daniell  cell  and  a  scraping  contact  apparatus,  resistance  from  a 
box  being  added  until  the  sound  was  but  juat  easily  audible. 
The  resistances  employed  were  such  as  to  dominate  the  self- 
induction  of  the  circuit,  and  the  comparison  shewed  that  the 
reversal  of  the  coil  from  its  normal  connection  lowered  the  sensi- 
tiveness to  current  in  the  ratio  of  11  :  1.  That  the  reduction  was 
not  still  greater  is  readily  explained  by  outstanding  failures  of 
symmetry ;  but  on  the  "  molecular  disturbance  "  theory  it  is  not 
evident  why  there  should  be  any  reduction  at  all. 

Dissatisfaction  with  the  ordinary  theory  of  the  action  of  a 
receiving  telephone  may  have  arisen  from  the  difficulty  of  under- 
standing how  such  very  minute  motions  of  the  plate  could  bi- 
audible.  This  is,  however,  a  question  of  the  sensitiveness  of  the 
eai',  which  has  been  proved  capable  of  appreciating  an  amplitude 
of  less  than  8  x  10~*cm.'.  The  subject  of  the  audible  minimnm 
will  be  further  considered  in  the  second  volume  of  this  work. 

The  calculation  a  p7-ion  of  the  minimum  current  that  shouM 
be  audible  in  the  telephone  is  a  matter  of  considerable  difficulty  , 
and  even   the  determination   by  direct  experiment  han   lad    t>i 
widely  discrepant  numbers..     In  some  raeeut  experiment*  by  thv 
author  a   unipolar   Bell   telephone   of  70   ohms  resistance    was 
employed.     The  circuit  included  also  a  resistance   box  and  m^ 
ioductioD  coil  of  known  construction,  in  which  acted  an  olocfe^H 
motive  force  capable  of  calculation.     TJp  to  a  froquoticy  of  .3^| 
thi«  oould  be  obtained  from  a  revolving  magnet  of  known  mont^^l 
and  Hiluatcd  at  n  lueaf^iu-ed  distance  fnim  the  indiictioii  cutL     ^^M 
the  high<^r  frequencies  magoetizetl  tuning-forks,  %-ihratiDg  w^H 
mennun-il    amplitudes,   were   substituted.      In    eithfir    cua   ^H 
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resistance  of  the  circuit  was  increased  until  the  residual  sound 
was  but  just  easily  audible.  Care  having  been  taken  so  to 
arrange  matters  that  the  self-induction  of  the  circuit  was  negli- 
gible, the  current  could  then  be  deduced  from  the  resistance  and 
the  calculated  electro-motive  force  operating  in  the  induction 
coil.  The  following  are  the  results,  in  which  it  is  to  be  under- 
stood that  the  currents  recorded  might  have  been  halved  without 
the  sounds  being  altogether  lost : 


Pitch 

• 

Source 

Fork 
Revolving  Magnet 

Fork 
Revolving  Magnet 

Fork 

Current  in 
10"8  amperes 

2800 
250 
83         ; 
49 
32 
15 
7 

4-4 
10 

128 
192 
256 
307 
320 
384 

512 

640 

768 

The  effect  of  a  given  cuiTent  depends,  of  course,  upon  the 
manner  in  which  the  telephone  is  wound.  If  the  same  space  be 
occupied  by  the  copper  in  the  various  cases,  the  current  capable  of 
producing  a  particular  effect  is  inversely  as  the  square  root  of  the 
resistance. 

The  numbers  in  the  above  table  giving  the  results  of  the 
author's  experiments  are  of  the  same  order  of  magnitude  as 
those  found  by  Ferraris^  whose  observations,  however,  related 
to  sounds  that  were  not  pure  tones.  But  much  lower  estimates 
have  been  put  forward.  Thus  Tait'  gives  2  x  10~"  amperes, 
and  Preece  a  still  lower  figure,  6  x  10~".  These  discrepancies, 
enormous  as  they  stand,  would  be  still  further  increased  were 
the  comparison  made  to  refer  to  the  amounts  of  energy  absorbed. 

According  to  the  calculations  of  the  author  the  above  tabulated 
sensitiveness  to  a  periodic  current  of  frequency  256  is  about  what 
might  reasonably  be  expected  on  the  push  and  pull  theory*.    At 

1  Atti  della  Aecad,  d.  Set.  Di  Torino^  vol.  xixi.  p.  1024,  1877. 

2  Edin.  Proc.  vol.  ix.  p.  551, 1878. 

'  I  propose  shortly  to  publish  these  caloulations. 
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this  froquency,  which  is  below  those  proper  to  the  telephone  plal 
(§  221  a),  the  motioo  of  the  plate  is  goverued  by  elasticity  rath* 
than  by  inertia,  and  an  equilibrium  theory  (§  100)  in  appUcabk-  i 
a  rough  approximatiuu.  The  greater  sensitiveness  of  the  telephoi 
at  frequencies  in  the  neighbourhood  of  512  would  appear 
depend  upon  resonance  (§  46).  It  is  doubtful  whether  the  mU( 
higher  sensitiveness  claimed  by  Tail  and  Preece  could  be  r 
conciled  with  theory. 

It  appears  to  be  established  that  the  iron  plate  of  a  telephone 
may  be  replaced  by  one  of  copper,  ot  even  of  non-conducting 
material,  without  absolute  loss  of  sound;  hut  these  etfects  are 
probably  of  a  different  order  of  magnitude.  In  the  caae  of  copper 
indnced  cun-ents  may  confer  the  necessary  magnetic  properties. 
For  a  description  of  the  ingenious  receiver  invented  by  Edtsxiti 
and  for  other  information  upon  telephonic  appliances  the  reader 
may  consult  Preece  and  Stubbs'  Manual  of  Telephony. 

In  existing  practice  the  transmitting  instrument  depends 
upon  a  variable  contact.  The  firat  carbon  transmitter  was  con- 
structed by  Edison  in  1877,  but  the  instruments  now  in  use  an.- 
modifications  of  Hughes'  microphone '.  A  battery  current  is  Itni 
into  the  line  through  pieces  of  metal  or  of  carbon  in  loose  juxiJi- 
position,  carbon  being  almost  universally  employed  in  practice- 
Under  the  influence  of  sonorous  vibration  the  electrical  resiatano- 
of  the  contacts  varies,  and  thus  the  current  in  the  line  is  rendereii 
representative  of  the  sound  to  be  repi-oduced  at  the  receiving 
end. 

That   the   resiatauce   of  the   contact   should    vary   with    the 
prcHSure  is  not  surprising.     If  two  clean  convex  pieceti  of  meUtl 
ai-e  forced  together,  the  conductivity  between  them  is  repreHi^nU-iJ 
by  the  diameter  of  the  circle  of  contact  (§300*.     The  ivlnii-.n 
between  the  circle  of  contact  and  the  pressure  with  whitli    '!:■ 
masses  are  forced   together  has  been  investigated  in  drl.iii   lit 
Hertz'.     His  conclusion  for  tho  case  of  two  eiiual  spheres  ts  tbiUU 
the  cube  of  the  radius  of  the  circle  of  contact  is  propurtioiul  ^| 
the  pressure  and  to  the  radii  of  the  spheres.     But  it  has  out  J^H 
been  shewn  that  the  action  of  the  microphone  can  be  iuloqil«li^| 
fxplaiaed  upon  this  principle.  ^H 

^^^^  <  Prce.  Ray.  Soe.,  vol.  xnn,  p.  SH,  IBIS.  ^^^^^^M 

^^H  ■  CmUc,  Jnttm.  Math.  ten.  |<.  1M.  twi.  ^^^^^M 
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ON    PROGRESSIVE   WAVES. 

From  the  Proceedings  of  the  London  Mathematical  Society, 

Vol  IX.,  p.  21,  1877. 

It  has  often  been  remarked  that,  when  a  group  of  waves  advances 
into  still  water,  the  velocity  of  the  group  is  less  than  that  of  the  indi- 
Wdual  waves  of  which  it  is  composed ;  the  waves  appear  to  advance 
through  the  group,  dying  away  as  they  approach  its  anterior  limit. 
This  phenomenon  was,  I  believe,  tirst  explained  by  Stokes,  who  re- 
garded the  group  as  formed  by  the  superposition  of  two  infinite  trains 
of  waves,  of  equal  amplitudes  and  of  nearly  equal  wave-lengths,  ad- 
vancing in  the  same  direction.  My  attention  was  called  to  the  subject 
about  two  yeare  since  by  Mr  Froude,  and  the  same  explanation  then 
occurred  to  me  independently*.  In  my  book  on  the  "Theory  of 
Sound"  (g  191),  I  have  considered  the  question  more  generally,  and 
liave  shewn  that,  if  V  be  the  velocity  of  propagation  of  any  kind  of 
waves  whose  wave-length  is  A.,  and  k  =  2Tr/X,  then  U,  the  velocity  of 
a  group  composed  of  a  great  number  of  waves,  and  moving  into  an  un- 
disturbed part  of  the  medium,  is  expressed  by 

"'^ <■). 

*  Anotlier  phenomenon,  also  mentioned  to  me  by  Mr  Fronde,  admits  of  a  similar 
explanation.  A  steam-launch  moving  qnickly  tliroagh  the  water  is  accompanied  by 
a  peculiar  system  of  diverging  waves,  of  which  the  most  striking  feature  is  the 
obliquity  of  the  line  containing  the  greatest  elevations  of  successive  waves  to  the 
wave-fronts.  This  wave  pattern  may  be  explained  by  the  superposition  of  two  (or 
more)  infinite  trains  of  waves,  of  slightly  differing  wave-lengths,  whose  directions 
and  velocities  of  propagation  are  so  related  in  each  case  that  there  is  no  change  of 
position  relatively  to  the  boat.  The  mode  of  composition  will  be  best  understood  by 
drawing  on  paper  two  sets  of  parallel  and  equidistant  lines,  subject  to  the  above 
condition,  to  represent  the  crests  of  the  component  trains.  lu  the  case  of  two  trains 
of  slightly  different  wave-lengths,  it  may  be  proved  that  the  tangent  of  the  angle 
between  the  line  of  maxima  and  the  wave-fronts  is  half  the  tangent  of  the  angle 
between  the  wave-fronts  and  the  boat's  course. 


U:    >'=.l*i^'  - -...(». 

rt  log*  *  '^ 

Thua,if     roeX-,  £^=(1-™)  V. (3). 

In  fact,  if  the  two  infinite  trains  be  represent«(!  liy  coa  i  ( Ft  —  x) 
and   cos  k'  ( V't  -  x),    their  resultant  ia  represented  by 

which  ia  equal  to 

If  i-'—  i,  F'  -  F  be  small,  we  have  a  traiji  of  w»vea  whose  amplituUn 
varies  alowiy  from  one  point  to  another  between  the  liniitfi  0  and  3, 
forming  a  series  of  groups  separated  from  one  another  by  regions  com- 
paratively free  from  disturbaace.  The  posttion  at  time  (  of  Uie  middle 
of  that  group,  which  was  initially  at  the  origin,  is  given  by 

(kT-kV)t-{k--k)x^Q, 
which  shews  that  the  velocity  of  the  group  is  {K  \"  -  kV) -r- {k' -  k). 
In  the  limit,  when  the  number  of  waves  in  each  group  ia  indefinitely 
great,  this  result  coincides  with  (1). 

The  following  particular  coses  are  worth  notice,  and  are  here  tabu- 
lated for  convenience  of  comparison  : — 

Foe  A,  t^-0,  Reynolds' disconnected  pendulgnw. 

FxX*,        f^JF,  IJeep- water  gravity  Wfti-es. 

F  at  X",        U  =  V,  Ai^rial  waves,  Ac, 

F«  X"*,      U  =^V,  Capillary  water  waves. 

F«\-',       C=2F,  Flesural  waves. 

The  capillary  water  waves  are  those  whose  wnve-iength  ia  so  small 
that  the  force  of  restitution  due  to  capillarity  largely  exceeds  that  dou 
to  gravity.  Their  theory  has  been  given  by  ThomKon  (PhiL  Mag,, 
Nov.  1871).  The  flexurol  waves,  for  which  I7s3F,  are  thosn  taw 
r^Mponding  to  the  bending  uf  an  elastic  nxl  or  [iUt«  r' Theory  ^H 
Sound,"  S  191).  ■ 

In  a  paper  r«ad  ai  diB  Plymouth  meeting  of  the  Brititih  AMCOoiat^H 
(afterwards  jjrinted  in  "Nature,"  Aug.  1'3,  1)^77),  Prof.  0«b(i^H 
Hcynoldit  gave  a  dynamical  explauatiuD  of  the  foci  iJiat  »  gRwp^H 
d)Mp*wat«r  wnres  odvanues  wiib  only  half  tlif  mfiidtty  oi  llM  ^l^^l 
ridual  waves.  It  appcnra  ihaL  the  uncrgy  propof^lml  ocrtna  taij  po^H 
wh^a  ft  tmin  ol  wave^  U  \nuwau^  u  ()n\^  onn-lwlt  uf  tlw  waivgj  iw^H 
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sHiy  to  supply  the  waves  which  pass  in  the  same  time,  so  that,  if  the 
train  of  waves  be  limited,  it  is  impossible  that  its  front  can  be  propa- 
gated with  the  full  velocity  of  the  waves,  because  this  would  imply  the 
acquisition  of  more  energy  than  can  in  fact  be  supplied.  Prof.  Reynolds 
did  not  contemplate  the  cases  where  more  energy  is  propagated  than 
corresponds  to  the  waves  passing  in  the  same  time ;  but  his  argument, 
applied  conversely  to  the  results  already  given,  shews  that  such  cases 
must  exist.  The  ratio  of  the  energy  propagated  to  that  of  the  passing 
waves  is  U  :  V ;  thus  the  energy  propagated  in  the  unit  time  is  ^  :  F" 
of  that  existing  in  a  length  T,  or  U  times  that  existing  in  the  unit 
length.     Accordingly 

Energy  propagated  in  unit  time  :  Energy  contained  (on  an  average) 
in  unit  length  =d(kV)  :  dk,     by  (1). 

As  an  example,  I  will  take  the  case  of  small  irrotational  waves  in 
water  of  finite  depth  /*.  If  z  be  measured  downwards  from  the  surface, 
and  the  elevation  (h)  of  the  wave  be  denoted  by 

h  =  H  cos  (nt  —  kx)    (4), 

in  which  7i  =  kVy  the  corresponding  velocity-potential  (^)  is 

<^  =  -  Vn"-^,^- sin  (nt^kx)  (5). 

This  value  of  ^  satisfies  the  general  differential  equation  for  irrota- 
tional motion  (v*^  =  0),  makes  the  vertical  velocity  d<l>/(iz  zero  when 
z  =  Ij  and  —  dhjdt  when  z  =  0.     The  velocity  of  propagation  is  given  by 


'"=f5^« («)• 

We  may  now  calculate  the  energy  contained  in  a  length  x,  which  is 
supposed  to  include  so  great  a  number  of  waves  that  fractional  parts 
may  be  left  out  of  account. 

For  the  potential  energy  we  have 

V,  =  gpjjzdzdx  =  ypjh^dx  =  lgpH\x  (7). 

For  the  kinetic  energy. 


--!'//{©'*  (t)'}^'- 
-'/( 


<l>'^)^dx=lgpH\x (8), 

by  (1)  and  (6).     If,  in  accordance  with  the  argument  advanced  at  the 

*  Prof.  Reynolds  considers  the  troohoidal  wafe  of  Bankine  and  Fronde,  which 
inTolves  molecular  rotation. 
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end  (if  this  paper,  the  equality  of  V,  and  T  Ite  aaaum^d,  the  value 
the  velocity  of  propagation  follows  from  the  present  expreMsiouB. 
whole  energy  in  the  waves  occupying  a  length  x  is  therefore  (for 

unit  of  breadth)  r^  +  T^ispIP.x (9), 

//  denoting  the  maximum  elevation. 

We  have  next  to  calculate  tlie  euei^y  propagated  in  time  (  »cr 
plane  for  which  x  is  constant,  or,  in  other  words,  the  work  ( W) 
must  be  done  in  order  to  sustain  the  motion  of  the  plane  (coiurid«rt 
as  a  flexible  lamina)  in  the  face  of  the  fluid  pressures  acting  upon 
front  of   it.     The  variable  part  of  the  pressure  (8p),  at  depth  t, 
given  by 


6p  = 


'dr. 


=  -nY}I 


IS  {n(  —  kx). 


while  for  the  horizontrtl  velocity 


sotlmt      H'-|7s/>j**>'l-i»»'-ri.ri*^ji,-^:,jl    (It 

on  integrstioQ.     From  tlie  value  of  V  in  (6)  it  may  be  proved  thM 

and  it  is  thus  verified  that  tht?  value  of  IF  for  a  unit  tiuie 

=  — ST  -  "  energy  in  unit  lengtiL 

As  (ui  example  of  the  direct  calculation  of  U,  we  toa/  tAlte  Uie 
of  waves  moving  under  the  joint  influence  of  gravity  and  coheadoa. 


It  is  proved  by  Thomson  that 


!•  7"  is  the  cobasive  t«nNion.     Hence 


-.  (ii; 


f  =  jrji-, 


V^^dT  ] 


=  41' 


a-  ¥T- 


..{M 


When  k  is  Huiall,  the  surftuM  teosion  is  negligible,  uid  then  Vm 
but  when,  on  tlte  Mmtrary,  k  i>  l&rg«,  U  =  %V.  u  has  liraady 
«Mled.  When  2V  =  g,  V  =  V.  This  com«ponds  to  tfa*  mJnii 
vtioaty  of  propagaUuti  iiivefttiis'^x«&  \):j  TWousuju. 
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Although  the  argument  from  interference  groups  seems  satisf actor}*, 
an  independent  investigation  is  desirable  of  the  relation  between 
energy  existing  and  energy  propagated.  For  some  time  I  was  at  a  loss 
for  a  method  applicable  to  all  kinds  of  waves,  not  seeing  in  particular 
why  the  comparison  of  energies  should  introduce  the  consideration  of 
a  vai-iation  of  wave-length.  The  following  investigation,  in  which  the 
increment  of  wave-length  is  ntiaginary,  may  perhaps  he  considered  to 
meet  the  want : — 

Let  us  suppose  that  the  motion  of  every  part  of  the  medium  is 
resisted  by  a  force  of  very  small  magnitude  proportional  to  the  mass 
and  to  the  velocity  of  the  part,  the  effect  of  which  will  be  that  waves 
generated  at  the  origin  gradually  die  away  as  x  increases.  The  motion, 
which  in  the  absence  of  friction  would  be  represented  by  cos  {nt  —  kx), 
under  the  influence  of  friction  is  represented  by  e~t^  cos  (lU  —  kx), 
where  /x  is  a  small  positive  coefficient.  In  strictness  the  value  of  k  is 
also  altered  by  the  friction;  but  the  alteration  is  of  the  second  order  as 
regards  the  frictional  forces,  and  may  be  omitted  under  the  circum- 
st^mces  here  supposed.  The  energy  of  the  waves  per  .unit  length  at 
any  stage  of  degradation  is  proportional  to  the  square  of  the  amplitude, 
and  thus  the  whole  energy  on  the  positive  side  of  the  origin  is  to  the 
energy  of  so  much  of  the  waves  at  their  greatest  value,  i.c.,  at  the 

origin,  as  would  l)e  conta,ined  in  the  unit  of  length,  as    f*  e~^^  dx  :  ly 

or  as  (2/x)"^  :  1.  The  energy  transmitted  through  the  origin  in  the 
unit  time  is  the  same  as  the  energy  dissipated ;  and,  if  the  frictional 
f<.)rce  acting  on  the  element  of  mass  m  be  hmv,  where  v  is  the  velocity 
of  the  element  and  h  is  constant,  the  energy  dissipated  in  unit  time  is 
hlmiT^  or  2hT,  T  being  the  kinetic  energy.  Thus,  on  the  assumption 
tliat  the  kinetic  energy  is  half  the  wliole  energy,  we  tind  that  the 
energy  transmitted  in  the  unit  time  is  to  the  greatest  energy  existing 
in  the  unit  length  as  h  :  2/li.  It  remains  to  tind  the  connection  be- 
tween A  and  /x. 

For  this  purpose  it  will  be  convenient  to  regard  cos  (nt  -  kx)  as  the 
real  part  of  «"*'  e**^,  and  to  inquire  how  k  is  affected,  when  n  is  given, 
by  the  introduction  of  friction.  Xow  the  effect  of  friction  is  repre- 
sented in  the  differential  equations  of  motion  by  the  substitution  of 
d'-;(lt'^  +  hdidt  in  place  of  d^/dt',  or,  since  tlie  whole  motion  is  proportional 
to  «'"',  by  substituting  —  u^  +  lAn  for  —  n*.  Hence  the  introduction  of 
friction  corresponds  to  an  alteration  of  n  from  n  to  n—  ^i/i  (the  square 
of  h  being  neglected);  and  accordingly  k  is  altered  from  k  to 
k  -  Hh  dk/'dji.  The  solution  thus  becomes  «-**'<**/«'»*  «'<*""*'),  or,  when 
the  imaginary  part  is  rejected,  g-i***/**"  cos  (nt  —  kx) ;  so  that 
fjL  =  ^h  dkjdn^  and  /* :  2/i  =  dn/dk.     The  ratio  ol  tVie  «n&T\^  tx^i^ssBivXXft^ 
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in  the  unit  time  ti>  tlie  energy  existing  in  ibe  unit  length  is  ther^ 
expressed  by  dn!dk  or  d  (k  y)j<ik,  as  waa  to  be  proved. 

It  bas  often  been  noticed,  in  jiarticular  otsee  of  progressive  wav 
that  the  potential  and  kinetic  enei^es  are  equal :  but  I  do  not  cnl 
mind  any  general  treatment  of   the   question.     The    theorem    is 
usually  true  for  the  individual  parts  i)f  the  medium*,   but  must 
understood  to  refer  either  to  an  integral  number  of  wave-lengths,  o 
a  space  so  considerable  that  the  outstanding  fi'aclional  parts  of  w»v 
may  be  left  out  of  account.     As  an  example  well  adapted  t 
sight  into  the  question,  I  will  take  the  case  of  a  unifonti  atretcbod 
circular  membrane  {"Theory  of  Sound,"  J  200)  »-ibratmg  with  a  giv 
number  of  noilal  circles  and  diameters.     The  fundamental  modes  a 
not  quite  deterniinate  in  consequence  of  the  symmetry,  for  (tny  db 
meter  may  be  made  nodal.     In  order  to  get  rid  of  this  indetorraiiuta 
ness,  we  may  suppose  tlie  membrane  to  carry  a  small  load  attached  ( 
it  anywhere  except  on  a  nodal  circle.     There  are  then  two  definite 
fundamental  modes,  in  one  of  which  the  load  lies  on  a  nodal  liiami 
thus  producing  no  effect,  and  in  the  other  midway  l>etween  nodal  A 
meters,   where   it  produces   a  niaximum  effect  ("Theory  of   Sound,' 
S  208),     If  vibrations  of  lioth  modes  are  going  on  simultaneously,  th^ 
[Kitential  and  kinetic  energies  of  the  whole  motion  may  be  oalcutati'J 
by  'implt  addition  at  those  of  the  components.     Let  as  now,  sup}K»iiig 
the  load  to  diminish  without  limit,  imagine  that  the  vibrations  arc  at    i 
equal  amplitude  and  differ  in  phase  by  a  quarter  of  a  period.     "n^H 
result  is  a  prot/resiive  wave,  whose  potential  and  kinetic  energies  ii^l 
the  sums  of  those  of  the  stationary  waves  of  which  it  k  eompon^H 
For  the  first  cunipouent  we  have    F,  ~£cos'>U,    T,  ^fsin'nl;  >a^| 
for   the  second    component,      r,  =  £'sin'nt,    T^- E eetf 'd ;     so    tb^fl 
\',+  V,-  Ti+T,  =  B,    or  the  potential   and   kinetic   energies  of  tlw''' 
progressive  wave  are  equal,   being  the  same  as  the  wltole  energy  -li 
either  of  the  components.     The  method  of  proof  here  employed  appear 
lo  \tn  sufficiently  general,  though  it  is  rather  difficult  to  express  it  in 
Unguoge  which  is  appropriate  to  all  kinds  of  waves.  ^ 
*  Aerial  wares  nre  in  importsnt  eie«ptinn. 
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